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INTRODUCTION

Graphics scenes can contain many different kinds of objects: trees, flowers,

clouds, rocks, water, bricks, wood paneling, rubber, paper, marble, steel, glass, plastic, and

cloth, just to mention a few. So it is probably not too surprising that there is no one method

that we can use to describe objects that will include all characteristics of these different

materials. And to produce realistic displays of scenes, we need to use representations that

accurately model object characteristics.

Polygon and quadric surfaces provide precise descriptions for simple Euclidean

objects such as polyhedrons and ellipsoids; spline surfaces and construction techniques are

useful for designing aircraft wings, gears, and other engineering structures with curved

surfaces; procedural methods, such as fractal constructions and particle systems, allow us

to give accurate representations for clouds, clumps of grass, and other natural objects;

physically based modeling methods using systems of interacting forces can be used to

describe the nonrigid behavior of a piece of cloth or a glob ofjello ; octree encodings are

used to represent internal features of objects, such as those obtained from medical CT

images; and isosurface displays, volume renderings, and other visualization techniques are

applied to three-dimensional discrete data sets to obtain visual representations of the data.

Representation schemes for solid objects are often divided into two broad

categories, although not all representations fall neatly into one or the other of these two

categories. Boundary representations (B-reps) describe a three-dimensional object as a set

of surfaces that separate the object interior from the environment. Typical examples of

boundary representations are polygon facets and spline patches. Space-partitioning
'

representations are used to describe interior properties, by partitioning the spatial region

containing an object into a set of small, nonoverlapping, contiguous solids (usually cubes).

A common space-partitioning description for a three-dimensional object is an octree

representation. in this chapter, we consider the features of the various representation

schemes and how they are used in applications.



CONVERSION BETWEEN SPLINE REPRESENTATIONS

Sometimes it is desirable to be able to switch from one spline representation to

other. For instance, a Bezier representation is the most convenient one for subdividing a

spline curve, while a B-spline representation offers greater design flexibility So we might

design a curve using B-spline sections, then we can convert to an equivalent Bezier

representation to display the object using a recursive subdivision procedure to locate

coordinate positions along the curve.

Suppose we have a spline description of an object that can be expressed with the

following matrix product:

P(U) = U+ Msplinel+Mgeoml

where Msplinel is the matrix characterizing the spline representation, and

Mgeoml is the column matrix of geometric constraints (for example, control-point coordi­

nates). To transform to a second representation with spline matrix - we need to determine

the geometric constraint matrix Mgeom2 that produces the same vector point function for

the object. That is,

P(u) = U * Mspline2 * Mgeom2

Or

U * MSpline2 * Mgeom2 = U * Msplinel * Mgeoml

Solving for Mgeom2, we have :

Mgeom2 = M-1 Sline2 * Msplinel * Mgeoml

=Msj , s2 * Mgeoml

and the required transformation matrix that converts from the first spline repre­

sentation to the second is then calculated as :

'}



Msl,s2= Mspline2 * Msplinel

A non-uniform B-spline cannot be characterized with a general spline matrix. But

we can rearrange the knot sequence to change the non-uniform B-spline to a Bezier

Tepresentation. Then the Bezier matrix could be converted to any other form.

DISPLAYING SPLINE CURVES AND SURFACES

To display a spline curve or surface, we must determine coordinate positions on

the curve or surface that project to pixel positions on the display device. This means that

we must evaluate the parametric polynomial spline functions in certain increments over the

range of the functions. There are several methods we can use to calculate positions over the

range of a spline curve or surface. The simplest method for evaluating a polynomial, other

than a brute-force calculation of each term in succession, is Homer's rule, which performs

the calculations by successive factoring. This requires one multiplication and one addition

at each step. For a polynomial of degree n, there are n steps.

POLYGON SURFACES

The most commonly used boundary representation for a three-dimensional

graphics object is a set of surface polygons that enclose the object interior. Many graphics

systems store all object descriptions as sets of surface polygons. This simplifies and speeds

up the surface rendering and display of objects, since all surfaces are described with linear

equations. For this reason, polygon descriptions are often referred to as "standard graphics

objects." In some cases, a polygonal representation is the only one available, but many

packages allow objects to be described with other schemes, such as spline surfaces, that are

then converted to polygonal representations for processing.

A polygon representation for a polyhedron precisely defines the surface features

of the object. But for other objects, surfaces are tesselated (or tiled) to produce the

polygon-mesh approximation. The surface of a cylinder is represented as a polygon mesh.

Such representations are common in design and solidmQdeling applications, since the

wireframe outline can be displayed quickly to give a general indication of the surface



structure. Realistic renderings are produced by interpolating shading patterns

across the polygon surfaces to eliminate or reduce the presence of polygon edge

boundaries. And the polygon-mesh approximation to a curved surface can be improved by

dividing the surface into smaller polygon facets.

We specify a polygon surface with a set of vertex coordinates and associated at­

tribute parameters. As information for each polygon is input, the data are placed into tables

that are to be used in the subsequent processing, display, and manipulation of the objects in

a scene. Polygon data tables can be organized into two groups: geometric tables and

attribute tables. Geometric data tables contain vertex coordinates and parameters to

identify the spatial orientation of the polygon surfaces. Attribute information for an object

includes parameters specifying the degree of transparency of the object and its surface

reflectivity and texture characteristics.

A convenient organization for storing geometric data is to create three lists:

A vertex table, an edge table, and a polygon table. Coordinate values for each

vertex in the object are stored in the vertex table. The edge table contains pointers back

into the vertex table to identify the vertices for each polygon edge. And the polygon table

contains pointers back into the edge table to identify the edges for each polygon. This

scheme is illustrated two adjacent polygons on an object surface. In addition, individual

objects and their component polygon faces can be assigned object and facet identifiers for

easy reference.

Listing the geometric data in three tables, provides a convenient reference to the

individual components (vertices, edges, and polygons) of each object. Also, the object can

be displayed efficiently by using data from the edge table to draw the component lines. An

alternative arrangement is to use just two tables: a vertex table and a polygon table. But

this scheme is less convenient, and some edges could get drawn twice. Another possibility

is to use only a polygon table, but this duplicates coordinate information, since explicit

coordinate values are listed for each vertex in each polygon. Also edge information would

have to be reconstructed from the vertex listings in the polygon table.

'- "t"



We can add extra information to the data tables of faster information extraction.

For instance, we could expand the edge table to include forward pointers into the polygon

table so that common edges between polygons could be identified more rapidly. This is

particularly useful for the rendering procedures that must vary surface shading smoothly

across the edges from one polygon to the next. Similarly, the vertex table could be

expanded so that vertices are cross-referenced to corresponding edges.

Additional geometric information that is usually stored in the data tables includes

the slope for each edge and the coordinate extents for each polygon. As vertices are input,

we can calculate edge slopes, and we can scan the coordinate values to identify the

minimum and maximum x, y, and z values for individual polygons. Edge slopes and

bounding-box information for the polygons are needed in subsequent processing, for

example, surface rendering. Coordinate extents are also used in some visible-surface

determination algorithms.

Plane Equations

To produce a display of a three-dimensional object, we must process the input

data representation for the object through several procedures. These processing steps

include transformation of the modeling and world-coordinate descriptions to viewing

coordinates, then to device coordinates; identification of visible surfaces; and the

application of surface-rendering procedures. For some of these processes, we need

information about the spatial orientation of the individual surface components of the

object. This information is obtained from the vertex-coordinate values and the equations

that describe the polygon planes.

When polygons are specified with more than three vertices, it is possible that the

vertices may not all lie in one plane. This can be due to numerical errors or errors in

selecting coordinate positions for the vertices. One way to handle this situation is simply to

divide the polygons into triangles. Another approach that is sometimes taken is to

approximate the plane parameters A, B, and C. We can do this with averaging methods or

we can project the polygon onto the coordinate planes. Using the projection method, we

take A proportional to the area of the polygon projection on the y-z plane, B proportional

~· j ....
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to the projection area on the x-z plane, and C proportional to the projection area

on the x-y plane.

High-quality graphics systems typically model objects with polygon meshes and

set up a database of geometric and attribute information to facilitate processing of the

polygon facets. Fast hardware-implemented polygon renderers are incorporated into such

systems with the capability for displaying hundreds of thousands to one million or more

shaded polygons per second (usually triangles), including the application of surface texture

and special lighting effects.

CURVED LINES AND SURFACES

Displays of three-dimensional curved lines and surfaces can be generated from an

input set of mathematical functions defining the objects or from a set of user specified data

points. When functions are specified, a package can project the defining equations for a

curve to the display plane and plot pixel positions along the path of the projected function.

For surfaces, a functional description is often tesselated to produce a polygon-mesh

approximation to the surface. Usually, this is done with triangular polygon patches to

ensure that all vertices of any polygon are in one plane. Polygons specified with four or

more vertices may not have all vertices in a single plane. Examples of display surfaces

generated from functional descriptions include the quadrics and the superquadrics.

When a set of discrete coordinate points is used to specify an object shape, a

functional description is obtained that best fits the designated points according to the

constraints of the application. Spline representations are examples of this class of curves

and surfaces. These methods are commonly used to design new object shapes, to digitize

drawings, and to describe animation paths. Curve-fitting methods are also used to display

graphs of data values by fitting specified curve functions to the discrete data set, using

regression techniques such as the least-squares method.

Curve and surface equations can be expressed in either a parametric or a

nonparametric form. Appendix A gives a -summary and comparison of parametric and

nonparametric equations. For computer graphics applications, parametric representations

are generally more convenient.
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QUADRIC SURFACES

A frequently used class of objects are the quadric surfaces, which are described

with second-degree equations (quadratics). They include spheres, ellipsoids, tori ,

paraboloids, and hyperboloids. Quadric surfaces, particularly spheres and ellipsoids, are

common elements of graphics scenes, and they are often available in graphics packages as

primitives from which more complex objects can be constructed.

Sphere

In Cartesian coordinates, a spherical surface with radius r centered on the coordi­

nate origin is defined as the set of points (x, y, z) that satisfy the equation

We can also describe the spherical surface in parametric form,using latitude and

longitude angles:

X = r cos O cos O

Y = r cos O sin O

Z = r sinO

The parametric representation provides a symmetric range for the angular

parameters O and 4). Alternatively, we could write the parametric equations using standard

spherical coordinates, where angle O is specified as the colatitude . Then, O is defined over

the range O<= O <=pi and O is often taken in the range O<= O<=. We could also set up the

representation using parameters U and V defined over the range from O to 1 by substituting

O= pi(U) and O= 2pi(u).

SPLINE REPRESENTATIONS

In drafting terminology, a spline is a flexible strip used to produce a smooth curve

through a designated set of points. Several small weights are distributed along the length of

the strip to hold it in position on the drafting table as the curve is drawn. The term spline
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curve originally referred to a curve drawn in this manner. We can mathematically

describe such a curve with a piecewise cubic polynomial function whose first and second

derivatives are continuous across the various curve sections. In computer graphics, the

term spline curve now refers to any composite curve formed with polynomial sections

satisfying sped-fled continuity conditions at the boundary of the pieces. A spline surface

can be described with two sets of orthogonal spline curves. There are several different

kinds of spline specifications that are used in graphics applications. Each individual

specification simply refers to a particular type of polynomial with certain specified

boundary conditions.

Splines are used in graphics applications to design curve and surface shapes, to

digitize drawings for computer storage, and to specify animation paths for the objects or

the camera in a scene. Typical CAD applications for splines include the design of

automobile bodies, aircraft and spacecraft surfaces, and ship hulls.

Interpolation and Approximation Splines

We specify a spline curve by giving a set of coordinate positions, called control

points, which indicates the general shape of the curve. These control points are then fitted

with piecewise continuous parametric polynomial functions in one of two ways. When

polynomial sections are fitted so that the curve passes through each control point, the

resulting curve is said to interpolate the set of control points. On the other hand, when the

polynomials are fitted to the general control-point path without necessarily passing through

any control point, the resulting curve is said to approximate the set of control points.

Interpolation curves are commonly used to digitize drawings or to specify

animation paths. Approximation curves are primarily used as design tools to structure

object surfaces. Approximation spline surface created for a design application. Straight

lines connect the control-point positions above the surface.

A spline curve is defined, modified, and manipulated with operations on the

control points. By interactively selecting spatial positions for the control points, a designer

can set up an initial curve. After the polynomial fit is displayed for a given set of control

points, the designer can then reposition some or all of the control points to restructure the
"- {:<,;•·•



shape of the curve. In addition, the curve can be translated, rotated, or scaled with

transformations applied to the control points. CAD packages can also insert extra control

points to aid a designer adjusting the curve shapes.

The convex polygon boundary that encloses a set of control points is called the

convex hull. One way to envision the shape of a convex hull is to imagine a rubber band

stretched around the positions of the control points so that each control point is either on

the perimeter of the hull or inside. Convex hulls provide a measure for the deviation of a

curve or surface from the region bounding the control points. Some splines are bounded by

the convex hull, thus ensuring that the polynomials smoothly follow the control points

without erratic oscillations. Also, the polygon region inside the convex hull is useful ın

some algorithms as a clipping region.

A polyline connecting the sequence of control points for an approximation spline

ıs usually displayed to remind a designer of the control-point ordering. This set of

connected line segments is often referred to as the control graph of the curve. Other names

for the series of straight-line sections connecting the control points in the order specified

are control polygon and characteristic polygon.

Parametric Continuity Conditions

To ensure a smooth transition from one section of a piecewise parametric curve to

the next, we can impose various continuity conditions at the connection points. Zero-order

parametric continuity, described as c0 continuity, means simply that the curves meet. That

is, the values of x, y, and z evaluated at u2 for the first curve section are equal, respectively,

to the values ofx, y, and z evaluated at u- for the next curve section. First-order parametric

continuity, referred to as continuity, means that the first parametric derivatives (tangent

lines) of the coordinate functions two successive curve sections are equal at their joining

point. Second-order parametric continuity, or C2 continuity, means that both the first and

second parametric derivatives of the two curve sections are the same at the intersection.

Higher-order parametric continuity conditions are defined similarly.
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With second-order continuity, the rates of change of the tangent vectors for

connecting sections are equal at their intersection. Thus, the tangent line transitions

smoothly from one section of the curve to the next . But with first-order continuity, the

rates of change of the tangent vectors for the two sections can be quite different, so that the

general shapes of the two adjacent sections can change abruptly. First-order continuity is

often sufficient for digitizing drawings and some design applications, while second-order

continuity is useful for setting up animation paths for camera motion and for many preci­

sion CAD requirements. A camera traveling along the curve path with equal steps in

parameter U would experience an abrupt change in acceleration at the boundary of the two

sections, producing a discontinuity in the motion sequence. But if the camera were

traveling along the path , the frame sequence for the motion would smoothly transition

across the boundary.

Geometric Continuity Conditions

An alternate method for joining two successive curve sections is to specify condi­

tions for geometric continuity. In this case, we only require parametric derivatives of the

two sections to be proportional to each other at their common boundary instead of equal to

each other.

Zero-order geometric continuity, described as G0 continuity, is the same as zero­

order parametric continuity. That is, the two curves sections must have the same coordinate

position at the boundary point. First-order geometric continuity, or G1 continuity, means

that the parametric first derivatives are proportional at the intersection of two, successive

sections. If we denote the parametric position on the curve as P(u), 'the direction of the

tangent vector P (u), but not necessarily its magnitude, will be the same for two successive

curve sections at their joining point under continuity. Second-order geometric continuity,

or G2 continuity, means that both the first and second parametric derivatives of the two

curve sections are proportional at their boundary. Under G2 continuity, curvatures of two

~ curve sections will match at the joining position.

A curve generated with geometric continuity conditions is similar to one

generated with parametric continuity, but with slight differences in curve shape. Provides




