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ABSTRACT

Convergence in the variation seminorm of Bernstein and Bernstein

Chlodovsky Polynomials

June 2013, 79 pages

This thesis is devoted to a study of the variation detracting property, convergence
in variation and rates of approximation of Bernstein and Bernstein-Cholodovsky
polynomials in the space of functions of bounded variation with respect to the
variation seminorm. For instance, the variation detracting property Vo) [Bnf] <
Vioa) [f] holds for all function f of bounded variation. Nevertheless, the expres-
sion limy, .o Vio1] [Bnf — f] = 0, which represents the convergence of the polynomial
B, f to the function f in the variation seminorm, is valid if and only if f is ab-
solutely continuous. Additionally, the variation detracting property is related to the
Voronovskaya-type theorems for the derivative of the polynomials. On this occa-
sion, the Voronovskaya-type theorems having a significant place in the convergence
in the variation seminorm and the relationships between these theorems and the

convergence in the variation seminorm are mentioned in this thesis.

Keywords : Linear positive operators, Bernstein polynomials, Bernstein-Chlodovsky
operators, Korovkin Theorem, bounded variation, variation seminorm, convergence

and rate of convergence in the variation seminorm.



OZET

Bernstein ve Bernstein-Chlodovsky Polinomlarinin varyasyon
yarinormunda yakinsakliklar:

Haziran 2013, 79 sayfa

Bu tez, varyasyon yarimormuna gore sinirh salinimli fonsiyon uzayinda Bernstein ve
Bernstein-Cholodovsky polinomlarinin salinim azaltma 6zelligi, varyasyonda yakin-
saklik ve yakinsaklik hizlar1 konusunda bir calismaya adamr. Ornegin, tiim simirh
salmimli f fonksiyonlar: icin salimm azaltma ozelligi Vi 1 [By f] < Vo1 [f] saglanir.
Fakat, varyasyon yarmormunda (B, f) polinomunun f fonksiyonuna yakinsamasini
temsil eden lim, .o Vo1 [Bnf — f] = 0 ifadesi ancak ve ancak f mutlak yakin-
sak ise vardir. Ek olarak, salinim azaltma 6zelligi polinomlarin tiirevleri igin olan
Voronovskaya tipi teoremler ile iligkilidir. Bu vesile ile, bu tezde varyasyon yarinor-
mundaki yakinsaklikta onemli bir yere sahip olan Voronovskaya tipi teoremlerden
ve bu teoremler ve varyasyon yarmmormundaki yakinsaklik arasindaki iligkilerinden

bahsedilmigtir.

Anahtar Kelimeler : Lineer pozitif operatorler, Bernstein polinomlari, Bernstein-
Chlodovsky operatorleri, Bohman-Korovkin Teoremi, sinirh salinim, varyasyon yariormu,

varyasyon yarmormunda yakinsaklik ve yakinsaklik hizi.
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CHAPTER 1

INTRODUCTION
This work is based on the field of approximation theory. The current studies concerning
approximation theory mostly focus on the approximation of real-valued continuous

functions by the class of algebraic polynomials.

A fundamental result for the functions approximation theory development is known as
first Weierstrass approximation theorem, established by K.Weierstrass in 1885 which
asserts that for each function f € C [a, b] and all € > 0, there is a polynomial P(x) such

that

lf(x) = P(x)| < €

for any x € [a, b]. This theorem was concerned with the density of the space of poly-
nomials in C [a, b]. It was so arduous to comprehend the first proof of Weierstrass due
to being complicated and long. Accordingly, this complexity encouraged such a lot of

mathematicians to find a simpler and more apprehensible proof.

In 1912, the well-known Bernstein polynomials

- k
(B, ) = Bj(x) = ), f(;) (Z)xk (1—xy™*
k=0

for any function f(x) defined on [0, 1] were introduced by S. Bernstein (Bernstein,
1912) with the purpose of giving a simpler proof of the approximation theorem of

Weierstrass. In addition to this, if f € C [a, b], then as it will be seen in Chapter 2,
lim B/ (x) = f(x)

uniformly in [0, 1].

In 1937, 1. Cholodovsky (Cholodovsky, 1937) gave a more comprehensive proof for



Weierstrass theorem by calling into being the Bernstein-Cholodovsky operators in gen-
eralization of the Bernstein polynomials which approximate the function f defined on

[0, 1]. These operators are given by

< b X
((jnf) = f‘(_lzk)l7,n('_')
kzz(; n k b,

where f is a function defined on [0, co) and bounded on every finite interval [0, b] C

[0, c0) with a certain rate with p, denoting as usual

Pin(x) = (Z)xk 1-x"* , 0<x<1

and (b,),., being a positive increasing sequence of real numbers with the properties

by,
limb,=c0 and Ilim— =0 (1.1)

n—o00 n—00 n

As it shall be seen in Chapter 2, if

M (b; f) := sup |f(x)|

0<x<b

then if

lim exp (—abﬁ) M (b, ) =0 (1.2)

n—oo n

for every a > 0, it is said that (C, f) (x) converges to f(x) at each point of continuity of
f.

One of the simplest and most powerful proof of Weierstrass was come out by H.
Bohman in 1952 and P.P. Korovkin in 1953. Bohman had the following idea: Let
L, : Cla,b] — C|a,b] be a sequence of positive linear operator. If (L,,ti) = X
(i=0,1,2) then

L.f=3f onla,b].

Bohman proved this theorem in 1952 and a year later (in 1953) Korovkin proved the

same theorem for integral type operators. On this occasion that theorem is mostly

2



known as Bohman-Korovkin Theorem (Altomare and Campiti, 1994). The power of
Bohman-Korovkin Theorem has attracted so many mathematicians and over the last

sixty years, numerous research extended this theorem.

The rate of approximation by the (B, f)(x) to f(x) and (C, f)(x) to f(x) were formed
by Voronovskaya (Voronovskaya, 1932) and J. Albrycht,J. Redecki (Albrycht and Re-

decki, 1960), respectively. For the former it was showed that, for bounded f on [0, 1],

1 -
tim 1 [(B,)0x0) ~ Fx)] = 22 ) (1.3)

at each fixed point x, € [0, 1] for which there exists f”'(xy) # O.

Intercalarily, for the latter, it was demonstrated that; for {b,}, , satisfying (1.1),

xf”(x)
2

lim n[(C,)(x) = f(0] =

provided (1.2) , for every @ > 0, at each point x > 0 for which f”(x) exists. After
43 years of J. Albrycht and J. Radecki’s proof, (1.3) was extended to first derivative
of (B, f)(x) by Bardaro, Butzer, Stens, Vinti (Bardaro et.al., 2003). The theorem states
for bounded f on [0, 1] for which f””(x) exists at x € [0, 1],

1 -

22xf”(x) N x(1—x)

2

lim 1 [(B, ) () = f'(9)] = @

Furthermore, Butzer and Karsli (Butzer and Karsli, 2009) verified the similar theorem

for first derivative of (C, f), which is given by

lim 1 [ () - ] = L)

holds at each fixed point x > O for which f"”(x) exists, provided (1.2) is satisfied for

every a > 0.

This thesis is concerned with the variation detracting property, rates of approximation

of the Bernstein and Bernstein-Cholodovsky polynomials in variation seminorm. It is



also investigated that the convergence in variation seminorm by (B, f) to f and (C,f)
to f, such as

li_{?ovl[an_f] =0

where V; [ f] is the total variation of the function f. Throughout this thesis, the class
TV(I) is the space of all the functions of bounded variation on I, endowed with the

seminorm

”f”TV(I) =Vi[f].

The first study about the variation detracting property and the convergence in variation
of a sequence of linear positive operators was come out by Lorentz (Lorentz, 1953).

He proved that B, have

Vioa1 [Buf] < Vo [f]

and it is called the variation detracting property.

It is taken from Bardaro, Butzer, Stens, Vinti’s work (Bardaro et.al., 2003) that the vari-
ation detracting property is significant to research the convergence in variation semi-
norm. In addition, it is known that the meaning of the total variation of a function

f cAC() and L (1) — norm of f are exactly identical.

After these available studies, convergence in semi-normed space has become a new

field in the theory of approximation.



CHAPTER 2

PRELIMINARIES AND AUXILIARY RESULTS

In this chapter preliminaries and auxiliary results that will be used throughout this the-
sis are presented. Some basic definitions and significant theorems about linear positive
operators concerning approximation theory are given, as well. Addition to these, this
chapter is dedicated to give some famous theorem about approximation theory such as

Weierstrass, Bernstein, Cholodovsky, Bohman-Korovkin’s Theorem.

Definition 2.1 (Normed Space)

A normed space X is a vector space with a norm defined on it. Here a norm on a
(real or complex) vector space X is a real valued function on X whose value at an x €
X is denoted by

||| (read “norm of x”°)

and which has the properties
(ND) lxll > 0
N2) x|l =0 <= x=0
(N3) lleexll = e []xll

(N4) [l + yll < [l + Iyl
here x and y are arbitrary vectors in X and « is any scalar.

(E. Kreyszig, 1978)

Definition 2.2 (Seminorm)

A seminorm on a vector space X is a mapping p : X — R satisfying (N1), (N3)

and (N4) and a part of (N2) which is said that if x = O then |[|x]| = 0.

(E. Kreyszig, 1978).



By observing this definition, it can not be said that if ||x|| = O then x = 0 in a semi-

normed space. In other words the fact ||x|| = O does not provide the expression x = 0.
Definition 2.3 (Operator)

Let X and Y be two linear normed function spaces. An operator L : X — Y is a

rule which assigns to each function of X a function of Y. The operators are denoted by
(Lf)(x).

(Butzer and Nessel, 1971)
Definition 2.4 (Linear Operator)

Let X and Y be normed spaces and 7" : D(T) C X — R(T) C Y. The operator T is
called a linear operator if it satisfies the following conditions:
DT(x+y)=Tx)+T()

ii) T(ax) = aT(x) where « is a scalar.

(E. Kreyszig, 1978)
Definition 2.5 (Positive Linear Operator)

A linear operator L defined on a linear space of functions, V, is called positive, if

L(f)=0,forall f € V, f>0.

(Radu Paltanea, 2004)
Theorem 2.6 Linear positive operators are monotone increasing.

Proof. Let L be a positive linear operator. It is sufficient to show that for the functions

f and g,
f < g then L(f) < L(g)

Since f < g, itis clear that g — f > 0. Then L(g — f) > 0 because of L is
positive. Besides from linearity of L, it can be written that L(g) — L(f) > 0. Therefore,

L(f) < L(g). Consequently, L is monotone increasing. O



Theorem 2.7 If L is a linear positive operator then

ILCAOI < LASD

Proof. Let f be an arbitrary function. It is obvious that

—Ifl = f<Ifl

Since L is monotone increasing it is written that,

L(=fD < L(f) < L(fD)

Because of linearity of L,

—L(fD < L(f) < L(fD)

Hence,

ILCAOI < LASD.

Definition 2.8 (Bounded Linear Operator)

Let X and Y be normed spaces and 7 : D(T) — Y is a linear operator, where
D(T) c X. The operator T is said to be bounded linear operator if there is a real

number ¢, such that for all x € D(T),

ITxly < cellxllx

(E. Kreyszig, 1978)

Definition 2.9 (Uniformly continuous Function)



A function f : D — R is uniformly continuous on a set E € D C R if and only
if for any given € > O there exists 6 > 0 such that |f(x) — f(r)| < € for all x,t € E

satisfying |x — 1] < 0.
(A.J.Kosmala, 2004)
Definition 2.10 (Limit or Accumulation Point)

Let M be a subset of a vector space X. Then a point xy of X (which may or may
not be a point of M) is called a accumulation point of M (or limit point of M) if every

neighborhood of x, contains at least one point y € M distinct from x.

(E. Kreyszig, 1978)
Definition 2.11 (Closure)

The set consisting of the points of M and the accumulation points of M is called

the closure of M and is denoted by M.

(E. Kreyszig, 1978)
Definition 2.12 (Dense Set)

A subset M of a metric space X is said to be dense in X if

M=X.

(E. Kreyszig, 1978)

This definition means that every point of X is an accumulation point of M. In other
words, for every point of X, a sequence in M can be found which converges to the

element of X.
Definition 2.13 (Pointwise Convergence)

A sequence of functions {f,}, where foreachn e N, f, : D —» R with D C R,
converges (pointwise) on D to a function f if and only if for each xy € D the sequence

of real numbers {f,(xp)} converges to the real number f(x).

(A.J . Kosmala, 2004)



Definition 2.14 (Uniform Convergence)

A sequence of functions {f,}, where foreachn e N, f, : D - R with D C R,
converges uniformly to a function f if and only if for each € > 0O there exists n* € N

such that | f,(x) — f(x)| < e forall x € D and n > n".

(A.J.Kosmala, 2004)

Theorem 2.15 (E. Kreyszig, 1978) Let (E, d) be a metric space. A nonempty subset M

of E is closed if and only if for any sequence x, in M, x,, — xo implies that xo € M.

Proof. Let M be closed. Suppose that xo ¢ M. Then xy € M“ where M¢ is an open set.
So there exists B(xp, r) such that B(xy,r) € M. This means B(xy, r) does not contain
any points in M distinct from x,. This is a contradiction because of x, is a limit point
of M.

Conversely, assume that M is not closed. Then M¢ is not open. This means 3 xy €
M€ such that V € > 0,

B(xp,e) N M + 0.

Select € = 1 and take x, € B(xo,€) N M. Then (x,) € M and d(x,, Xy) < +. So

lim x, = xo ¢ M.

n—-oo
This is a contradiction which completes the proof. O

As it was mentioned, the significance of density of a set M in a metric space X
is to find a sequence in M for every element of X such that the sequence converges
to the element of X. Most of studies about approximation theory are concerned with
the approximation of continuous functions by the class of polynomials. The first main
study related to this was verified by K. Weierstrass in 1885. His work showed that the

class of polynomials is dense in the class of continuous functions.

The following theorem is due to K. Weierstrass.



Theorem 2.16 Each continuous real valued function f defined on |a, b] is approximat-
able by algebraic polynomials.

In other words for each € > 0 there is a polynomial P with |f — P| < €, Y x € [a, b].

Proof. Consider the heat equation;
U = ’u,,, —o00<x<oo,t>0.

for u(x, ) a function of two variables, with initial condition

u(x,t) = f(x), —oo<x<oo.

If the Green’s Method is considered for solving the heat equation, then the solution

is given by;

(Waf)(x) = \/% [ FO)e - gp

Let us consider the partial sum of ¢ ¢’

Zm: 2(t — )2

k=0

Now, the following integral, which is written by using the above partial sum, is

considered;

[Se]

Pof)) = \/% f §,.(t — ) f(0)dr.

Since f(x) is continuous then f(x) is bounded in any bounded and closed interval.

In other words on any bounded and closed interval |f(x)| < M, where M € R*.

10



The solution can be considered on [a, b]. So;

|(Wn f)(X) = (P ()]

b b
‘\/% f f(t)e‘”z("x)zdt—\/% f St = x)f(D)dt

b
Mne
*"2“*)‘)2 — 8,,(t — x)|dt < —(b - a)
f ’ V2

ﬁ\

as m — oo, where A = %(b —-a).
If it is shown that (P, f)(x) is an algebraic polynomial and (w, f)(x) = f(x), then

the proof will be completed.

b

m o200 — 02
(Pufo) = = f ST
o

TS k=0
)k 2%k 2k :
PICACINEY f 21 f(rydt.

p=0

k!
G—p)ip!”

2m
Hence, (P, f)(x) = X Ax" = Ag + A1 x + Asx? + ... + Ay x®™. So (P,.f)(x) is an
v=0

where ¢} =

algebraic polynomial. In order to complete the proof, it must be shown that (w, f)(x) —

f(x)or |(w, f)(x) — f(x)| < easn — oo,

In order to show |(w,f)(x) — f(x)] < €, some properties of (w,f)(x) should be

given. It is known that (w, f)(x) = f F(O)e ™ dt where \/%e‘”z("x)z is called

n
Var

the Gauss-Weierstrass kernel which is denoted by GW,,(«) = —"w’ Then,

v%e
1I- GW,(u) > 0.
2- GW,(—u) = GW,(u). This implies GW,(u) is an even function.

20 +oo ,u=0

3-lim, 0o GW, (1) = lim,,_,o, \/Lﬁe‘” =
0, u#0

4 1M, o SUP GW, (1) = lim, oo 2= = 0 and [ GW,(w)du = 1 (Gauss

probability).

11



For all € > 0, there exists n* € N such that for all n > »n* it is deduced that,

|(Waf) (x) = f()l

[ f L) - FOOIGWi(t = )dt

IA

flf(t) — fOIGW,(t — x)dt

X+0 x=0
flf(l) — fOIGW,(t — x)dr + flf(l) — fOIGW,(t — x)dt
x=0 —00

+ f O = FOI Wt - x)ds

x+0

x+0

< efGWn(t—x)dt+e+e
x—0
< 3e.

Thus,

1fC0) = (P f) (Ol < NWn f) (%) = fQOI + 1w f) (X) = (P f) (X)] < [3 + Ale.

In conclusion;

Every continuous function can be written as a limit of a sequence of polynomials

The first Weierstrass theorem was complicated and long. For this reason it was
so hard to deduce. So, this situation made so many mathematicians study to find a
simpler proof for Weierstrass approximation theorem. In the first instance, S.Bernstein

(Bernstein, 1912) established a simpler proof by presenting Bernstein polynomials.

Definition 2.17 (Bernstein polynomials)

12



For a function f(x) defined on the closed interval [0, 1], the expression

- k
(BN =B, ()= f(;) (Z)"k (1— @1
k=0

is called the Bernstein polynomial of order n of the function f(x).
(Bernstein, 1912 see also G.G. Lorentz, 1986).

It follows from (2.1) that,

(B,f)0) = f(0) and  (B,f)(1) = f(1)

This means that a Bernstein polynomial for f interpolates f at both x = 0 and x = 1.

The Bernstein operator is linear, which follows from (2.1) that,

(Bu(af + Bg))(x)

Z(af +58) (E) Pra(X)
k=0 n

n

k - k
D@ (;) Pia(x) + ;w@ (;) Pin(x)

k=0

a(B,.f)(x) + B(Bng)(x)

for all f, g defined on [0, 1] and all real «, .

It can be seen readily that B, is a positive operator. So it can be said that B, is monotone

increasing. Therefore it is concluded that,
m< fx)sM = m<B,f)lx)<M,x €[0,1].

Let us prove the famous theorem of Weierstrass by the polynomials (B, f)(x). It can
be made inferences that the theorem of Weierstrass is a corollary of the following

theorem:

Theorem 2.18 (Bernstein, 1912) For a function f(x) bounded on [0, 1], the relation

lim B,(x) = f(x)

13



holds at each point of continuity x of f; and the relation holds uniformly on [0, 1] if

f(x) is continuous on this interval.

Proof. It is obvious that ), p;,(x) = (x + 1 — x)" = 1. Moreover, the sums ), kpy ,(x)
k=0 k=0

and 3 k?py.,(x) are found in a following way.

v=0

Zn: kpia(x)
k=0

and

kaknoc) Z( k),k,xk<1—x>"k
l’l' k _ n—k
;(n—k)!(k—l)! *(1=x)

n—1
n! k+l n—1-k
Z -1 7Y

n—1

1) k n—1-k
nxkz:(;(n_l_ )'k‘ x(1—x)
nx
an(k+ 1) (1 =y 1k

)rkv

k n—1-k
nx+nx2k( _1_ ),k' (1 = x)

nx+nx(n—1)x

n2x2 - nx2 + nx.

Since x(1 — x) < 7 on the closed interval [0, 1], then the following inequality can

be obtained;

k _ 2
Z néx) Pin

|§—x|26
1
s Z (k* — 2nxk + nzxz)pk,n
" ——x|>6
252 —— (X% — nx® + nx = 202X + n*x%)
n
1
2—621’LX(1 X) < Ins?

14



Because of boundness of f(x), there exists M € R* such that [f(x)] < Min0 < x <

If x is a point of continuity of f, for a given € > 0, 6 > 0 can be found such that
|f(t) — f(x)| < € whenever |x — 1] < 9.

Hence it is written,

|(Buf)(x) = f(X)l

( )pk,, Zf(x)pkn

k
f ( ) Pin — (x)
" \n

2
Ly

- k
= [f( ) f(x)]pkn ( ) FOO| Prn
=0 n
k
= ), f(—) = (0| pin + f(—) ~ (9| Pea
n n
%—x|<6 |§—x|26
< e+ Z [ ( ) ¢ |f<x>|]pkn
x|>6
M
< €+2M _Zx|1>5 Pin S €+ 5
Consequently,
B < M 2.2
(Buf)X) = fO] < €+ 5 asn — o (2.2)
which implies that
(B, f)(x) = f(x)

Finally, if f(x) is continuous on [0, 1] then (2.2) holds with a ¢ independent of x so

that

(B,f)(x) 3 f(x)

15



Lemma 2.19 Fort € [0, 1] the inequality

()

IA

N

IA
| W

nt(l—1)

implies

Z Pin(t) < 2exp (—zz).
k—nt|>2z \nt(1=1)

(Albrycht and Redecki, 1960).

Bernstein polynomials was defined on bounded interval [0, 1]. By linear substitution,
the interval [a, b] can be transformed into [0, 1]. Bernstein polynomials were not con-
sisting any problem on bounded interval for the proof of Weierstrass approximation
theorem. At this stage, the major question making mathematicians think was con-
cerned with Bernstein polynomials on an unbounded interval. In 1937, Chlodovsky

solved that question by following this way:

Let the function f(x) be defined on the interval [0, b), b > 0. In order to obtain the
Bernstein polynomials Bﬁ‘(x) for the interval (0, b), let us define the Bernstein polyno-

mial of Q(y),0 <y <1,

- k\(n
BC(v) = 2: K k(1 _ ik
n()’) = a Q(n)(k)y (I-y

Let us make the subsitution y = 7 in the polynomial B2(y). So it can be seen easily

that O(y) = f(by), 0 <y < 1. Therefore

- k\ (n\ [ x\k x\k
oSG 03
/() kz(;f( n)(k) . .
for a constant b. It is assumed here that b = b,, is a function of #n.

Let’s suppose that f(x) is defined in 0 < x < co. In order to obtain the relation

BJ(x) = f(x)

16



for this interval, it must be accepted that the distance between two adjacent points

% — 0 as n — oo. This means that b, = o(n).

As it can be seen above, Chlodovsky modified Bernstein polynomials by extending
the interval [0, 1] into unbounded interval [0, c0). Herewith, the polynomials that
Chlodovsky introduced are cited as Bernstein-Chlodovsky polynomials. Therefore

Bernstein-Chlodovsky polynomials can be given as below:
Definition 2.20 (Bernstein-Chlodovsky polynomials)

Bernstein-Chlodovsky polynomials are given by

g b X
; n k b,

where f is a function defined on [0, co) and bounded on every finite interval [0, b] C

[0, c0) with a certain rate, with py, denoting as usual

Pia(x) = (Z)xk(l )%, 0<x<1

and (b,),. | being a positive increasing sequence of real numbers with the properties

lim b, = 0 lim&:O.

n—oo n—oo N

(Chlodovsky, 1937 see also Karsli, 2011).

After Chlodovsky introduced Bernstein-Chlodovsky polynomials, he proved Weier-

strass approximation theorem by utilizing them.

The following theorem is due to Cholodovsky.

Theorem 2.21 (Cholodovsky, 1937) If b, = o(n) and

lim exp (—abi) My, f)=0 foreacha >0,

n—oo n

then
lim(C, /) = ()

17



at any point of continuity of the function f.

Proof.

[(Cof)(x) = f(0)

) [f(kb ) f(x)] Pin (b)
; (an) — ()| Pr (bi)

o) e

>~
Il

M=

k

Il
[«

T

<0

|kb1

b3

It is expected to prove that

fimY3=0 andfim =0
15 2%

If x is a point of continuity of f, for a given € > 0, 6 > 0 is found such that

|f(#) — f(x)| < € whenever |x — | < §. Therefore,

kb,
2. = 2 )—f(x) pk,n(i)
n b,
1 kbn '<6
< e z pol )
s
< €

This implies that

18



Since M(b; f) := sup <, | f(X)],

2= 2

kb,
f( ) — £()| P (1)
, n b,
2 “%—x‘zé

2Mby f) Y. pea (bi)

kbn
“k x‘zé

IA

For |§bn - x| > ¢ it is obtained that,

el ) i)
b, T \2vVx,—» b, b,
2 i -7)
2+/xb, b, b,

Therefore according to Lemma (2.19),

52
Z Pkn (bi) < 2exp (_4xl’:n) (2.3)

n
kb _
- x‘zé

X
k—n=
‘ "b

Thus,

&%n
E < 4M(b,,;f)exp(—4 > )
2% Abn

which implies

62
lim > < lim 4M(b,: f)exp (— " ) -0
R n—oo

n—co 4xb,

Consequently,

limC,f = f.

n—oo

After Bernstein and Chlodovsky, H. Bohman gave a more general idea to prove the
density and verified Weierstrass approximation theorem in 1952. One year later, P.P.
Korovkin attested the same theorem for integral type operators. For this reason this

theorem is known as Bohman-Korovkin Theorem.
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The following theorem was given by Bohman and Korovkin and is called Bohman-

Korovkin Theorem.
Theorem 2.22 (Altomare and Campiti, 1994) Let L, be a sequence of positive linear
operators from Cla, b] into itself. Assume that
(Lut)(x) 3 ' (i=0,1,2).
Then for every f € Cla, b],

(L.f)(x) 3 f(x) onla,b].

Proof. Let f € Cla,b]. Then f is uniformly continuous and bounded on [a, b]. By
the definition of uniformly continuous it is said that V € > 0, 4 6 > 0 such that
|f(#) = f(x)| < e for all x,¢1in [a, b] satisfying |t — x| < §.

Since f(x) is bounded on [a, b], there exists M > 0 such that |f(x)| < M ina < x <

b. According to the triangle inequality it is deduced that,

If@) = fOI < If @Ol + |f (0l < 2M

2 . .
If |t — x| > 6 then % > 1. So, it can be written that

)
0 - fool < 2m 52X)

Thus,

for [t—x| < 6, |f(t)—f(x)|<e
(1 — x)?
62

for lt—x| > &, |f(t)— fx)|<2M

it is concluded that

)2
) - f0) < e+ 2m Y 5;) forallt,x € [a,b]

20



Now let us show that (L, f)(x) = f(x).

(Lo f () (x) = f(X)]

I(Lyf () (%) = (L f(x)) (%) + (L f (X)) (x) = f(0)]
I(La(f () = f(2)) (%) + fO(Ln 1)(x) = f(x)]
I(La(f () = f()) (%) + f(x) (Lp 1)(x) = 1)

< L (f@) = f(0)) (O] + [ f L D(x) = 1

A

By Theorem (2.7) ,

(L f(0) (x) = fOOl < (La | f (@) = fOOD (X) + [fOII(L 1)(x) = 1

Since L, monotone increasing and |f(x)| < M it is written that,

(r — x)?
62

(Lo f () (x) = f(0)] < (Ln (6 +2M )) () + M|(L,DH(x) - DI (2.4

From the linearity of L,,

2
(L,, (e +2M 5X) ))( Yy = eL,)(x)+ 21 —-L((t — ))(x)
= e(L,D(x) + 26—2(L,,(t2 —2tx + x2))(x)

= eL,1)(x)+ 26—1;4{(L,,t2)(x) = 2x(L,H)(x) + X*(L,1)(x) + 2x* = 2x%)

M 2 2 2
= LD+ — {((Lnl )(x) = x7) + 2x(x — (L,)(x)) + X" (L, (%) = 1)

Thus,

e am5 oo <
L,\e+2M (x) = elL,)(x)+ —{((L )(x) — x%)

+2x(x = (LX) + (L, D) = D} (2.5)
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If the equality (2.5) is put in (2.4),

2M
(Lo f(D)(X) = f(O] < e(L,1)(x) + ?{(Lntz)(x) - x%)

+2x(x — (Lat)(%)) + ¥*((L, 1)(x) = 1)} + M (L, 1)(x) = 1)
Since (L,t')(x) = x' fori =0, 1,2 it can be seen easily from the above inequality,
lim {max |(Z, f(1)() = f)l} = 0.

That is,

lim [|L,(f) ~ f1l = 0.

Consequently,

(L)) 3 f(x).

The next theorem can be given for instance of Bohman-Korovkin Theorem.

Theorem 2.23 Let f € C[0, 1]. Then
(B.f)(x) 3 f(x).

holds true.

Proof. Since (B, f) is a positive operator from C[0, 1] into C[O0, 1], in order to prove

the above theorem Bohman-Korovkin Theorem will be used . It is known that

D=1 Y kpeald) = nx, > Kpia(x) = nx = nx + nx
k=0 k=0 k=0

22



Then,

BD® = D Lpea=1
k=0
n k 1 n

B = ) ~pra@®) =~ ) kpra®) = x
k=0 k=0

BAX) = D 5p@) = — D Kpia(x)
k=0 k=0

Since x in [0, 1], it is inferred that

(B, 1)(x) = 1] < !
n
B -5 < -
n
|(B.A)(x) - ¥| < 2
n

Since ,ll approaches 0 as n — oo, it can be said that

B,H(x) =3 1
(B.H)(x) 3 x

BuH(x) 3
Terefore by Bohman-Korovkin Theorem,

(B,f)(x) 3 f(x).
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CHAPTER 3

FUNCTIONS OF BOUNDED VARIATION AND RELATED TOP-
ICS

The focus of this chapter is to give some definition and theorems concerning total vari-
ation that it will be used in the topic of convergence and rate of convergence in the
variation seminorm and set the relationships, which play an important role in approx-
imation in the variation seminorm, among the spaces BV,AC, and TV. Further, it is
referred to the Stieltjes integral and its relevance between Riemann integral and total

variation.

3.1 Function of Bounded Variation

Let a function f(x) be defined and finite on the
Aa=x <X <X%<.<X_1<x,=b

and form the sum

n—

V=) |fCaw) — fOx)l

1
k=0

Definition 3.1 (7otal variation)

The least upper bound of the set of all possible sums V is called the total variation
b
of the function f(x) on [a, b] and is designated by \/(f) or Vg4 [f]
(I.P. Natanson,1964)

Definition 3.2 (Finite variation)

b
If \/(f) < +o0, then f(x) is said to be a function of finite (or bounded) variation on

[a, b]. It is also said that f(x) has finite (or bounded) variation on [a, b].
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(I.P. Natanson, 1964)
Definition 3.3 (BV space)

The class of all functions of bounded variation on [ is called BV space and denoted
by BV(I). This space can be endowed both with seminorm |.|y;, and with a norm,

II.llpy(r)» Where

|f|BV(1) = Vilfl, Wfllgvery = VILf 1+ |f(a)l

f € BV(I), a being any fixed point of /.
(Octavian Agratini, 2006)

Definition 3.4 (TV space)

Let I C R be a fixed interval, and V;[ f] the total variation of the function f : I —
R. The class of all bounded functions of bounded variation on / endowed with the

seminorm
”f”Tv([) = Vilfl.
is called T'V space and is denoted by TV (I).

(Bardaro et.al., 2003)
Theorem 3.5 A monotonic function on [a, b] has finite variation on |a, b].

Proof. If f is a monotonically increasing function on [a, b], then for any partition
{xo’ X1 X25 eees xn} of [Cl, b] ’
n—1

| (Xeer) = 0| = Z ) = f(x) = f(b) = fa)

1
k=0 k=0

n—

b
Hence, \/(f) = f(b) — f(a) < +oo. This implies f is of finite variation on [a, b].

It can be proven for a decreasing function in a similar way. O

Definition 3.6 (Lipschitz condition)
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A finite function f(x) defined on [a, b] is said to satisfy a Lipschitz condition if

there exist a constant K such that for any two points x,y in [a, b],

lf(0) = fO) < Klx —yl.

(I.P. Natanson, 1964)
Theorem 3.7 Every function of finite variation in |a, b] is bounded in [a, b].

Proof. Let a < x < b and {a, x, b} be a partition of [a, b] where xy = a, x; = x, x, = b.
Then,

éo lf o) = fxel = 1f(0) = fl@)] + [f(D) = f(x)] < \z/(f)~ Since f is bounded
variation on [a, b], then |f(x) — f(a)| < K where K is a nonnegative real number. It is

concluded that

f@)— K < f(x) < f(a) + K.

Since x is an arbitrary number in [a, b] ,it is said that f is bounded on [a, b]. O

Theorem 3.8 The sum, difference and product of two functions of finite variation are

functions of finite variation.

Proof. Let f(x) and g(x) € BV [a, b]. It is set that s(x) = f(x) + g(x). Then,

|s(ier1) = ()l = 1f (e1) + &) = f (i) = 8| < 1f (Xkan) = FIH (1) = 8(x)]-

b b b
Follows from the observation, the inequality \/(s) < \/(f)+ \/(g) can be obtained. It is

b
known that f and g are of bounded variation on [a, b]. So it can be written \/(s) < M,
where M is a positive real number. This means that s(x) is in BV[a, b].

Similarly, it is shown that f — g is of bounded variation on [a, b].

In order to prove that fg € BV [a, b], let us consider a new function #(x) = f(x)g(x).

Then it can be written,

[1(xps1) — 1| = 1f Ok 1)8(Xks1) — fFx)8(xk) — f(x)g(xke1) + f (i) gk 1)
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And from triangle inequality it is written,

|6 1) = 10| < 18X DI (i) = F o] + 1f (i) 18 (K1) — 8(x) (3.1

From Theorem (3.7), it is known that f and g are bounded on [a, b]. Therefore the
b b
inequality (3.1) implies that \/(¥) = \/(fg) < K, where K is a positive real number.

Hence fg € BV [a,b]. O

Theorem 3.9 Let a finite function f(x) be defined on [a,b] and let a < ¢ < b. Then

b c b
\WIGEAVIGERVIG

Proof. Subdivide each of the intervals [a, c] and [c, b] by means of the points

a=yo<y1<..<yp=¢ , €c=20<71<..<7,=b

m—1 n—1
Let Vi = X |fOre1) — fO)land Vy = 3 f(zes1) — f(zi). Then it is concluded that
k=0 k=0

b
Vi + Vo < V/(f). Since the point sets {yo, 1, ..., ym} and {202, ..., 2} are arbitrary, it is

created that \/(F) + /() < V/(F).

Now subdivide the interval [a, b] by means of the points

a=xp<x1<..<x,=b

Since a < ¢ < b, suppose that ¢ = x,, where m < n. Then

n— c

m—1 n—1 b
FOe) = FGI = D 1 Gren) = FOl+ ) 1 Gae) = FO)l < \ /(D + \/ (D)
k=0

k=m a c

1
k=0

Therefore, \b/( < \C/( )+ \b/( f). In conclusion,

b c b
Vior=\/»+\/»
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Theorem 3.10 A function f(x) defined and finite on [a, b] is a function of finite varia-

tion if and only if it is representable as the difference of two increasing functions.

Proof. Let f; and f, be two increasing functions. By Theorem (3.5) fi,f, are in
BV a,b]. So f = fi — f, € BV [a,b].

Conversely, setting m(x) = \x/( f), where a < x < b, and n(a) = 0. It can be seen
easily that & is an increasing flfnction. Now let us consider a new function; v(x) =

n(x) — f(x). Firstly, it must be shown that v(x) is an increasing function.
If x <y then v(y) — v(x) = n(y) = f(y) = 7(x) + f(x) = \y/(f) - f) - \x/(f) + f(x).
Follows from Theorem (3.9) it is written v(y) — v(x) = V/(f) + V(f) = F&) = V(f) +

y
f(x).Therefore it is clear that v(y) — v(x) = \/(f) — [f(y) — f(x)] = 0. This implies that
v(x) < v(y). Hence v(x) is an increasing function.
In conclusion,

f(x) = m(x) — v(x). This completes the proof. O

Theorem 3.11 Let a function f(x) of finite variation be defined on the closed interval

la, b]. If f(x) is continuous at the point x,, then the function

w0 = \/()

is also continuous at xy.

Proof. Suppose that xy < b. To show that the continuity of 7(x), € > 0 is choosen, and

the segment [x, b] is subdivided as follows;

Xo<X1 <X <..<x,=b

So
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n—

b
V=3 1fCw) = FOl > \/ () — €

1
k=0

Since the sum V only increases when new points are added, it might be supposed

that | f(x1) — f(x0)| < €. So,

b n—1 n—1 b
\ (D) < e+ D1 0an) = F0l < 26+ 3 1 () = flxl < 26+ \/ (/)
X0 k=0 k=1 X1

b b X1 x X
Therefore, \/(f)—\/(f) < 2e. Then \/(f) < 2e. Since n(x)—m(xy) = \/(f)—\;(f) =
X0 X1 X0 a a
\x/( f), it is concluded that 7(x) is continuous from the right at x,

X0

The other part can be proven in a similar way. Thus, 7(x) is continuous at xy. O

Corollary 3.12 A continuous function of finite variation on [a, b] can be written as the

difference of two continuous increasing functions.

Theorem 3.13 Let f be a function defined on [a, b]. If f exists, bounded and Riemann

b
integrable on [a, b] then f € BV]a, b] and \b/(f) = flf’(x)I dx.

Proof. Subdivide the interval [a, b] by means of the points
Aa=x<x1<X%<.<X_1<x,=b

It is known that f” is bounded on [a, b]. Then it is said that 3 M > 0 such that
|f"(x)| < M for all x € [a, b].
Since f” exists, according to the Mean Value Theorem there exists ¢; € R,where

X; < ¢ < Xp41, Such that

SGs) = f(x0)

Xk+1 — Xk

= f'(cy) forallk=0,...,n-1
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Therefore it can be obtained that

-1

N

n—1
FGeen) = F@Il = D1 (@l i = il < M(b - a)
k=0

k=0

So f € BV[a,b]. In addition, by using the definition of Riemann integral the fol-

lowing quantity is obtained:
b n—1 n—1 n—1
V(f) = sup kgo |f (X)) = f(xi)l = sup 1;0 If7 (ol X — Xl = 1imy, e ];0 1 (ol xen — xil =

b
f | f”(x)|dx. This completes the proof. O

Definition 3.14 (Absolutely continuous Function)

Let f(x) be a finite function defined on the closed interval [a, b]. Suppose that for

every € > (0, there exists a & > 0 such that

n

D 1) = Flaw)

k=1

<€

for all numbers ay, by, ...,a,,b, suchthata; < b; <a, < b, <...<a, < b, and

D bi—a) <6
k=1

Then the function f(x) is said to be absolutely continuous. The class of all absolutely

continuous function on [a, b] is denoted by AC [a, b] .

(I.P. Natanson, 1964)
Theorem 3.15 An absolutely continuous function is uniformly continuous.

Proof. It is obvious if n is picked as 1 in definition (3.14). O

Theorem 3.16 If f : [a,b] — R is a Lipschitz function with Lipchitz constant M > 0

then f is absolutely continuous on [a, b].
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Proof. Let € > 0 and (ay, by) be non-overlapping intervals in [a, b] such that

Z(bk — @) <.
k=1

According to Lipschitz condition it is concluded that | f(by) — f(ar)| < My lay — by,

where M, € R* for every k = 1, ..., n. Therefore it is obtained,

1<k<n

D UUf i = flal < Y Mylay - byl < M.6 where M = max My
k=1 k=1

picking 6 < 7, the proof will be completed. Consequently f is absolutely contin-

uous. O

Theorem 3.17 Every absolutely continuous function on the interval [a, b] has finite

variation on [a, b].

Proof. Let f : [a,b] — R be absolutely continuous. Then for any given € > 0 there
exists & > O such that ), |f(b;) — f(a;)| < € whenever ) |b; —a;| < 6 and (a;, b;) are
i=1 i=1
non-overlapping intervals in [a, b].
- (b—a)

Let us consider a partition of [a, b] by means {x; = a + i=— : 0 < i < k}. Hence

\; (f) < € by the absolute continuity condition. There are at most the number of k

Xi-1

b
of these subintervals. Therefore by Theorem (3.9) it can be obtained that \/(f) < k.

Hereby, f is of bounded variation on [a, b]. O

Corollary 3.18 If a function f satisfies the Lipschitz condition on [a, b], then it is of
finite variation on |a, b]

Theorem 3.19 ACla, b] is a closed subspace of TV|a, b] in the variation seminorm.

Proof. By Theorem (3.17), it is clear that AC is a subset of V.
Let (f,).en be a sequence of functions in AC|a, b] that converges in the variation

seminorm to f. Then, given € > 0, there exists n € N such that
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Vienlfy = 1= £ = Il < %

Whereby f, € AC|a, b], there exists a 6 > 0 such that, for every finite set {[a, b] :

k
i =1,2,...,k} of nonoverlapping intervals for which }}(b; — a;) < ¢ it can be written,
i=1

k
D hb) - fila)l < 5

i=1

In this manner it is deduced that,

k k k
DB = flal < DI = £IB) = (F = f)@)l + Y 1fib) = fula)
i=1 i=1 i=1
< Viwlf = ful + g
< €

There follows f € AC[a, b] and so AC[a, b] is closed. O

Remark 3.20 If f is absolutely continuous, then f has a derivative almost everywhere

and f’ is Lebesgue integrable.

3.2 The Stieltjes Integral
Definition 3.21 (The Stieltjes Integral)

Let f(x) and g(x) be finite functions defined on the closed interval [a, b]. Subdivide

[a, b] into parts by means of the points

a=xg<x1<x%<..<x,=b,
choose a point & in [xg, x;41] for k =0, ...,n — 1, and form the sum

fEIg(xrs1) — g(xp)].

1
g =
k=0
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If the sum o tends to a finite limit / as
A= max(xk+1 - Xk) -0

independently of both the method of subdivision and the choice of the points &, this
limit is called the Stieltjes Integral of the function f(x) with respect to g(x) and it is

denoted by

b b
f f(x)dg(x) or (S) f F(x)dg(x).
(I.P. Natanson, 1964)

Theorem 3.22 The integral

b
f f(x)dg(x)

exists if the function f(x) is continuous on [a,b] and g(x) is of finite variation on

[a, b].

Proof. It can be said that g is increasing because of every function of finite variation is

the difference of two increasing functions. Subdivide [a, b] by means of the points
Xo=a<x1<..<x,=b

Let m; and M, be the least and greatest values of f(x) on [x;.1, x¢] and

m[g(xis) —g(x)], S =

! 1
M [g(xps1) — g(x0)]
k=0 k=0

S =

Then it is reached that,
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s does not decrease when new points of subdivision are added.To show that this,

let us add the point x, into [x,,, X,+1] and let’s say

S = mO[g(-xl)_g(XO)]+---+mi[g(-xc)_g(-xm)]+mj[g(-xm+l)_g(-xc)]—l'---—l'mn—l[g(-xn)_g(-xn—l)]-

where m;,m; are the least values of f on [x,,, x.] and [x,, x,.1], respectively. Since,

s = m()[g(X1) - g(X())] +..+ mm[g(-xm+l) - g(xm)] +..+ mn—l[g(xn) - g(-xn—l)]

and m,, is the least value of f on [x,,, x,,.1] it is deduced,

S; = S.

In the similar way it can be shown that § does not increase. These mean that none
of the sum s is greather than any of the sum S. That is, for two method of subdividing
the segment [a, b] with corresponding s, and s,,S, we have s; < S».

Let

I = sup{s}

Therefore for every subdivision of [a, b],

and consequently,

lo—=11<S -5

Since f is continuous on [a, b], then f is uniformly continuous. So for any € > 0, a
0 > 0 can be found such that | f(x) — f(y)| < € whenever |x — y| < ¢ for all x, y in [a, b].
And so,

My—-my<eg, k=0,1,...,n—-1.
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Therefore for A < 6,

i
L

n—1
S—s5 = M [g(xps1) — g(x0)] — Z my [g(xi1) — g(xi)]
5=0

iU
- o

= (M — my)[g(xxv1) — g(xi)]

T
=

n—1

< &) [80un) = g(x0)]
k=0

= €lg(b) - gla)]

Since |0 — I| < § — s it is obtained that,

loo — 1] < €[g(b) — g(a)]

Consequently,

limo =1
A-0

That is,

b
1= f f(x)dg(x)

Theorem 3.23 Forall fi, f>, f € Cla,b] and g1, g>,8 € BV [a, b],
b b b
D [1fi) + A@0)dg(x) = [ fi()dg(x) + [ fo(x)dg(x).

b b b
2) [ f(0dgi(x) + g2(0)] = [ f(X)dgi(x) + [ f(x)dga(x).

3) If m and n are constants, then

b

b
f mf(x)dng(x) = mn f f(x)dg(x).

a

4)If a < ¢ < b then,

b c b
f FOdg(n) = f FCOdgn) + f (g,
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Theorem 3.24 If the function f(x) is continuous on [a, b] and g(x) has finite variation

on |a, b] then,

b
<M(H \/ (.

b
f f(x)dg(x)

Proof. For an arbitrary subdivision of [a, b],

b n—1
f fdg| = |lim > fEg0x) — g0w)]
k=0
n—1
< |lim ) 1A [80wen) = 80)]
k=0
n—1
< |lim ; max ()] [g(xk) = g0w)]
n—1
= M(f) 31_{210 Z[g(ka) — 8(x)]
k=0
= M()lg®) - g(a)
b
< M(H\/@
Therefore,
b b
f Fodg)| < M(H)\/ ().

Theorem 3.25 [f the function f(x) is continuous on [a, b] and if the function g(x) has

a Riemann integrable derivative g'(x) at every point of [a, b], then

b b
) f Fdg(x) = f F0g (Ddx.

Proof. Since g(x) has derivative, g(x) satisfies the Lipschitz condition and so g(x) is of

finite variation. Thus the integral on the left side exists.
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Subdivide [a, b] by means of the points
Xo=a<x<x%n<..<Xx,=b.
According to the mean value theorem it is deduced,
8(xke1) — 8(x) = g (e — 1) (X < € < Xgr1)

The point ¢; might be taken for the point &. Therefore,

b n—1

) [ foodgco = fim Y fleolgtan) - gl
k=0
n-1

- r%l—{g Z f(Ck)g,(Ck)(ka - .Xk)
k=0

n—1
= lim )" (f¢)(e)(Xeet = )
k=0

b
= f F0)g' (x)dx.
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CHAPTER 4

VORONOVSKAYA-TYPE THEOREMS AND CONVERGENCE IN
THE VARIATION SEMINORM

4.1 Voronovskaya-Type Theorem

After veryfying the convergence of (B, f)(x) and (C, f) (x), the most significant ques-
tion coming to mind was rate of approximation by the (B, f)(x) to f(x) and (C,f)(x)
to f(x). In 1932 Voronovskaya answered this question for Bernstein and in 1960 J.
Albrycht and J. Redecki did for Bernstein-Cholodovsky polynomials. Sebsequent to
these, Bardaro, Butzer, Stens, Vinti (Bardaro et.al., 2003) and Butzer, Karsli (Butzer
and Karsli, 2009) found the solution of that question for (B, f)’(x) and (C,f) (x), re-

spectively.

In this section, the certain results needed to prove Voronovskaya type theorems are

presented and Voronovskaya type theorems are established.

4.1.1 Bernstein polynomials case

Recall that, Bernstein polynomials, for any function f(x) defined on [0, 1] ,are defined

as
- k
(Bu)(x) = Bj(x) = Zf(—) Pra() 4.1)
k=0 n
where
Pra(r) = (’;)xku — 'k

Differentiating the formula (4.1) , it can be obtained that

o[k
(an)’(X) = Z f(;) (Z) {kxk—l (1 _ x)n—k _ (l’l _ k)xk (1 _ x)n—k—l}
k=0

38



, S (k+1 k
(Bufy (@) =n) [f (7) - f (;)] Pra-1(x) 4.2)

k=0
Since £ (pia(x)) = 24 it is also written for (B,.f)'(x),
) 1 S (k
(B, f) (x) = D) k= n0peato). (4.3)
x(1—x) &7 \n

Lemma 4.1 For (B,t*)(x), s =0,1,2,3,4,5 one has for0 < x < 1
(B,D(x) =1
(But)(x) = x
(B, (x) = x? + 210
(B,)(x) = x [n 3n+2] +x [3(11 1)] r 3
i ] O[5 o)

_ _ 10(n*—6n2+11n—6 _
(B,,ts)(x):x n*=10n3+35n2=50n+24 o (n n4+ n— )+x 25(n 43n+2) 452 [13¢-D
n n

nt A

3

Proof
(B,)(x) = Zm(x) =1
k=0
— k X 1 ©
(Bnt)(x) = —Pikn (b_) == Z kpk,n (x)
=0 "t n i3
1 n—1
- (] — ik
n<d(n- 1 —k)!k! (1=x
n—1
= X Din-1(x) = x
k=0
n 2
(B£) ) = ) —pia®
n
k=0
_ 1§ ot 1)kt (g = gy
n? £ (n—1-k)k!
X n—1
= = ) ki 1<x>+Zpkn L ()
n k=0
X x(1 —x)

Zn-Dx+1D=x>+
n
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BHXD) = Y Zpin @)
n
k=0
-l n!
_ : k+1 _ n—1-k
= Z:: —k)'k‘ (1-x)
n— n—1
X
= = kzpk,n_l<x>+22kpk,n_1(x>+ 1)
k=0 k=0

= [ -Dx[n-2)x+1]+2(n—-1)x+1]
_ x3(n —3n+2)+x2(3(n—1))+xl

n? n? n?
(B,t*)(x) and (B,#’)(x) can be found in the similar way. O

The following lemma is concerned with the moments for (B, f)(x) which will be

used to established the theorems of rate of convergence of (B, f)(x) and (B, f)" (x).

Lemma 4.2 Considering the moments

Wom := D (k= nx)"pea(x)  (m € Ny) (4.4)
k=0

Then for X := x(1 — x) there hold for all x € [0, 1] the following identities

Wn,O(x) =1
Wi1(x) =0
Woa(x) = nX

W,3(x) = nX(1 — 2x)
W,4(x) = 3(nX)? + (1 — 6X)nX

W,s(x) = (10 (nX)* + (1 = 12X) nX) (1 - 2x)

W,6(x) = 15 (nX)* + (25 — 130X) (nX)* + (1 — 30X + 120X*)nX.

Proof. In order to complete the proof it is needed to use previous lemma. By using the
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previous lemma the identities can be obtained as follows;

Wiol) = > pin() =1
k=0
Woi(x) = Z(k — nX)Prn (%)

k=0

Z kpin (x) —nx =0.
k=0

Woa(0) = > (k=nx)pi, ()
k=0

= Z K DPin (X) —2xn Z kpin (x) + n* x>
k=0 k=0

b2n_2 |:x2 + x(bn - .X'):|

nb}%

n
= nx(1 —x) =nX.

nx
- 2xnbnb— +nx?

n

Was(0) = > (k=nx)pin ()
k=0
= D P ()= 3nx Y Kpin ()
k=0 k=0

+3n%x? Z kpin (x) — ¥’

k=0
_ B [x3 (n3 - 32n + 2) e (3(n ; 1)) . x%]
n n n
1 -
—3nxn’ [ X% + X *) +3n%x°nx - n’x’
n

= nx(1 -2x)(1 —x)

= nX(1 -2x).

In the similar method W, 4(x), W, 5(x) and W, ¢(x) are calculated. O

Let us consider a Voronovskaya-type theorem for (B, f)(x) which is due to Voronovskaya
(Voronovskaya, 1932). This result was first come out in the instance of Kantrovich

polynomials (Voronovskaya, 1952)..
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Theorem 4.3 Let f be a bounded function on [0, 1]. Then

44

lim n[(B, () = £(x)] = =

at each fixed point x € [0, 1] for which there existsf”(x) # 0.

Proof. Since f”(x) exists, from Taylor it is obtained

2
o
n n n 2 n

where A(y) is converges to zero with y.
Since f(x) is bounded it can be said that A(y) is bounded for all y, saying |h(y)| < M.

From Bernstein’s expression and Lemma (4.2)

(X) f "( )

(B f)(x) f(o)+

+L 5 Z(k - Zh(— - x) e

X
o 5" (%) + Ru(x)

Z(k nX) i) + Z(k 7)° pia(¥)

f(x) +

where the remainder is given by

Rao) = 90 S k= (S - x) Pral®)

Therefore,

X
hm n[(B.f)(x) - f(x)] = llm [ f"(x) + nR (x)]
Then in order to complete the proof it is sufficient to prove that

lim nR,(x) =0
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Let’s divide R,(x) into two parts as follows

R,(x) = G Z (k = nx)*h (S - X) Piea(X)

2
2 s
44 X k
+% Z (k — nx)*h (Z - x) Din(X)
[

Since Ah(y) is converges to 0, for any € > 0 there exists 6 > 0 such that |h(y)| < €

whenever 0 < y < §. Thus,

144 k 144
D 3 (& =) puato) < He

k 3If7IM | f"(0)IM
202 Z (k= nxy’h (Z_x)p e e Y ¥

Consequently,

@l 3@ | @I

R, ()| <
InRu(0)] < =g 326 8522

which implies that

lim nR,(x) =0

n—oo

Now, Voronovskaya type theorem will be presented for (B, f)’(x). Replacing f by
f"and (B,f)(x) and (B, f)(x) yields theorem (4.4) below. The first quantitative version

of the following theorem is due to Bardaro, Butzer, Stens, Vinti (Bardaro et.al., 2003)..

Theorem 4.4 If f is bounded on [0, 1] and "' (x) exists in a certain point x € [0, 1],

then
(1-2x)
2

x(1—=x)
2

lim n[(B,.f)(0) = f'(0)] = 1)+ £,
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Proof. By Taylor’s formula it can be written,

2 4, 3
f(é) = f(x)+ (l—C - x)f’(x) + (1—C - x) G + (l—C - x) [lf”’(x) + h(ﬁ - x)]
n n n 2! n 6 n

where A(y) is bounded for all y, it is said that |k(y)| < M, and converges to zero.

Therefore from the representation (4.3) and Lemma (4.2) the following part is ob-

tained.

n

k
(B.fY () f (—) (k = m)pe ()
0
/ n k
L2 Z(k - nx) (— - x) Pra()
WL Z(k ) (— - x) prat+ L Z(k ) (— - x) e

+— Z(k nx)(——x) (Z—x)pk,,(x)

A-20f"(x  Xf"x) 1-6X)f"(x) 1 (k- nx)4
2n T T 6n? T Z X (_ - x) Pra¥.

k

= Z (k= nx)pia(x) +
k=0

= <l —
\/ I

><\

= f(+

k=0

n
The last term % Z - ”x) h (— - x) Pra(x) is written as;

1 « (k—nx)* (k 1 (k — nx)*
;;Th(;l—X)pk,n(X) = 3 Z Th(z_x)pkn(x)

%—x|<6

1 k 4
+E Z % (;—X)Pkn(x)

|£—x|26

Since h(y) converges to zero, for any € > O there exists a ¢ > 0 such that |h(y)| < €

for 0 <y < 6. Itis known that 0 < X < 1. It follows from Lemma (4.2),

1 (k — nx)*
3 Th (; - X)Pkn(x)
——x|<6
= 3 k=00 pra)
|£-x|<6
3eX €

2
i la-en <=
n n n

IA
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k ., - (k—nx)?
For |; - x| > ¢ it is composed that ===~ > 1. Therefore,

1 (k—nx)* (k
= | Z|: Th (Z - x) Pra(X)
%—x >0

M
5 2o k=m0 pa()

|E—s

D k=10 pin(x)

L x|26

n

IA

M
n>X4?

IA

IA

g [ 15(1X)° + (25 = 130X)(nX)” + (1 = 30X + 120X*)(nX)]

15X2  (25-130X)X . (1 — 30X + 120X?)
n262 7’13(52 + I’l462

Since |25 — 130X]| < 25 and |1 - 30X + 120X2| < 16, it is written that

1 k — * (k
P Z %h (Z - X) Pin(X)

%—x|26

15X>  [25-130X]X |1 -30X +120X?
M + M +

= n%5? n352 n*o?
56 M
<
0%n?
Hence,
1 & (k—nx)* [k
_ AR Y .
- kZ: < (n x)pk, (x)
2e N 56 M
n  6%n?
Consequently,
’ 7 (1 - 2X) 7 X(l - X) 7
nl(B,.f) (x) — f'(0)] - Tf (x) — Tf (x)
1-6X|, ., 2¢  56M
- 6n F 0+ n ' &n
1 1244 M
< 26+—|f (x)|+56 —0 asn—o o
n 6 02

So, the proof was completed. O
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4.1.2 Chlodovsky polynomials case

It had better to reveal the definition of Bernstein-Chlodovsky polynomials, over again.

These polynomials are given by

g b, X
CH® =) f(—k) Pi (b—)
k=0 n n
where f is a function defined on [0, c0) and bounded on every finite interval [0, b] C

[0, c0) with a certain rate, with py, denoting as usual

Pia(x) = (Z)x"(l —x)"F 0<x<1

and (b,),” | being a positive increasing sequence of real numbers wih the properties
limb, =c0 , lim — =0.
n—oo n—oo N
Since
d x\ kb, —nx X
dx""\b,) = X0 - 07" \b,

there follow by differentation the two fundemental representations for (C,,f)’(x)

ns | k+1 k X
(Cuf) (x) = b—kz;[ ( ) f(;bn)] pk,,,_l(b—n) (4.5)
- kb, al 4.6
- X(b _x)Zf( )( _”x)Pkn(bn) ( : )

Lemma 4.5 For (C,t*)(x),s =0,1,2,3,4,5 one has for 0 < x < b,

(G, D(x) =1

(Ci)(x) = x

(Cat?)(x) = x? + 1o

(Cat)(X) = x [ W] o2 [Rlab] 4

(CotH)(x) = x* [w]ﬂg[w [ 1] o

(C,P)(x) = 55 [n4—1on3+3ns4n2—50n+24]+x [10b (= f;' +lin- 6)] X [2517%(1;3n+2):| . [15193’1(:1 |,
X
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Proof.

- X
@0 = Y=
k=0
=~ kb, X b, < X
(Cnt)(-x) = Pin (b_): - kpk,n (b_)
=0 n i n
b n—1 n! X k+1 X n—1-k
= n . 1 - —
n e (n—1-k!k! (bn) ( bn)
n—1
= X Pk —1(x)
k=0 by
= x
= k*b? X
C.t° = —pen | =
() = 35 =)
b2 n—1 n! X k+1 X n—1-k
= — k+1)—————|— 1 - —
2 k:o( DT Tem (bn) ( bn)
bnx n—1 X n—1 x
= kpin-1 b + Pin-1 b
T S n k=0 n
_ b (n-1 T 1
oo b, o
5 x(by—x)
B n
=~ kb3 X
€W = Zypk,n(b—)
k=0 n
3 n—1 n! X k+1 X n—1-k
2 o) (5)

—1)x((n—2)x+1)+ (n—l)x+1]

: % )+2zkpm( ).

e 3_3n+2 3b,(n—1) b?
ek b

n? n2

(C,tH)(x) and (C,#°)(x) can be determined by using the proven identities. O
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The moments concerning (C, f) is needed so as to verify the rate of convergence of
(C,.f)(x) and (C,. f) (x). For this reason the moments for (C, f) (x) will be identified in

the following lemma.

Lemma 4.6 Defining the moments
n ” X
Tn,m -= ];:0 (kb, — nx) Pk (b_n) 4.7)

where m € Ny. Then there hold the following identities

Tho(x) =1

Tp1(x)=0

Ty2(x) = nx(b, — x)

T, 3(x) = nx(b, — x)(b, — 2x)

T,4(x) = nx(b, — x) [(b, — x)(b, — 2x) + x(4x — 3b,) + 3nx(b, — x)]

and the following recurrence relation:
Tyt (%) = X(by = X) | T}, (x) + mnTps (0], m2 1. (4.8)

Proof. The proof is finalized by using the foregoing Lemma as follows:

Tn,O(x) = Zpk,n (bi) =1
Tn,l(x) = Z(kbn - nx)pkn( ) Z kpkn (_) -nx=0

Tn,2 ()C)

Z(kb — nx) pk,,(b)
= bzzkzpkn( ) 2xnb, kak,,(b)+n2x2

2 _
= bzn— [xz + M] - 2xnbn— + X’
n b

n
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Tn,3 (X)

2 X
Z(kbn — 1) P (b—)
X
= b Zk3pkn( ) 3b2nx2k pkn(bn)
+3b,n*x Z kpin (—) —n’x’

2

—3b2nx%

= nx(b, —2x)(b, — x)

x(b, — x)
n

n
+3b,n° X —x —n’x’

n

X+

T, 4(x) s obtained by following the similar technique.
Now, Let us prove the recurrence relation (4.8). Differentiating both sides of the

expression (4.7) with respect to x, it is deduced
n

d X _ X
Z [(kbn - nx)mapk,n (b_n) —mn (kbn - nx)m ! Picn (b_n)]

k=0

n d n

Z(kbn - nx)" Pk (bi) —mn Z (kb, — nx)""" py, (bin)
) - X

Z(kb —nx) bn— ) ( ) ng(kbn_nx) lpkn(b )

T,.,(x)

and therefore

, 1
T,,(x) = an,m+l(x) — mnT ), ,-1(x)

there follows the recurrence relation (4.8). O

The following lemma plays an important role in the proof of the theorems of the
rate of approximation of (C, f)(x) and (C,.f)’(x). On this occasion the following lemma
about central moment for (C, f) and a significant result concerning the central moment

will be presented.

Lemma 4.7 For the central moments of order m € Ny,

. = (kb, " X
T () :=Z( - ) pk,n(b—)

k=0
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one has
T,\(x)=1
T, (x)=0
Tra(0) = 25

* by —x)(by—2.
T;o(x) = 220

T:A(X) — x(b,,—x)[(b,,—x)(b,,—2x);;x(4x—3b,,)+3nx(b,,—x)]

and for any fixed x € [0, o),

_ [Gn+1)/2]
M (bn) (neN,n>b,), 4.9)

. X
T ()| < Ap(x) 2

where A,,(x) denotes a polynomial in x, of degree [m/2] — 1, with non-negative coeffi-

cients independent of n, and [a] denotes the integral part of a.

Proof. The identities T, o), Ty (%), T, 5(x), T, 5(x) and T, ,(x) are obtained readily by
following the previous lemma. Exclusively, the inequality (4.9) will be proven.

Differentiating both sides of the expression (4.4) with respect to x, it is obtained

- d
W, . (x) = Z [(k - nX)’”EC Picn () = mn (k = nx)"™" py., (X)]
k=0
n d n
= D k=m0 pin () = mn ) (k= )" pr ()
k=0 X k=0
- (k= nx) - -
= (k — nx) Pin (X) =mn Y (k—nx)""" pr,(x)
; x(1-x"" kZ;‘ .
and so

W1 (%) = x(1 = X) [ W],,,(x) + maW,,0 ()|, m2 1
The last expression can rewrite by using t variable as follows:

Wt (£) = 11 = 1) [ W, () + maW,, 1 (0], m 21 (4.10)
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From this formula by using mathematical induction the following representation

can be obtained:

Wn,ZS = Z jsn (t (1 - t))j nj
=1

Woae = (1=20 Y Bt (1 =)/

j=1
where s € N and «,, B,,, denote real numbers independent of ¢ and bounded

uniformly in n. ( see the proof in [?] ).

If tis equal to -, 0 < x < b,, in the expression (4.10), it is concluded that,

b’" X

So it is deduced the following representations:

e Sl

b 2s5+1 X s X X J
* Zn _2_ . Z (1= J
o o I G D U I

for s € N, where a,,, B are independent of x and bounded uniformly in 7.

Therefore for sufficiently large n ( such that n > b, ), it is made inferences that

)

L e ;kx,;s,n
_ _z| (-2 (2)
< % (1——)Z|a,sn (bﬁ)
- (] £l et )
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IA

| &

| =
—_

[E—

[

| =

Jj=0
b s+1 X X s—1
= ;n b—(l—b—)l’l |a’J+1Sn.x
n n ]:0
x(b, — %) (b,
b (7) 2 is¥’

< 1, in the

wherey;; denote non-negative independent of n and x. Since ‘1 -2+

same way it is obtained that

( s+1 s—1
T*2c+l| = ( ) ansx/

wheren; ; denote non-negative independent of »n and x.

s—1 s—1
The finite sums Y, y;,x/ and Y, n;,x’ represent polynomials. There provides (4.9),
j=0 j=0

since A,,(x) denotes a polynomial in x, of degree [m/2] — 1, with non-negative coeffi-

cients independent of n. O

Throughout the following two theorems, Voronovskaya type theorems for (C,,f)(x)
and (C, f) (x) will be given and verified. These two theorems are due to J. Albrycht, J.
Redecki (Albrycht and Redecki, 1960) and Butzer, Karsli (Butzer and Karsli, 2009),

respectively.

Theorem 4.8 Let a function f,defined on [0, 00), satisfy
lim — exp( a )M(b,,,f) =0 foreacha >0, “4.11)

n—oco b

and {b,} being a positive sequence satisfy (1.1) Then there holds,
. n X 4
lim == [(C,)) = f()] = 5.

at each point x > 0 at which f"(x) exists
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Proof. Since f”'(x) exists, according to Taylor,

2 44
f(kb ) Fx0) + (i_x)f( )+ (kb ) [f z(x) +h(k:" x)] 4.12)
where h(y) converges to 0 with y. So,
, = ( kb, X
Cf)(x) = f(X)+f(X)kZ:(;( " )Pk,n(b—n)
ACR (kbn x)zp (x)
_ ion | —
2 i\ n b,
(=) ()]
+ —x| h —X| pin| —
i\ n n b,
By Lemma(4.7)
(Cof) () = f(x) + ( f”( ) + R, (x)
where
"\ (kb, \ (kb, X
i o)
Therefore,
hm — [(Cn Hkx) - fx)] = hm [ f " R (x)]

Since b,, — oo as n — oo, it will be sufficient to prove

lim b_R (%) =

n—oo
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Let us write R, (x) as follow;

R, (%)

(5 ()
—x| h — X| Prn | —
n n b,
Z —x| h - X| pkn | —
‘ﬂ—x‘za n n b,

P Ry 1 (X) + Ry 2(x)

Because of convergence of A(y) one has
Ru1(0)]
Kby

kb, \> . (kb, x
—-x| h — X| Pn b_
——x‘<6 " " "

3D R PES

kbn _
o x‘<6

IA

and according to Lemma (4.7) ,

R ()] < eAs(x)™

(bn - X) (bn)

b, n
Then
n X2
lim b_Rn’l(X) < lim GAz(X) (x - b_) =0

The representatiaon (4.12) readily yields,

2 2 44
(kb,, _x) h(kbn _x) :f(kbn)_f(x)_(kbn _x)f,(x)_(kb,, _x) f(%)

n n n n n 2
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Therefore,

Rya(x)|

kb, X X
< Z f( . ) Pkan (b_n) + 1 Z Dk (b_n)
%—x'zé |%—x‘26
, kb, x\ 17l
el Y| —xpk,n(b—n)+ Y (
k%"—x‘z& ka"—x'Z(S

: Z*:(n) + z*:(n) + Z*:(n) + Z*:(n)
1 2 3 4

Since supy.., |f ()] = M(a; /),

i(n) < M(by: f) Z>6pk,n (bi)

'@_X'_
n

From the inequailty (2.3),

le(n) <2M(b,; f)exp (_4xl,:,,)

So

4xb,

n—oo

Now it remains to show that

. v
b 2 S -0

is valid for i = 2, 3, 4.
Firstly for z*](n),
2

Y <
2

5 (v nefi)

kbn
7—x’2§

By Lemma (4.7),

- fOl . x(by—x) (by’
;(”)S G A= (;)
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kb,
n

lim bi,, le(n) < lim 2bﬁnM(bn; f) exp(_ n ) _0

2
- .X) Pk.n (

X

by

|



which implies that

If( )

Ay(x).x [;—)—C]ZO

n

fim 5, 2, < Jim =5

Now to the next term,

- 10l kb, \' X
Yo = G2 3 (5] nelz)

'%—x‘zé
7 2
< If(X)IA() x (b, X)(lﬁ)
b, n
Thus
332—2( n) < lim 'f( )|A4( ).x [——g]:o

In the similar way for }(n),
4

. nx @l by x
Jim g, 2.0 < Jim S A)-x [;—;]=0

This completes the proof. O

Theorem 4.9 Let a function f, defined on [0, o), satisfy the growth condition (4.11)
for every a > 0, {b,} being a positive sequence satisfy (1.1) Then there holds,

f7@) + xf7)

llm (Cnf) () - f'(0] = >

(4.13)

at each point x > 0 at which " (x) exists.

Proof. Firstly, it will be shown that the theorem is valid for x = 0.

From the representation (4.5) it can be written that

(@ﬁ@—gpf)f@]



It is needed to show that

2 e 3]0} -2
M n

2

If f"(x) exists, from Taylor’s formula

n(n by f "(O) S0 On
L)oo £ 22 )

where h( ) converges to 0 as n — oo. Since - b5 0as n — oo, the representation

(4.13) holds. Thus the theorem is valid for x = O.

So let b, > x > 0. By Taylor it is easily written,

2 144
f(sbn) f(x)+( by _x)f(x)+(k ) 1

. (ﬁbn _ x) [fm(x) +h (Ebn - x)] (4.14)
n 6 n

where h(y) converges to zero with y. Then,

pon o nf) (ko x
(Cnf) (X) - X(bn—X) -~ (nbn X)Pk,n(bn)

v n 2
L (’_‘bn _ x) pkﬂ(ﬁ)

x(b, — x) ~i\n b
nfr(x) <[k : X
T 2x(by — ) L (Zb" B x) Pin (b_n)

nfr@ N (kb _x)“
6x(b - X) e ! P

From Lemma (4.7),
Moo el = L@ 22 @ (%
ey 0 -rwl = (1 b,,) . (1 b,,)
AC

2
T (bn 6x + 6;; )+ bﬁan(x)
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where
n " (k k ¢ X
Rn = § h _bn - _bn - n| 7
@) x(b, — x) yan (n x)(n x) Pr, (bn)

It is known that b, — oo and % — 0 as n — oo, so to complete the proof, it must
be proven that

fim 5-R() =0

The sum R,(x) can be written as the addition of two sums as follows;

n k k Yo«
Rn(X) .= m Z + Z h (an - X) (an - X) DPicn (b_n)

|§bn—x|<6 |£b,,—x|26
)
1 2

Since h(y) converges to zero, for any € > 0 there exists a & > 0 such that |h(y)| < €

whenever |y| < 6. According to Lemma(4.7),

€n = (k 4 X
‘Z < o 2l i)
en  x(b,—x) b, 2
< X(bn—X) bn A4(x) (;)
= D
n

This implies that

By the representation (4.14) it can be written,

3
i - o)l

n n
k 2 f"(x) k 3 [ (x)
- (_nb" - x) 7T (_nb" - x) ;
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So,

n k k 3 k .
m Z h (r_lbn B x) (Zb” - x) (an - x) Pk (b_n)

|§bn—x|26
n k k X
VN _bn _bﬂ - n "
x(b, — x) Z |f(n ) n | P (bn)
|%b,,—x|26
n k X
+ |0l m 'an — X| Pk (b_)
" |§bn—x|2(5 "
k 2
+f (X ﬁ ‘_bn — X| Pin (bi)
Ao X |£by—a|>5 "
/" n ‘k : ( X )
+ —b, — x| pran|l—
2 x(b,-x) s b,
/ol n ‘k ! X
~b, — =
6 xba-» |kbz—:|>6 Y PG,

= N Y Y Y+ Y
4 5 6 7

3

From the Cauchy-Schwarz inequality,

a n kb, x \|kb, X
S - s T (- o )
%
n 5 4mfp(ﬂ
kn\7
x(b, — x) o n b,
3
% fr- ()
- kn\7
|§bn—x|26 bn

|
=
~
S
=
~
¢
S
N
¢
S
N
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Since \/supogxga IfOIF = M(as f),

S < Mbin] Y pk,n(bi)
3,1

|§b,,—x|26 "

It is known that from(2.3),

X <9 5*n
=< 2exp| -
Prn| 3 ey

|§b,1—x|2(5

So it is written that

" 5*n \\2
2 < Mo ) (2 exp (_4xbn))

2
— VaM(b,: f) exp(— o )

By Lemma (4.7),

n - n 1 kb,
x(bn—x);(n) T e I 2 ‘n e

|§bn—x|26
n 1 -x(bn_x) bn
< mgvAMWT(;)
_ l VA4(x)
* x(1-3)

Therefore it is deduced the following:

* 2
lim bi Z(n) < fim Y2440 n (— on )M(bn; =0
no3

—F—— €XpP
n—oo0 n—oo 5 m bn 8xbn
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Now let us show that the same thing for }(n).
4

- k
Y =gt Y O

(b =) s
S ey D) ";‘bn—xépk,n(bin)
|£b,—x|2s
= x(lbf()iﬂx)c%wan )(n) As(x)
_ lfg)'(n)“‘ﬁ()
Then
JL%;%Z;(”)S,}L f(x )|A6( o

Now to the next term,

. k
YOI e D) b=

|£b,—x|>6
1 k
POl Y [aba
Epy—x|26
If'G)l n x (b, —x)
x(bp-1) 0" b, (n) As(x)

_ |f<x>|(n)A6()

IA

IA

64

which implies that

If’( )

fim g Y < Jim EEAG07 =0

For ) (n) and ) (n), in the same way it is composed that
5 6

tm - 330 = im a2 =0
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and

117 bn
lim — > < lim ) (x)lAﬁ(x); =0

n—oo bn 3 T oo 662

Eventually, for all that the proof have been finalizied. O

4.2 Convergence in the Variation Seminorm

One of the most engrossing issue concerning approximaion theory is convergence in a
semi-normed space. The first study about this subject matter was occured by Lorentz
(Lorentz, 1953). Following, Bardaro, Butzer, Stens, Vinti (Bardaro et.al., 2003) speci-

fied the variation detracting property which is given by for a linear operator L,

ViLfT< Vilf]

is such a serious issue in order to obtain a convergence result in the variation semi-
norm. Throughout this section, the class TV (I) is space of all the function of bounded

variation on /, reported with the seminorm

WA llrvay == Vi [f].
For a given f € TV(I), the sequence (L,) converges in variation to f, if
lim V;[L.f - f]=0

holds. This represents the TV — approximation of a function f by the sequence (L,) .

The main purpose of this section is to confirm the variation detracting property and

convergence in the variation seminorm for (B, f) and (C, f).
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4.2.1 Bernstein polynomials case

Theorem 4.10 If f € TV]0, 1], then
B fllzvio.n; < W llzrvio -

Proof. By Theorem (3.13) and the representation (4.2) it is deduced,

1
1B fllrviony = V[o,u[an]=f|(an)'(X)|dx
0

1
- f f(k * 1) —f('—‘)] -
n n
0

1

n—1

dx

k=0

< f(k+1)—f(k) n(n_l)ka(l—x)”_k_ldx
o n n k
0
n—1
= () (R n(n_l)B(k+1,n—k)
k=0 n k
_ "Z—lf k+1 _; k (n—l)r<k+1)r(n—k)
v n n k I(n+1)
S (k+1 k
= 2, f - —f lTl SV[(),]][f]:”fHTV[O,l]

Theorem 4.11 Let f € TV[0, 1]. There holds f € AC|0, 1] if and only if
’}1_{1010 Vionl[Bnf — f1=0.

Proof. Since f and B, f € AC[O0, 1], then B, f — f € AC [0, 1]. By following Theorem

(3.13) and Remark (3.20) it is written,

1
lim Vio.ylB,f = f1 = lim f (B, fY () = £ (0] dx
0
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From Theorem(4.4) it can be seen easily that (B, f)'(x) — f’(x) as n — oco. There-

fore,

31_{{)10 VioulBnf — f1=0.

Conversely, since lim,, e Vio,;1[B,.f—f1 = 0itis written that lim, . ||B.f = fllryio.1; =

0. This means that B,f — f in TV space. Therefore f is in AC because of AC is

closed. O

4.2.2 Chlodovsky polynomials case

Theorem 4.12 If f € TV][0, b, ], then

ViosalCuf1 < Viop, Lf ]

Proof. If the representation (4.5) and Theorem (3.13) are followed, it is obtained

bn
Voo [Cof] = f (CofY ()l dx
0
Clo = ket
n +
- [f (n
o | k=0
n—1
1
S oL
b, P n n
If it is defined that
X
=5
It can be written
n—1
k+1 k
Vion[Caf1 < Zf( bn)—f(—bn)
=0 n n
n—1
k+1 k
= S5 (i)
=0 n

64

bn) - f(%bn)] pk,n—l (bi

1

n(” ; 1) fzk (1 - 0" ar

0

< ViopLf1-



It is known that (C,./)(0) = £(0). Since [|fllgy(, == ViLf1 + fO),

ICnPllsviops = VioralCuf1+ I(Cof)O)

IA

Viow LT+ 1O = 11 f1lsvios,

Theorem 4.13 Let f € TV[0,b,], {b,}, satisfying (1.1) There holds
m IC,f = fliryom =0 < f € ACIO,b,]

The proof is done in the same way with the proof of Theorem (4.11) by using

Theorem (4.9) instead of Theorem (4.4).
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CHAPTER 5

RATE OF CONVERGENCE IN THE VARIATION SEMINORM

This chapter is devoted to indicate the rate of approximation by (B, f) to f and (C,f)

to f in the variation seminorm.

5.1 Bernstein Polynomials Case

Theorem 5.1 Let g’ € AC|O, 1]. Then

R

Vioar [B.g — gl < —{Violgl + Violg”l} (n=3),

Proof. At this time it will be used of Taylor’s formula with integral remainder term,

2y
g(’—‘) = g+ (5 —x)g’(x) " (E —x) £
n n 2

k
1 ( 2
+§ f (S—t) g (H)dt

Substituting t — x = u, it is easily reached that

2 ¢"(%)
2

oQ
—_—
S|
~————
I

g(x) + (E - x) g(x)+ (E - x)
n n

k
a=x

1 [k g
+§f(——x—u) g"(x+u)du
n

0

As it can be seen the proof of Theorem (4.4), one has

(1-2x)

(B.g) (x) = g'(x) + >
n

8" (%) + (R.8)(x)
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here the remainder is given by

k
;—X

1 z k 2
(R,8)(x) = ST kz_; f(; —-X- M) 8" (x + u) (k — nx) pin (b_x,,)du
=019

It is known that,

Vin = f|g,(t)|dt = Hg”Ll(I)
1

So, in the cause of proving the theorem it is needed to use the weighted L, — norm.

1
1(Bng) = &'llLjony = fI(Bng)'(X)—g'(X)Idx
0

1

/

0
| 1 1
Eflg"(X)lll—ZXIdX+f|(Rng)(X)|dx
0 0

g"(x)

d
2n o

(1 =2x) + (R,g)(x)

IA

1
1 124
= Eflg (Ol = 2xldx + [|(Rag) (O, 10,11
0

Since |1 — 2x| < 1, for x € [0, 1], it is deduced

1(B,&) = &'l j0.1)

1
1
Eflg"(x)ldx+ (RO, 0,1
0
1 4
= " llg ”L,[o,]J + ||(Rng)(x)||L1[0,1J

Noting that

k 2

- =V - =X

67



holds for 5 <v<xorx<v< f Applying the substitution x + u = v to (R,g)(x),

k

n

k 2
|(Rng)(x)| f (; - V) 8" (v) (k — nx) py (x) dv

1 n
—Z f (k = vn)* [k — nx|1g” (v)| dv.py., (%)

Observing that (k — nx)® and f |g””’(v)| dv have the same sign. There follows that,

k_
n—x

1
1 n k 2
RN 0y = f —_ f(; -Xx- u) g (x + u) (k — nx) pr,, (x)dul|dx
0

1
k —
< 5 Z( ) f 8 Wl dv.pis () dx
0

1
1 = (k — nx)?

— _ 44 A
2 ) L Td—n f I8 W)l dv.pin (x)dx + Ayg
J =

Here the term A, g was added and substracted, where

1
k—
Mg == [ Z( o f 8" W] dv.pr, (9 dx
0 k=0

Thus it can be written that

1
1 (k nx) "
ROz 1017 < o f x(l ) fl W dv.prn (x)dx| +|A,gl

0
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Applying Fubini’s theorem,

k

1

1 < -
IR0 < o) 2, fl "'(v){ ((1 nx)) Pin (X)dx|dv

1

1 k 3
+m f (x(l n) () dx f g ()] dv

0

From Lemma (4.2),
(k — nx)? 1
D —P () = nx(l = (1 - 2x)
par x(1-x) x(1-x)
= n(l-2x)
Therefore,
Ag =

1 x
1
—f(l—Zx)dxflg"’(v)ldv
2n
0 0
X 1
1 f| "W)ldv < ! f| "wld
o g"W)ldv < o g" ) dv
0 0

The inner integral can be evaluated and estimated by

1
k — 3
f (x(l—f’;))pk,n () dx

IA

n) 1 (k — nx)*
x(1-x)

- (’]Z) f (k= nx)® X1 (1 - 2" du

(1= x)"*dx
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(n) K*B(k,n — k) — 3k’nB(k + 1,n — k)
+3kn®B(k + 2,n — k) — Bk + 3,n — k)

3 (k=1 (n—k—1)! 2. kl(n—k-1)!
(n) k —a 3kn——=

nl
k 2kt Dl—k=1)! 3 (k42)!(n—k=1)!
+3kn =D (n+2)!

2n(n — 2k)
(n+ 1)(n+2)

Hence,
2n?
T n+Dn+2)

1
(k—nx)
X(l — ) kn(x)d-x

Consequently

IA

(R, )OI, 0,11

5 1
1 C 1244 1 444
m;flg (V)|dv+ﬂf|g (V)| dv

(l’l + 1) 7" 7"’
(n+ DH(n+2) f 8 (V>|dV+— f g )l dv

1 1 "
= (n+2+ﬁ)f|g )l dv
0

77

IA

IA

3
E IIg ||L1[0,1]

So this yields

24

|(B.g) - & 2,001

3

According to Stein’s inequality,

7

||g”||Ll[0,1] < B (”g,”Ll[O,l] +1lg ”Ll[oJ]) , where By > 1
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Therefore, it is obtained that

4

1
—B (”g 2,007 + ||gm||Ll[o 1]) ||g Iz, 10,11

||(Bng)/ _g, n

4

1 , 1 3
= 5, Billg'lLon + (5,81 + 5 |18 Lo

131 3 )
;( > )(ng leygo. + 18" Nzygo.)

1244

C
= (llg 2,10y + 1€ML, 01]) where C =

IA

B,
2

| W

which completes the proof. O

5.2 Chlodovsky polynomials case

Theorem 5.2 Let g” € AC[0,b,]. Then

bﬂ ’7
Vios,[Cag = 81 < B— Viosalgl + Viow, [£7]}

where B > 1 is a constant and b, being the same as appearing in introduction.

Proof. By Taylor formula with integral reminder term,

2 17
g(fb,,) - g<x>+(5bn—x)g'<x>+(5bn—x) 8"(x)
n n n

2

&bn

1 [k 2
+§f(2bn—l') g/,/(f)dt

X

If the variable 7 is changed into the variable u by using the substitution # — x = u, it

is written that

g"(x)
2

g(ﬁbn) = gx)+ b —X)g(X)+(kbn— )

1 2
Ef( -b, —x—u) (x + u)du

0

:\»‘
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So from the representation (4.6), one has

(C18)' (%)

1 1 k .
x(by =) kzz(; ¢ (Zb") (kby = nx) P (b_n)

-GV (fbn - x) (kby = 1) pin (1)
n bn

g’ () <[k ’ x
m £ (an - X) (kb, — nx) pin (b_n)
+(R,8)(x)

where the remainder is written by

k
wbn—x

1 - k 2
(R,8)(x) = m kz_(; f (an - Xx- u) g (x + u) (kb, — nx) pin (bi) du
=0l o

n

By using Lemaa(4.7), it is obtained with ease,

(Chg) (x) =g'(x) + 8" (%) + (R.g)(x)

(b, — 2x)
n

2

Thus,

by
ICu8) = &'llLjos, = f [(Cg) (%) — &'(x)| dx
0

by
0

g’ (x)
2n

dx

(bn = 2x) + (Ru8)(x)

by
lg” (Ol1by — 2x| dx + f |(Rng)(x) dx
0

lg” (Olby = 2x| dox + [[(Ra) (O, 10,5,

by
il
2n
0
b)l
il
2
0
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Since |b, — 2x| < b, for x € [0, b,], it is deduced

by
’ ’ b 124
I(Cr8) _g”Ll[O,bn] < 2_fg (x)|dx+||(Rng)(x)||L1[0,bn]
0
b,
= 2 llg” ”Ll[o,bn]+||(Rng)(x)”L1[o,bn]
Note that
kb, |* |kb, |
<
n n
holds for # < v < xorx < v < kZ”. Applying the substitution x + u = v to
(R,8)(x),
Kbn
1 n " 2
|(R.g)(0) = b =) f( b —V) g"(v) (kb —nx)pkn( )dv
n k=0 n

1 n e .
ST kby, — vn)? kb, — nx| 18" (V)| dv.pin | —
2”2x(bn—x)kzz;‘f( vn)“| nx||g”' ()| dv.px. (bn

Kb,,
It is seen that (kb, — nx)® and f |g””’(v)| dv have the same sign and known that

|kb, — nv| < |kb,, — nx|. From the previous inequality there follows that,

Ebu—
1 - ? X
@i = [ |y f ( b= ) 050 Wy =) s s
0 1o !

n an
1 "\ (kb, — nx)* f X
S 7 "W dv.pea | — |d
7 by - ) lg”" Wl dv.px, b |4

0

k=
(kb, = nx)’
e f| (v)|dvpkn( )

|
S
0o
o%
=
S
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by
1 kb, —
—z—,ﬁsz(;(x(b _nx; flg"'(v»dvpkn( )
0
| s kb
s sz(;(x(b _’”; f| "'<v>|dvpkn( )
0
1 = (kb —
5 i (2
0

dv

%b” by,
1 < (kb, — nx)’ x
IR 001 < 755 f|g )l W Pkn( )dx
k=0

1 (kb, — nx) X p
* T;ﬂfz(; kagn(b—n)delg Mldv|  (5.1)
0 - 0

From Lemma (4.7),
*5 (kb, — nx)’ x
= = - nx(b, — x)(b, -2
L1 (b, —x) TF (b) Xy — O 7= 29

n(b, — 2x)

Therefore the latter integral of the last inequality can be written as

bn

1 = (kb, — nx)*
o) —(x(b _nx; pkn( )dxflg"'(\/)ldv

0
| by
= 2—f 2x)dxf|g"'(v)|dv
0
b n’ 44
2—f <v>|dv<—f|g Wldy
0

IA
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Let ;= = u for the former integral of the inequality (5.1). Therefore,

by,

(kb, — nx)* x)
x(bn -2 P\b, )

3
bﬁ(Z) —(5(1 f”;)) (1= )" du

1

(Z) f (k — nuy> = (1 = )™ du

0
| 2n(n - 2k)
"Im+ D(n+2)

b2

See in the proof of Theorem(5.1) . Hence,
by

(kb, — nx)* ( X ) 2b2n?
—pkn

x (b, — x) T m+Dn+2)
0

Thus,

]\ b)l

(RO 105, < . +1)(n +2)kZ§ f Ig"’(v)|dv+— f lg”’ (V)| dv

bz(n + 1) 244 "’
(n+1)(n+2)f|g <v>|dv+—f|g or

by, ( 5 *t5 )flg”’(V)ldv

3b,
S - 7’
n llg ”Ll[O,bn]
So, this provides
/ 3b
C ) < -n + —on 11
”( ng L10.60] ||g ”Ll[O,bn] n llg ”Ll[O,bn]
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Then, it is deduced that

H(Cng) - 8,“ < [2?_:131 (”glllLl[O,hn] + ||gm||L1[o,bn]) + 32_121 ||8I”||L1[o,bn]
= =B |gl + (ﬁB + %)II gl
n Liob,) T {5, 01T 5 8 NLi[0,b,]
< %(% + %) (Ilg'IIL] 05, T IIg"'IlLl [O,b,,])
b " B 3

n
= ;B (||g’||L1[O,bn] + ”g ”Ll[O,bn]) , Where B = 7 + —

2

Consequently, the proof is completed. O
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CHAPTER 6

CONCLUSION

One of the main issue in this thesis is the variation detracting property. As far as it is
known, Lorentz’s work (Lorentz, 1953) is the first study about this topic. Afterward,
Bardaro, Butzer, Stens, Vinti’s study (Bardaro et.al., 2003) showed that so as to reach
a convergence resut in the variation seminorm, setting the variation detracting property
is so significant. By following these, the study presented this thesis offers a new path
and can be utilized to create the convergence results for other operators in the variation
seminorm. One of the interesting result which is taken from this study is to obtain the
convergence event in the semi-normed space which a distance can not be described.
The significant thing concerning this event is to obtain the convergence in that space

by setting a relationship between L; — norm and the seminorm.
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