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ABSTRACT

This thesis gives a review of the methods for solving systems of nonlinear equations
and unconstrained minimization of real-valued functions. An analysis of the pertinent
mathematical theories andminimization methods are presented and tested using a well-
known setof benchmarkproblems. Methods forsolving systems of nonlinear algebraic
equations include; Newton’s method, Quasi-Newton’s method and Diagonal Broyden-

like and Homotopy and Continuation method.

For unconstrainedminimization it covers; the Steepest Descent method, the Fletcher-
Reeves and Polak-Ribiére Conjugate Gradient methods, the Modified Newton’s method
and the Quasi-Newton BFGS and DFP method using Analytic line search method to

calculate the step length.

Traditionally researchers use one of two computationaltools when seeking
approximations to their numerical analysis and optimization problems. They either use
readily available software packages or write their own tailor made programs using some
high-level programming languages. Both of these are capable of handling fairly
complicated and large problems effectively. The disadvantages of both methods are
highlighted in the introduction chapter. In this thesis we used the EXCEL spread sheet
to carry out the calculations because in our opinion, from teaching view point, it strikes
a balance between the other two methods. The capabilities and the limitations of Excel

as a computational tool is also studied and presented.

Keywords: Optimization, Convergence, Minimization, Excel, Maximization



OZET

Bu tez, lineerolmayan denklemlerin ve reel degerli fonksiyonlarin kisitlamasiz
minimize sistemlerini ¢ozmek icin kullanilan yéntemleri icerir. Ilgili matematiksel
teoriler ve minimizasyon yontemlerinin analizileri Benchmark problemleri kullanilarak
test edilidi. Lineer olmayan denklem sistemlerinin ¢6ziim yontemleri sunlardir: Newton,

Quasi-Newton , Diagonal Broyden ve Homotopy ve SureklilikY éntemi.

Serbest — Sinirsiz- Kisitli  (Unconstrained) minimizasyon yontemi ise sunlari
kapsamaktadir: Dik Inis Yontemi, Fletcher-Reeves ve Polak-Ribiere Eslenik Gradyan
Yontemi, Degistirilmis Newton Yontemi, Quasi-Newton BFGS ve DFP Ydntemi.
Bununla birlikte adim sayisimt hesaplamak icin de analitik hat arama yodntemi

kullanilmustir.

Sayisal analiz ve optimizasyon problemlerine yaklasimlar1 ararken geleneksel olarak
aragtirmacilar iki hesaplama araglarindan birini kullanirlar. Arastirmacilar hazir yazilim
paketlerini veya bazi Ust dizey programlama dillerini kullanarak, yeni programlar
yazarlar. Bunlarin her ikisi de etkili ancak karmasik olduklarindan, séz konusu
yontemlerin kullanilmasibiiyiik sorunlari da beraberinde getirmektedir. Her iki
yontemin dezavantajlar1 “Giris Bolimii”’nde vurgulanmistir. Bu tezde, EXCEL
kullanilmanin yukarida belirtilen iki program arasinda bir denge olusturdugu sonucuna

varilmistir.

AnahtarSozcukler: Optimizasyon, Denklem, Minimizasyon, Excel, Maximizasyon
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CHAPTER1

INTRODUCTION

1.1 About Optimization

In general the numerical optimization is classified in to two branches; constrained and
unconstrained optimization. In this thesis we are only concerned the second part namely the
unconstrained optimization that involves the minimization of real-valued objective function
f(x), that is finding:

min f(x) or max(-f(x)).

These types of problems arise practically in almost every branch of science and also in other
disciplines. An engineer needs to design a structure that can carry maximum load with
possibly minimum cost. Manufacturers aim to design their products to maximize revenue and
minimize cost. Scientists and other designers often look for mathematical functions that
describe their data with minimum discrepancy. All these are just few examples on how the
minimization problems come about and finding the best solutions is one of their top

priorities.

These problems can vary from a simple function of single independent variable to functions
of n independent variables. Solutions of the problem for n=1 is simply dealt with by
differentiating the function and finding the critical points. The complexity of the solution
depends on the nonlinearity of function and the size of n that can reach 100 or more, in
which case the problems have no exact close form solutions. It is then, where approximate
numerical solutions are sought. The numerical methods in general are based on sequences

generated by iterations with the hope that the sequence will converge to the exact solution.

The number of iterations required to solve such an optimization problem, depending on its
complexity, can reach thousands of iterations demanding vast amount of computer resources

in terms of cpu time and storage. Therefore, the research area in dealing with various aspects



of the optimization is immense and it is ongoing. Generally instructors and researchers use
one of two computing methods for solving optimization problems.
They either use a readily available software packages such as Maple, Mathematica,

Matlab...etc or they write their own programs using Fortran, Basic, Pascal, ...etc.

From the teaching point of view, the software packages work like a box where the user
enters information from one end to get the answers from the other end, without him realizing
or understanding what has happened between the two ends and how the results were
obtained. While writing own program in Fortran ... etc demands a lot of programming skills
that the user has to learn and a class room time is never enough for that. In addition often
these programs need to be purchased and can be costly. However, in this work we
extensively demonstrate in detail how the Excel sheet can be used to solve a variety of
problems with some easy to learn procedures and with the advantage that the user is
involved in the step by step implementation of the numerical methods, hence striking a

balanced alternative between the two options above.

1.2 About this thesis

This thesis gives an in-depth review of the classical methods for solving systems of
nonlinear equations and unconstrained minimization of real-valued functions. Mathematical
theory is presented and Excel spread sheet is used for implementing and testing these
methods using some benchmark problems. An extensive set of numerical test results is also
provided. It covers a range of methods for Solving Systems of Nonlinear Equations and
Numerical Optimization. For Solving Systems of Nonlinear Equations, it includes the
methods of Newton’s, Quasi-Newton’s, Diagonal Broyden-like and Homotopy and
Continuation. For Optimization it covers, the Steepest descent method, the Fletcher-Reeves
and Polak-Ribiére conjugate gradient methods, the Modified Newton’s method and the
quasi-Newton BFGS and DFP method, using Analytic line search method to calculate the

Steplength. In addition, some benchmark problems are used to describe the methodology.

Chapter 2 surveys the theoretical background and the literature review of the methods that

are covered by this thesis. An outline of the derivation of each method is given with their



respective algorithms. The characteristic properties of these methods and their connections to
practical implementations are discussed. Since different methods are discussed in the thesis,
then some methods are to be preferred than the others in many respect such as their speed of
convergence, work needed to apply the method and problems that may arise with respect to
convergence and singularity etc. Convergence Analysis of the methods and their rate of

convergence are discussed in Chapter 3.

The main contribution of this thesis is the implementation of procedure and algorithm using
Excel spread sheet. The availability of Microsoft Excel on most personal computers makes
optimization so much easier to teach and learn. The programming with excel is very simple
and straight forward and error and algorithm failure detection is also straightforward and
visible immediately. The effect of changing a value such as the initial guess is instantaneous
without the need for the processes of loading, compiling and executing as in some high level
programs such as FORTRAN,C++... for example. An overview of the characteristics of

Excel spreadsheet is also given in Chapter 3.

Due to the computational nature of solving problems involving systems of nonlinear
equation and unconstrained Optimization, testing of algorithms is an essential part of this
thesis. Different approaches for evaluating performances of the algorithms are presented in
Chapter 4. A comprehensive performance comparison of the reviewed algorithms is given.
Also the specific characteristics of each algorithm are analyzed experimentally with
illustrations using some benchmark problems. Some of their theoretical results are also
experimentally verified. Finally, Chapter 5 summarizes this thesis and gives some
recommendations as per as teaching Numerical Analysis and unconstrained Optimization

using Excel is concerned.



CHAPTER 2

BACKGROUND AND LITERATURE REVIEW

2.1 Systems of Nonlinear Equations

Consider the system of nonlinear equations

fl(xlle;x3,---,xn):O
fo(xy,x3,%x3,...,%,)=0
fn(xlixzix3v---axn)=0 (21)

The above system can be denoted by F(x) = 0, where X, 0 and F in bold face print are vectors
with F=(f;, f2 ..., f): R®™>R™ is continuously differentiable in an open neighborhood A*
c A of a solution x* €A of the system, where F(x*) = 0 and the Jacobian matrix of F at x* is
given by J(x) = F'(x*) that is a nonsingular matrix. There are many iterative methods for
solving (1) which include Newton’s method, Quasi-Newton’s method, Diagonal Broyden-

like method, and Homotopy and Continuation method.

2.1.1 Newton’s Method: Around 1669, Isaac Newton (1643-1727) gave a new algorithm for
solving a polynomial equation [1], His algorithm was illustrated by the example y* —2y —5
= 0. He first used a starting value y = 2 with an absolute error being 1. Thenheusedy =2 +

p to get,

p>+6p*+10p —1=0



Newton assumed the p value to be very small, hence he neglected p®+ 6p? and used 10p - 1
and the above equation gives p = 0.1, therefore a better approximation of the rootisy = 2.1
with an absolute error being 0.061 a big improvement. It is possible to repeat this process

and write
y = 2.1 + q, the substitution gives:  ¢3 + 6.3¢% + 11.23qg + 0.061 = 0

Again assuming that g is small and ignoring the terms with higher order of g.

_101'02631 =-0.0054..., and a new approximation isy = 2.0946 with an absolute error

gives g =
being 0.000542, and so on, the process can then be repeated until the required accuracy is

attained. Newton used this method only for polynomial equations.
And as it can be seen, he did not use the concept of derivative at all.

Raphson’s iteration: - In 1690, a new step was made by Joseph Raphson (1678-1715), He
proposed a method [2] which circumvented the substitutions in Newton's approach. His
algorithm was on the equation x> — bx + ¢ = 0, and starting with an approximate solution of

the above equation say g =~ X, a better approximation was given by

g3-bg+c

X =
g+ b—3g2

Note, that the denominator of the fraction is the negative of the derivative of the function.
This was the historical beginning of Newton-Raphson's algorithm.

Later studies: The method was then studied and generalized by other mathematicians like
Simpson (1710-1761), Mourraille (1720-1808), Cauchy (1789-1857), Kantorovich (1912-
1986) ... The aspect of the choice of the starting point was first tackled by Mourraille in 1768

and the difficulty to make this choice is the main drawback of the algorithm [3].



Newton-Raphson Iteration: Nowadays, Newton-Raphson's method is a generalized process
to find an accurate root of a single equation f(x) = 0. Suppose that f is a C? function on a

given interval and X = x + h, then using Taylor's expansion about x:
flx+h) =f()+hf'(x) + 0(h?)
Truncating after the second term,

fx+h)=f(x)=0=fx)+hf'(x)

giving,
_ @
h= ()
_ . f®
x+h=x 00

The convergence is quadratic (Convergence analysis will be discussed in Chapter 3)

Newton's method for several variables: Newton's method can also be used to find a root of

a system of two equations
fx,y) =0, glx,y) =0

Where f and g are C? functions on a given domain. Using Taylor's expansion of the two

functions near (x, y) assuming x = x +h and y'=y + h one gets,

FOx+hy+k) = flx,y) + h%+k3—§+0(h2 +k?)

gx+hy+k =glxy) +h3—i+k§—i+0(h2 +k?)

Truncating after the first order terms, means the couple (h,k) are such that,



— 0~ of of
f(x+h,y+k)—0~f(x,y)+hax+kay

— 0~ 99 99
g(x+h,y+k)—0~g(x,y)+hax+kay

Hence, it's equivalent to the linear system

af af
s 3l

dx Oy

The (2x2) matrix is called the Jacobian matrix and it is denoted as,

of of
dx 0dy
J= og g
dx 0y

The equation of generating the sequence X, and yj is given by:

f(Xn, ¥n)

X X.
=1y, 9 Yn)

_rJ-1
Yn+1 yn] ] (xn’yn)

The procedure above can be extended in a similar manner to 3 or n variables.

The rate of convergence is Quadratic for an initial point x, in the neighborhood of the
solution say x* when the Jacobian matrix is nonsingular (Dennis (1983) as it was

referred in [3]) (Convergence analysis will be discussed in Chapter 3).



Algorithm Newton’s Iteration
1. For a single nonlinear equation given Xo,
Step 1: Compute f(xi) k=0,1,2,...
Step 2: Compute f'(x)

F ()
Step 3: =Xp— 5=
p xk+1 xk f,(xk)
2. For a system of non-linear equations given Xo,

Step 1: Compute s, =-J 1(x;) F (x;) fork=0,1,2...

Step 2: Update xp,1 = Xj + Sk-
Where J(x,) is the Jacobian matrix of F at xy, s is the correction to the previous iteration.

From a computational point of view Newton’s method can be too expensive for large

systems due to,

e The computation of the Jacobian elements, which are n? first derivatives, if
performed analytically can be expensive.

e The Jacobian may be singular at xy.

e The computation of the next step requires for problems with full Jacobian O (n°)

multiplications [5] and [6] which may be costly for large n.



2.1.2 Broyden’s Class of Quasi-Newton Methods for Non- Linear System of Equations
Broyden was a Physicist working in an electric industry company. He had to solve a problem
involving non-linear algebraic equations. Broyden was well aware of the shortcomings of the
Newton’s method and thought of the way to overcome them. He realized that he doesn’t
necessarily need to work with the true inverse Jacobian, but with a suitable approximation

Hy to it. Thus one would get an iteration of the form,

X1 = X — Hp g(xy).

He noticed that, from the Taylor expansion if truncated at first term, where g, = g(x;), one

gets the relation

Ir+1 = Ik + Tk (X1 — xi)

Or alternatively, with

S = X1 — Xg Yk = 9k+1 — Yk

Ji'yi = sk

Broyden proposed Hy for the approximation of the inverse Jacobian and that the following
equation to be satisfied, which He called the quasi-Newton equation and other

mathematician, called it the secant equation.

Hy 1Y, = Sk

The above equation is a system of n linear equations in n? variables, the components of the
approximate Jacobian of gx. Therefore it is an underdetermined linear system with an infinite
number of solutions. The general solution appears in [7] and is further generalized to the

case with some fixed elements by Spedicato and Zhao [8]. First consider how Broyden



10

derived the Broyden class, where Hy is updated by a simple rank-one correction, a class that
contains all quasi-Newton methods for nonlinear algebraic systems in the literature. Then
look at some results on optimal conditioning obtained by Spedicato and Greenstadt [9] and

at a surprising result on the finite termination of methods of Broyden class.

The solution for the quasi-Newton equation that Broyden [10] considered, is the special one
given by correction to HK, where Hj is an arbitrary nonsingular matrix, most of the time the

identity matrix. Broyden considered the update
Hisr = Hie— v,
where uy, Vi are n-dimensional vectors.

From the above formula and also from the quasi-Newton formula he got the following
formula, which defines the Broyden class of quasi-Newton methods for nonlinear algebraic

equations.

_ (Hiyr—sx)ve
Hk+1 - Hk - yzvk

The above is a class of methods with vi a free parameter with the condition that the matrices
remain nonsingular. Broyden considered in his 1965 paper [10] only three parameter choices

for v, which leads to the following three methods:

e First Update formula with v, = H’s,, gives,

(Sk — Hkyk)sin

Hy, = H, —
k+1 k Sinyk

e Second Update formula with v, = y, gives,
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(Sk — Hkyk)y£
ViV

Hy,,=H; -

e Symmetric Update formula with v, = (H,y, — Si) gives,

(S — Hx¥i) (S — Heyi)™
(sk — Hyyi) Ty

Hy., = Hy —

Broyden’s first update formula which he defines as the good method is the most used for this
class. Broyden defined the second method as the bad method, because its performance was
bad. Other numerical analyst found the performance not very worse than that of the first
update formula. The third method, known as SR1 method, was initially considered
unsuitable because it can lead to a division by zero. Such a method however, occurs also in
Broyden’s rank-two class of quasi-Newton methods, being therefore an intersection of the
two classes, and lot of work has been done to make use of some of its special properties [11]
and [12].

Broyden thought that methods in his class had no finite termination on a linear system. Until
when first Gay [13], then O’Leary [14] and Ping [15] proved that such methods under mild
conditions find the solution of a general linear system in no more than 2n steps. The result
was fruit of a rather complex analysis. In [16], Broyden’s method was shown to be a special
case of the finitely terminating class of ABS methods [17]. This result follows by proving
that two steps of the Broyden class can be identified with one step of a certain ABS method,

though the formula for the ABS parameter is not explicitly available.

The convergence analysis for Broyden’s class is available in his definitive paper [18]. It is
shown that the methods converge from a starting point sufficiently close to the solution, with
a g-superlinear rate of convergence. The rate worsens with the increase of dimension.
Results on the convergence of the sequence {Hy} are still a subject for investigation. Detail

of this convergence will be discussed in Chapter 3.
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The Shortcoming of Broyden’s method is that, the quadratic convergence in Newton’s

method is lost been replaced by Superlinear convergence.

2.1.3 Diagonal Broyden-Like Method for Systems of Nonlinear Equations

The most critical part of Quasi-Newton’s method is on the formation and storage of a full
matrix approximation to the Jacobian matrix at every iteration. Some alternative methods are
proposed to take care of the short-comings of Newton’s method. These weaknesses, together
with some other weaknesses of Newton’s like methods especially when handling large-scale
systems of non-linear equations, leads to the innovation of this method by Waziri et al [19].
It is important to note that, the diagonal updating strategy has been applied in unconstrained
optimization problems [20], [21], [22], [23], and [24].

This method attempts to provide a different approximation to the Newton’s step via diagonal
updating by means of variational techniques. It is worth mentioning that the new updating
scheme has been applied to solve (1) without the cost of computation or storage of the
Jacobian matrix. This may reduce: computational cost, matrix storage requirement, CPU
time and eliminates the needs of solving n linear equations at each iteration. The diagonal
updating method works very efficient and the results are very reliable. In addition, this
method can also solve some problems, which cannot be solved by methods involving

Jacobian matrix computation [19].

Algorithm DBLM (Diagonal Broyden-Like method)
Given x,, and Q,, setk =0

Step 1: Compute F(xy)and xj .1 = x;, — Qi F(xy)

Step 2: If ||s ||+ |IF (xp)|| < & stop. Else go to Step 3.
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Step 3: If ||yill. = €1, compute Qp 41, €lse, Qi1 = Qf . Set k = k+1 and go to step 1.

The update (Q ) formula is given by,

_ (Vi Sk—Yi QuYi)
Qu+1= Qi + WAk (4)

Where A, = diag (y,(cl)z, y,(f)z, ...,y,({")z), Tr (4%) = Z?zly,gi)4 and Tr (.) is the trace operator.

To safeguard the possibly very small ||y, ||and Tr(A?) it is required that ||y,||. = &

for some chosen small &; > 0. Else set Q,,; = Qy, hence,

(Vi Sk =Yz QY
YiSk TV SV o s >
O + BIIWII 1y 1, >

Qx ;. otherwise

Qp+1is givenas: Qp 4y =

The Convergence analysis will be discussed in Chapter 3.

2.1.4 Homotopy and Continuation Method
A Homotopy is a continuous deformation; a function that takes a real interval continuously

into a set of functions.

Homotopy or continuation, methods for nonlinear systems embed the problem to be solved

within collection of problems. Specifically, to solve a problem of the form

F(x)=0
Which has the unknown solution x*, we consider a family of problems described using
parameter a A that assumes value in [0, 1]. A problem with a known solution x (0)
corresponds to the situation where A =0, and the problem with the unknown solution

x(1) = x* corresponds to A = 1.
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For example, suppose x (0) is an initial approximation to the solution of F(x*) = 0.
Define
G:[0,1] X R™—»R"
By
G (A, ) = AF(x) + (1-A) [F (x) - F(x (0))] = F(x) + (A-1) F(x (0)).
Then for various values of A the solution to G (X, X) = 0, can be found.
When 4 = 0 this equation assumes the form
0=G (0, x) = F(x) — F(x (0)),

And x (0) is a solution. when A = 1, the equation assumes the form

0=G (1, x)=F(x)
And x (1) = x* is a solution.
The function G, with parameter A, provides us with a family of functions that can lead from
the known value x (0) to the solution x(1) = x*. The function G is called a homotopy
between the function G (0, x) = F(x) — F(x (0)) and the function G (1,x) = F(X).
The Continuation problem is to determine a way to proceed from the known solution x(0) of
G(0,x) = 0 to the unknown solution x(1) = x* of G(1,x) =0, that is the solution to F(x) = 0.

We first assume that x (1) is the unique solution to the equation

G (L, X) =0,

For each A € [0,1]. The set {x(1)|0 < A < 1} can be viewed as a curve in R™ from x(0) to
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X(1) = x* parameterized by A. A continuation method finds a sequence of steps along this

curve corresponding to {x(1;)}reo Where g =0 < A4y < < Ap, =1,

If the function 4 —>x(1) and G are differentiable then differentiating G(A,x) = 0, with

respect to A gives

_06(Ax()) |, 9G(Lx(AD) _,
- Y + dx x(

And solving for x’ gives

0

A

Ac(Ax)1 L a6 (Ax (D)
X () = _[ (az )] (az :

This is a system of differential equations with the initial condition x (0).
Since,

G(A,X) = F(x) + (A-1)F(x(0)).
We can determine both

96 G(LX)

269029 = J(x(2))

The Jacobian matrix, and

9G(Ax(D)
ar

F(x(0))

Therefore, the system of differential equation becomes

x'(A) = —[J(x(D))"F(x(0)), for0<Ai<1,
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with the initial condition x (0). The following theorem gives conditions under which the

continuation method is feasible.

Theorem 1: Let F(x) be continuously differentiable for xe R™. Suppose that the Jacobian
matrix J(x) is nonsingular for all x € R™ and that a constant M exists with || J(x)~1|] < M,

forall x € R™ . Then for any x (0) in R™, there exists a unique function x (1), such that

G (LX) =0

For all A € [0,1]. Moreover, x(1) is continuously differentiable and

x' (1) = —[J(x(A)~F(x(0))], foreach ) e [0,1].

The Continuation method can be used as a stand-alone method, and does not require a
particular good choice of x (0). However the method can be used to give an initial

approximation for Newton’s or Broyden’s method [25].

2.2 Unconstrained Optimization

Optimization can be defined in a classical sense, as the art of obtaining best policies to
satisfy certain objectives, sometimes satisfying some fixed requirements. Optimization can
be categorized into constrained and unconstrained optimization. In this thesis we are only

concerned with unconstrained optimization.

Unconstrained Optimization: Unconstrained Optimization is the problem of finding a

vector X that is a local minimum or maximum to a scalar function f(x):

min, f(x) or max,(—f(x))

The term unconstrained means that no restriction is placed on the range of x.
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Basics for Unconstrained Optimization: Although many methods exist for unconstrained
optimization, the methods can be broadly categorized in terms of the derivative information
that is used. Search methods that use only function evaluations are most suitable for
problems that are not smooth or have a number of discontinuities. Gradient methods are
more efficient when the function to be minimized / maximized is continuous in its first
derivative. Higher order methods (such as Newton's method) are only suitable when the
second-order derivative can easily be calculated, this is because the calculation of second-

order derivative, using numerical differentiation, is computationally expensive.
To minimize f (x),
The basic Iteration for all the methods here can be written as follows:
xt = xk + o d® k=0.1,..

Where d* is known as the descent direction, and «, is a scalar known as the steplength. The
starting point x° is chosen arbitrarily. At each iteration o and d*are chosen such
that £ (x*+1) < f(x9).

The iteration is terminated when the given convergence criteria is attained. Since the
necessary condition for the minimum of unconstrained problem is that, its gradient is O at the

optimum, the convergence criterion is given as:
[Vf (X )| < tol.
Where the tolerance (tol) is a small number (e.g. 107>).

Descent Direction: For a given direction to be a direction of descent, the following

condition must be satisfied,
) < f(x).

Or fxk + o d®) < f(x9)
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Using Taylor series expansion,
f) + o VF ()T d* < f(x)
or o VF(x¥)Td* < 0

I the steplength o, is restricted to positive values, then the following is the criteria for d*at

a descent direction when given point x*:
Vf(x*)Td* < 0

Furthermore, the numerical value of the product V£ (x*)Td* indicates how fast the function

is decreasing along this direction.

Example: Use Excel to check for the following function, if the given directions d;, d,, are

directions of descent at the given point x*:
fx)=(2+x,—11)%2+ (x; +x2 = 7)
d' = (1,1); d? = (-1,1) and x* = (1,2)
Solution:

1 — 44xy + 4% + 4xqx,

\Y
f —22 + 2x% + 4x,
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Table 1.1: Excel showing descent direction calculation result

i IH wy - | = Bookl - MNMICrosoft Excel

g Home Insert Page Layout Formulas Data Rewviaw WView

o= El=]l |_T' ) A = et @ _
fF B B B8 2 ol e Tl ) &2
FivoiTable Table Ficture Clip Shapes SmartArt Screenshot | Column Line Fie Bar Area Scatter Other Line
- Al-t - - - - - - - - Chartsv
Tables Hlustrations Charts
E8 - S
A B C D E F G H 1 1 K
1
2 V(x) d* d* (V)'d* (vH)d?
3 -31 1 -1 -43 19
4 -12 1 1
=

From the Excel result, d* < 0 is a descent direction,while d* > 0 is not.

Numerical Optimization Method: At each iteration of a numerical Optimization method,
there is need to determine two things 1) Descent direction (d;), and 2) Step length (,):

xk+1 = xk + akdk

There are various methods for Step-length calculation, such as Analytic line search, Equal
interval search, Section search, Golden section search, Quadratic interpolation method, and
approximate line search. However in this thesis, Analytical line search method is considered

and the solution is obtained using Newton-Raphson method.

Analytic Line Search: If an explicit expression for ¢(c) is known, the optimum step length

can easily be calculated using the necessary and sufficient conditions for the minimum of a

function of 1 variable. The necessary condition is Z—Z =0 and the sufficient condition is

dZ
_¢ > 0
do?

Algorithm Analytic Line Search (solution using Newton-Raphson method)
Given x°, calculate f (x°), and d,,, to find o

Step 1: Calculate ¢(a) = f (xO+ad,)
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Step 2: Evaluate 222 -g( o) and ’M) g' (o)

Step 3: Apply Newton Raphson method on g (a), to find the optimum value of a.

Descent direction: As in the case of Step length calculation, there are also several methods
of Descent direction calculation, which includes Steepest Descent method, Conjugate
Gradient Method, Modified Newton’s Method, and Quasi-Newton Methods.

2.2.1 Steepest Descent Method
The steepest descent method, can be traced back to Cauchy (1847), is the simplest gradient

method for unconstrained optimization:

minyepnf (%),

Where f(x) is a continuous and differential function in R™. The method has the form:

Xp41= Xt g (—9y)

Where g, = g(x;) = VF(x;) is the gradient vector of F(x) at the current iterate point x;,
and o> 0 is the stepsize. Because the search direction in the method is the opposite of the
gradient direction, it is the steepest descent direction locally, which gives the name of the
method. Locally the steepest descent direction is the best direction in the sense that it

reduces the objective function as much as possible.

The method is very valuable apart from being used as a starting method for solving systems

of nonlinear systems [25].

The algorithm for the method of steepest descent for finding a local minimum for an

arbitrary function g from R™ into R can be described as follows:
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Algorithm of Steepest Descent Method

Given x°

Step 1: Calculate F(x%) and V F(x°).
Step 2: Calculate the Step length

Step 3: Update the next value x**1 = x* + ¢ d,,.

Definition 1 (Gradient of a function): For g: R™—R, the gradient of g at

x = (xq,%5,...,x,)7 isdenoted Vg(x) and is defined as
_ (29 .\ 09 99 .\
Vg = (32 @52 @), 72 ())

The gradient for a multivariable function is similar to the derivative of a single variable

function in the sense that a differentiable multivariable function can have a relative

minimum at x only when the gradient at x is the zero vector.

Though the convergence of the method is linear, but it converges even for poor initial

approximations [25]. The analysis of the convergence will be discussed in chapter 3.

2.2.2 Conjugate Gradient Method

In the steepest descent method for solving nonlinear optimization the steps are along
directions that nullify some of the progress of the others. The basic idea of the conjugate
gradient method is to move in the non-disturbance direction. Suppose a line minimization
along the direction u is done. Then the gradient VFat that point is perpendicular to u, because
otherwise one can be able to move further along u. Next, one should move along some other
direction v. In steepest descent v = —VF. In the conjugate gradient method some direction is
added to —VF to become v. v is chosen in such a way that it does not undo the minimization

along u. In order to be perpendicular to u before and after the movement along v. At least
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locally the change in VF is needed to be perpendicular to u. Now observe that a small change
dx in x will produce a small change in VF given by
o(Vf) = Hf. ox.

The idea of moving along non-interfering direction leads to the condition
uls(VF) =0

And the next move should be along the direction v such that
uTHFv =0

Even though v is not perpendicular to u, it is HF-orthogonal to u.
The connection between 6x and &(VF) in terms of the Hessian HFis a differential
relationship. Here it is used for finite motions to the extent that Taylor’s approximation of

order 2 is valid. Suppose f is expanded around a point y keeping x constant,
fGe+3) = fO) + V) x+ xTHfx

Thus f looks like quadratic equation. If f is assumed to be quadratic, then the Hessian
Hfdoes not vary along directions u and v. Thus the condition above makes sense. With this
reasoning as background, one develops the conjugate gradient method for quadratic
functions formed from symmetric positive definite matrices. For such quadratic functions, by
moving along successive non-interfering directions the conjugate gradient method converges
to the global minimum in at most n steps.

For general functions, the conjugate gradient method once near a local minimum, the

algorithm converges quadratically to the solution.
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Thus, the descent direction dj, in the steepest descent method is been corrected as follows;

dy =-Vf(x*) +pvdy_,

Where mostly in practice B is calculated by one of the following formulae,

[vr (9] vrk)
[7r (1)) v (ak1)

Fletcher-Reeve’s formula: f =

[VF(x*—1)- VF(x)] vF @)
[VF(xk-1)] VR Gek1)

Polak-Ribiere formula: B=

The numerator in the Fletcher-Reeve’s formula is the square of the norm of the gradient of f
at the current point. The case is slightly different in Polak-Ribiere formula because the
numerator is slightly modified. The denominator is the same in both cases. Polak-Ribiere

formula usually gives better results than Fletcher-Reeve’s formula [27].
Algorithm Conjugate Gradient Method:

Given X°

Step 1: Compute F(x), VF(x) and setp, dj_; as zeros for the first iteration.

Step 2: Compute dy = -V F (x*) + BVd,_, and also calculate the step length o.
Step 3: Update the next value x*** = x* + ¢, d,,.

This method gives better result in practice than Steepest descent method, and the

convergence is also faster.
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2.2.3 Modified Newton’s Method

Newton’s method for solving systems of nonlinear equation was discussed in chapter 2.1.1,
the difference is not much with Newton’s method for Optimization being the Computation of
Hessian instead of the Jacobian matrix. As in 2.1.1 the Newton method was derived by

considering quadratic approximation of the function using Taylor series:
fORHD) ~ f(xK) + VF(KO)TAE + 2 (d)TH(x*)d"

Where H(x*) is the Hessian matrix at x*. Differentiating with respect to d*, one gets

VxR + HxF)dk =0
The direction can then be obtained by solving the system, i.e.
d* = —[HM)]1vf(xF)

In its original form, the method was used without steplength calculations. Thus, the iterative

scheme before, was as follows:

X = x* — [H()]TVf ()
However, in this form the method may not converge when started from a point that is far
away from the optimum. The Modified Newton method uses the direction given by the
Newton method and then computes an appropriate steplength along the direction. This is
what makes the method very stable. Thus the iterations are as follows:

xF*t1 = x* + ¢ d* k=0,1,...

With d* = —[H(x*)]~1Vf(x*) and a obtained from minimizing f (x* + o3, d").
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Algorithm Modified Newton Method

Choosing a starting value x°,

Step 1: Compute F(x) and VF (x).

Step 2: Compute H(x) and [H (x)]™?

Step 3: Calculate d,, = —[H(x*)]71Vf(x*) and .

Step 4: Update the next value of X by x*+1 = x* + ¢, d,.

The convergence of the method is quadratic. Each iteration, however, requires more
computations because of the need to evaluate the Hessian matrix and then to solve the

system of equations to get the direction [27].

2.2.4 Quasi - Newton’s Method For Optimization

Consider the Quasi-Newton methods with line searches for finding a local minimum of a
function f(x), where x € R™. It is assumed that f € c? with positive definite Hessian H* at
a solutionx*, although only the gradient g(x*) = Vf(x*) (denoted by g,) is used in
practice, where x* estimates x*at iteration k. The Hessian approximation at x* is denoted by

By and its inverse by Hy,.

At each iteration of quasi-newton’s methods, a positive definite Hessian approximation By,
is updated to a new approximation B, using g*and s* defined by q* = Vf(x**1) —
VA(x*) and s* = x**1 — xkrespectively, for which the quasi-Newton condition is
satisfied. To define the update matrix, several formulae have been proposed. The first
formula has been suggested by Davidon in 1959, in a technical report [28], subsequently
investigated by Fletcher and Powell, published in 1963, [29], it became known as DFP and
published with further detail in 1991 [30]. These authors referred to the corresponding DFP
method as a variable metric method and it is also known as the first quasi-Newton method.
Other popular quasi-Newton formula is BFGS which was obtained independently by
Broyden, Fletcher, Goldfarb and Shanno, in 1970 [31]. These formulae belong to the
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Broyden family of updates which has certain useful properties when the line search structure
is used. The BFGS method is the most effective, while the DFP method may converge
slowly in certain cases [32].

Several overviews on quasi-Newton methods have been published [33], [34], [35], [36],
[37], [38] and [39].

Algorithm Quasi-Newton’s method

Given the starting point x°,

Step 1: Compute F(x) and VF (x).

Step 2: Determine d,, = — Q* VF(x*) and «;. Where Q is a Jacobian inverse matrix
Step 3: Update the next value of X by x**1 = x* + ¢, d,.

Step 4: Update Q¥ for the subsequent iterations.

Now to update Q¥ there are different Quasi-newton’s methods which differ in the way Q¥
matrix is updated which includes DFP, BFGS, and SR1 methods. Here only DFP and BFGS

methods are considered.

DFP (Davidon, Fletcher, Powell) Update

The Q¥ update, that is Q*** of this method is given by,

ST (@4aM @M

k+1 — nk
Q=T+ (q")Tsk (@¥)TQkqk

Where

qk — Vf(xk+1) _ Vf(Xk) and Sk — Xk+1 _ Xk
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BFGS (Broyden, Fletcher, Goldfarb, and Shanon) Update

The Q¥ update, that is Q** of this method is given by,

(qk)Tquk> sk(sk)T

(@9)'s* ) (k)" sk

Qk+1:Qk+<1+

e @+ 5(g) Q"

Numerical result shows the efficiency of BFGS formula over DFP (M.A. Bhati,
2000).Though the effort of computing Hessian matrix in each iteration by Modified
Newton’s method is been taken care of by Quasi-Newton’s method, but its convergence is
super linear, hence the rate of convergence is slower than that of Modified Newton’s

method.

Detailed of the convergence analysis will be seen in Chapter 3.
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CHAPTER 3

CONVERGENCE ANALYSIS

3.1.1 Preliminaries : Performance of two or more Algorithms is usually compared by their
rate of convergence. That is if

k

x* ox*

the interest is usually on how fast it does happen.
Definition 1: Let {x*} eR™ and x* eR™ be such that x* —»x*, if 7r [0,1] and k, € N s.t

||xk+1—x*|

<r Vk >k,

=

then x* —-x* linearly

Definition 2: Let {x*}eR™ and x* eR™ be such that x* —>x*, if

then x* —x* Super Linearly

Definition 3: Let {x*} eR™ and x* eR™ be such that x* —»x*, thenif IM > 0 and k, € N s.t

k+1

] gy vk > kg

||xk—x*||2 =

then x* —x* Quadratically
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Quadratic convergence is faster than superlinear convergence, while superlinear convergence

is faster than linear convergence.

Estimating Rate of Convergence: Let the error after n steps of an iterative algorithm be

e, = x, —r,thene,,; = x,,4 — r. Asn—>co from the above definitions,

. |xn+1—r|__
i i =
= |en+1| ~ ﬂlenla and | enl ~ j'len—lla

Forming the ratio of the above gives,

lenl |”

Ien—ll

lent1] - ﬂlenla N
| enl Alen_4?

Solving for a, gives

e
log | £2t1 |
L

€n
€n—-1

log| I

Using the above, one can approximate the convergence rate o given any two consecutive
error ratios.
Theorem 1 (Taylor’s Theorem): Letf: [a, b] >R, also let £, f', f"', ..., f ™V be

continuous on (a, b). Then there exist ¢ € (a, b) such that,

FB) =@+ f @b -a) + 526 - a)? 4+ LoD 1~ ayr,

n!
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Lemma 1 (Banach Lemma) :Let ¢ € R™™ with |c| < 1 then,

I + C is invertible and

-1 1
siaror s

Lipschitz Condition:
f (x) Satisfies Lipschitz condition on an interval | if 3m > 0 s. t.
fQxy) = fxp) < Mlxy — x5 Vxqi,xy €1

3.1.2 Convergence Analysis for Newton’s method of solving equation of one variable
Theorem 2 (Fixed point theorem): Let g € C[a, b] be such that g(x) € [a, b], for all

€ [a, b]. Suppose in addition that g’ exists on (a,b) and that a constant 0 < k < 1 exists
with

lg'(x)| <k, for all x € (a,b).

Then for any p, in [a, b], the sequence defined by

Pn=9Pn-1), n=1,

Converges uniquely to a fixed point in [a,b]
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Newton’s convergence of solving equation of one variable
Theorem 3: Let f € C?[a, b]. If p € (a,b) is such that f(p) = 0 and f'(p) # 0, then there
exists a o > 0 such that Newton’s method generates a sequence {p,},=, converging to p for

any initial approximation p, € [p — S p + 9]

Proof: The proof is based on analyzing Newton’s method as the functional iteration

schemep,, = g(pn—1), n =1 with

f(x)

1)’

Let k € (0,1). First find an interval [p — &,p + 4] that g maps into itself and for which
lg' ()| <k, forall x € (p — S,p + 9).

gx) =x—

Since f' is continuous and f’(p) # 0, it then implies there exists a 6; > 0, such that
f'(x)#0 for x€[p—06,p+ 6] < [ab]. Thus g is defined and continuous on [p —
oLp + 8] Also

FEOf () -f)f" (x) _f® (%)
[/ (x)]? [f/(x)]?

g'x)=1-

For x € [p — &,p + &,], and, since f € C?[a, b],then g’ € C'[p — &,,p + 4]

By assumption, f(p) = 0, so

_f®r"® _

9'®) =0

Since g’ is continuous on k € (0,1), then there exists a 3, such that 0 < & < &;, and

lg'(x)| <k, forallx € [p—&p + 9.
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It remains to show that g maps [p —Sp+ ] into [p—Sp+6l. If x € [p—6,p + 4], the
Mean Value Theorem implies that for some number ¢ between x and p, |g(x) — g(p)| =
19" (O)lx —pl. So

lg(x) —pl =1g(x) —g®@I| =19"(Ollx — pl < klx —p| <|x —pl.

Now since, x € [p — &, p + J], it follows that |x — p| < &, and that |g(x) — p| < 6. Hence g
maps [p — 6,p + d] into[p — S,p + 4.

All the hypothesis of the fixed point Theorem 2 are now satisfied, so the sequence

{pn}i-1, defined by

f(Pn-1)

, forn > 1,
f'(pn-1) n

Pn=90n-1) = Pn-1—

Convergesto p forany p, € [p — 6,p + 9].

Theorem 4: Let r be a fixed point of the iteration x,,,; = g(x,,) and suppose that g’ (r) = 0,

but g''(r) # 0. Then the iteration will have quadratic rate of convergence.

Proof

Using Taylor series expansion about fixed point r

g”z(r) -1 4 g'”6(<f)

g) =g+ g r)x—r)+ (x—1)?

Substitute x,, for xand x,,., = g(x,), g(r) =r,and g'(r) =0

= Xn+1 =r+gT(r)(xn_r)2+gT(€)(xn_r)3
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Subtract r from both sides and divide through by (x,, — r)?

Xn+1— 17 _ g" () + gm(f)(

(xp-1)2 2 6

xn_r)

As —o0, then

_Nxpa =7l 19" ()]
lim =

n-o |x, — r|? - 2
Since o = 2, this implies the iteration will converge quadratically.

The fixed-point iteration function for Newton’s method is given by

f®
£

gx) =x —

/ _ 1 I _ f) £
=g'(x) =1 TAOIE L (02

When evaluated atr, g'(r) = 0since f(r) = 0 (as longas f'(r) # 0)

= Newton’s method will converge quadratically.

Convergence of Newton’s Method of solving systems of Nonlinear Equations

Lemma 2: Let f: R™—>R™ be a continuously differentiable in an open convex set Dc R™.

Suppose a constant y exists such that |If'(x) — f'MI| < Alx — yl| for all x,yeD.

Then [I£ () = F3) = £/ (x = I < |lx = 1.

Proof

By the line integration,



34

Q) —f@) = [ f (v + tx — ) (x — y)dt.
So

fC) = FO) = F M@=y = [If (7 + tlc =) = F/ O] — ).

It follows that
1
1FGO) = FO) = F/ GG | sj IF (v + e =) = FO)IIIx — ylide
0

1
< [y #tllx = yli2de = 2|lx — yl1.

Theorem 5: Let f: R™—>R™ be a continuously differentiable in an open convex set Dc R™.
Assume that 3¢ €D and g,y > 0s.t

i) f=0

ii) (&)1 exists

i)y |If'7YU| < B and

iv) I = FI| < 4lx = yl| for x,y in a neighbourhood of &.

Then 3e > 0s.t.for all x, € N(&, €), the sequence {x;} defined by,

Xp1 = X + Sg and f'(x)x, = —f(xx)

Is well defined, converges to § and satisfies,

||xk+1—f|| < PAlx — ElI%.
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Proof
By continuity of f’, choose € < min {y, ziﬁy} so that f'(x) is nonsingular for all x € N(¢, €).
For k=0, ||x, — &l| < e So,

"7 (F (xo) = £/ < 1IF EOHIIf Ceo) = F1 (O

N | =

< Plxo =&l <

By the Banach Lemma,

[1F7@O~M] = 1[I/~ + (' Gxo) = /O

IF'©|
O 0)-£'©)|

<2[lf"@© <28

=71_

Now,
x1—&=x9—&— f'(xo) " f(xg) = xg — & — f'(x0) " (f (xo) — F(E))

= ') @) — £ (x0) — ' (x0) (§ — x0)]

SO,

ey = € [|< 17 Qo) M 1| £&) = £xo) = £/ (xo) (& = 20|

< 282 11§ = %0 |I* = BAIE = xo |1 (by Lemma 1)
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< Brellxg — &l <5 llxo— &Il < &
The proof is completed by induction.

Note: The above theorem shows that the Newton’s method converges quadratically if f'(§)

is nonsingular and if the starting point is very close to .
3.1.3 Convergence of Broyden’s Method

Lemma 3: Let f: R™—>R™ be a continuously differentiable in an open convex set —R™ .

Suppose 3y constant s.t. ||f'(x) — f'WI| < #lx — yl| for all x,yeD. Then it holds that,
forall xy,§eD, [If(x) — f(y) — f' (D —-v)|| < gy(||x — &I+ |ly — &lPllx -yl

Proof

By the line integral,
1
If ()= fFO) = O —-v)l| = IIJ [f'+tlx—y) = f/(O]x — y)d]|
0

< Al =yl ] 1y + tx — y) — €l|de

1
< Al = yl1 f; el = €1 + (1 = Oly — €l[3dt
Lemma 4: Let f: R™—>R"™ be a continuously differentiable in an open convex set Dc R™.

Suppose 3y constant st [If'(x) — F'WI| < Alx — yl| for all x,yeD. Then for

Xk+1, X €D, holds that

1Bss = £ I < 1B = £ + 2 (e = €1 + |1, — 1))



Proof
By definition
, , (Vfi — Brsi)sk
Biewr — (&) = By — f'(§) + ——————~
T T ! T
SkSk siSk\ - (Vfie = £/ (§))siesk
= l; I —_ — £ I —
k( Sk k) f (f)< S;Sk>+ Sk Sk
Taking norm

T g T
1Biss — £/ Ol < 1B — £/ ‘,_Sksk s |(ka f @)sist
Sk Sk St Sk

<1

SkSk

T
SkS
But “1—%

Therefore, the 3" term is estimated by,

‘( Vi — ' (©)ssi

T

_ H{[ﬂxkﬂ) — £ = £/ () (iess — 2Nyt

T

< 5 (s = €11 + [l = €1))

(by the above lemma)
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Theorem 6: Let f: R —>R™ be a continuously differentiable in an open convex set D R™.

Suppose 3¢ R™,B,y > 0 s.t.
i) f=0
ii) (&)1 exists
i) [l < B and

iv) I = FFI| < 4lx = yl| for x,y in a neighbourhood of &.

Then 36, &, > 0 such that, if ||x, — &|| < &, and ||By — f'(&)|| < &, then the Broyden’s

method is well defined, converges to &, and satisfies

||xk+1 - f|| < Ck“xk - f||
With limy,_, . c;, = 0 (superlinear convergence).

Proof

1 20
Choose o, < o and 6; < 55" Then

Ir7@1p,—1l| < ps, <.

By Banach lemma B, * exists. So x; can be defined furthermore,

185411 = [|7@ + (B0 - £'©) 7|

IF'@~] s
— 1-|I7 OB (O] T 1-55,
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Thus,
llel] = |12y = &l = I|xo — Ba* (£ (xo) = £(©)) — &]|

= ||=By ' [f (xo) — £ (&) — Bo(xo — O]I|

= [I1By ' [f (x0) = £(§) — f'(§) (xo — )+ (f'(§) — Bo) (xo — ]|

ZeEleoll” + slleoll] <5 + &l el|

<2 2l o||_T—||EO|| ;lleoll

From lemma 3

[1B1 = £ O] < [1Bo = £/ I| + 5 (1 = 1] + 1o — £1])

2

)

3 3
<& +ICllsl) <@ +Is

=(1+3) & <26
Thus

/ — 1
If' OBy~ 1| <255, <3,
By Banach Lemma
B! exists

[/~ B B S§ﬂ
1= IF/@©O~U||1B, = Ol ~ 1-2p85,~ 2

[IBLH| <
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The following estimation can now be made
leal| = [Ixz = €l] = 1| = B (F () = £() = €]
= ||=B{ Y [f (x1) = £(§) — By &l
= IB7 f ) = FO = f O a—f' @ e+ (F(&) - B)eall

:71357[“61” +- 5z|| 1I|] [y51+ 52]||61||
S3’?2[2 25y ]ll 1||—112||Eo||S§||€0||

Continuing

182 = '@l <118, = £ Ol + Ll all + 12l

1352

+Clalb <o (1+5+157)

10 2225

1 2
=5(1+=+32)<52-(3)) <25
The proof is complete by mathematical induction.

3.1.4 Convergence of Diagonal Broyden-like Method
Theorem 7: Let the following assumptions hold

)] F is differentiable in an open convex set A in R™
i) F'(x) is continuous for all x and there exists x*in A such that F(x*) = 0,

iii) There exists constants t; < t, such that

Ll < FF @< t,|lal|” forall xedand deR™
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iv) Jv > 0 such that the Jacobian matrix satisfies the Lipchitz condition, that is

||F’(x) — F’(y)ll < v||x —y|| for all x,yeA.

Then there existsKz > 0, 0> 0 and 6; > 0 such that if x,e B(6) and the matrix valued
function B (x) satisfies ||I — B(x)F'(x*)|| = p(x) < &, for all x eB(5) then the iteration

X1 = X — B(xp)F(xy)

Converges linearly.
Proof (see Kelly 1995).

Theorem 8: Let {x,} be a sequence generated by x;.; = x; — QxF(xy), Where Qy is
defined by

_ (Vi Sk—Yi QuYi)
Qi+1 = Qx +WA1< 3.1)

Where A, = diag (yk(l)z, y,‘fz)z, y,ﬁ")z), Tr(4%)=>", y,fi)4 and Tr (.) is the trace

operator.

Also let
i) F is differentiable in an open convex set A in R™

i) F'(x) is continuous for all x and there exists x*in A such that F(x*) = 0,

iii) There exists constants t; < t, such that

Ll1ol|° < FF ()@ < t,||@l|* forall xed and deR™
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iv) Jv > 0 such that the Jacobian matrix satisfies the Lipchitz condition, that is

[IF'(x) — F)I| < v|lx—yl| forall x,yea.
And there exists constants © > 0,6 > 0,and A > 0, such that if x,e4 and Q, satisfies

|11 = QoF' (x|, < & for all xyeA the sequence {x;} converges linearly to x*,

Proof
It is enough to show that the updating formula Q, satisfies||l — QkF’(x*)I|F < O , for some

constant 8, > 0 and for all k. Since

_ (Vi Sk— Yk QkYk)
By = Tl Ay, then

1Qusall < (10l (3.2)
Without the lost of generality, by assuming Q, = I and for K = 0, then
||Q1||F < ||Qo||F + ||Bo||F-

Since Q, is an identity matrix, hence ||Q,| |F = +/n. From the equation

_ (VeSk—YEQiYk) _
By = Tl Ay whenk =0

() | — [YoS0=¥0Q¥0
1Bo™ 1= T rag Ao

|Y€SO—YEQOYO| (max)*
- y(gmax)z Z'{lzl y(i)4 0




(max)4'

Yo
But RCH <1, then

(i) lyaF' (%5)¥0—ya QoYol
IBO | < (max)?
0

By letting t = max{|t,], |t,|} then

(i) | < 1=11G6Y0)
| BO | = (max)?2 -
0

2 2
Fori =1.2,..,nand y.» <y it follows that
2
(i) |t— 1 |le (max)
|BO I = (maox)2 !

0

And thus
1By |, < m2lt — 11,

Letting 4 = nglt — 1], then
|1Bol| . < .

Substituting in (*) and letting ® = v/n + 4, it follows that

10| < e.

Since Q; = Qo + By and it is assumed that at k = 0, [II — QoF’ (x|, < &, then

43
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1 = QuF' (x|, < |11 = QoF' ()|, + [IF'(x")Bol| .
< |1 = QoF' G|, + [1Bol | JIF GO

Hence [II — Q.F'(x")I|, < 6+ 22= &, where Q= [|F'(x")||,.. Therefore, by induction,
|11 - QlF’(x*)||F < & for all k. Hence, from theorem 7, the sequence {x,}

generated by Diagonal Broyden-like method converges linearly to x*.

3.1.5 Convergence of Steepest Descent Method

Algorithm: Let f: R™ —>R be convex and continuously differentiable function. For the
convex analysis of Algorithm A assume that f satisfies Lipschitz condition with constant L,
ie. 3L > 0s.t.

If (1) — fx)| < L||x1 - x2|| (3.3)

Vxi,x, € R™ Assume the set T* # ¢ (T* set of minimizers of f), f* denote the minimum

value of f on R™.

The general form of the algorithms is given as:
x° € R™ (3.4)

xFt1 = xk — o VF(x¥) (3.5)

Where ¢4, > 0 is chosen according to one of the following Algorithms,
Algorithm A: given L,

Let &, 6, be positive 3

S+ 8 <1 (3.6)



45
Take ¢, satisfying,

S <oy < %(1 ~5) (3.7)

Algorithm B: Let ¥R, >R (R, nongetive real line) 3:

B1) ¥is convex and continuously differentiable.
B2) ¥(0) =0and ¥(0) < 1

Hu)
u

2

B3) lim,,_,y+ inf

> 0.

Note: ¥is non decreasing.
For 6, > 0 and &, > 0, defining ¢;( forj=0,1,2,...) as

S <ty <3S (3.8)

AN if £ (x - 5UF(x9)) < £ — () I | (3.9)
Then,

ax = t; and the iterations terminates. Otherwise,

tj
tiv1 = o

Definition 4: A sequence {y*} is quasi Fejer convergent to a set UcR™ if Vu €

2
U3{elcRs.t. €,=0,) ek<ooand||yk+1—u||2S||yk—u|| + €, Vk.

Theorem 9: If {y*}is quasi Fejer convergent to a set UcR™ (u # ¢),then {y*} is bounded.

If furthermore a limit point y of {y*}isin U, then ’lim yk =1y.
—0
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Proof
Let u € U. Apply definition 1.

2 _ 2
Ny —ul| 2 < |ly® —ull” + 255 & < [Iy° —ul]” + X720 &

= {y*}is bounded.

Let y € U be a limit point of {y*}and & > 0. Let {y**} be a subsequence of {y*} which

convergestoy.

Using definition 4, 3ko s.t. 37, & < 2, and 3k; = ko s.t.

Iy —y||2 <2 Wk 2k

= Vk, =2k
2 o 5. 5
Iy =yl12 < |Iy* = yl| +Ziw g < 5+3
= limy* =1y
k—»c0
Theorem 10: Let F: R™ X R—R s.t.

|) H(XO,U()) € RTl X R s. t.F(xo, uO) =0

i) F is continuous in the neighborhood of (x, ug).

iii) F is differentiable with respect to the variable u in (x,, u,) and % (x0,ug) #0

This implies, there exist a neighborhood V (x,) and atleast 1 function u:V(x,) >R

s.t. u(xy) = uy and F(x,u(x)) =0 Vx € V(xp) (3.10)
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If furthermore,

iv) % is continuous at (x, ug).
Then only the function u satisfies (8) and is continuous at x,,.
Let G = {x € R"/VF(x) # 0}. By continuous differentiability of F, G is open.

Proposition 1: Let W satisfy B1, B2, and B3. Then

i) vx € G I u(x) >0 s.t.

flx —u@VF@) = £G) — 2|1V @)1 (3.11)

And

flx—uVf @) < f) —PW[IVFOI iff 0<u<uG)  (312)

i) u:G—>R, is continuous in G

i) For any fixed x € G,u € R, by defining

F(x,u) = f(x —uVf(x) — f&) + YW|IVF @I (3.13)
By B1, and B2 F(x,.) is convex and continuously differentiable, also

F(x,0) =0 (3.14)

S0 — | [vFGoI|*(¥'(0) = 1) < 0 (3.15)

u
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And
F(x,0) > f* — f(x) + P)|IVF | (3.16)

From 12) and 13)
F(x,.) is negative in some interval to the right of 0, also from (14), B1 and B2.

lim F(x,u) = +c

Uu—»>00o

It follows, that Ju(x) > 0 s.t.

F(x—u(x)) =0

and (9) holds from the uniqueness of u(x).
Above was from the complexity of F(x,.), and the fact that a convex function of real variable
can take a given value different from its minimum, at most at 2 different points,

while

F(x,0) = F(x—u(x))=0
And 0 is not the minimum value of F(x,.) by 12, and 13.

Hence the proof of 1.
i) Let uy = u(x,) given by (i), given x, in G. Then,

F(xo, uO) = 0,

F(.,.) is continuous in a neighborhood of (x,, u,) and also,

2PN — —Vf (x0,uoVf (46)) Vf (o) + ¥ (up) IV (I (3.17)
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As F(x,,.) is strictly increasing at u,, then

aF(xOJuO) > 0.
du

From (15)
% (.,.) is continuous at (x,, uy) and all the hypothesis of theorem (10) holds,

= u is continuous at x,,.

Proposition 2: Let T = {z € R™/f(z) < limy_,,inf f(x*)} then for any

2 2
Z € T||x"+1 - z|| < ||x" - z|| + [lx*+1 — x||?, Where {x*} is generated by (2) and (3)

with any ¢, > 0.

Proof
Let z € T. Then

||xk+1 _ Z||2 _ ||xk _ Z||2 _ ||xk+1 _ x||2
= —2(z — x®)t(xFtt — xk) = 205, (z — x®)EVF(xF)

<20,(f(2) - f(x* <.

Using (3) in the second equality, the gradient inequality in the first inequality, and definition

of T. The proof follows.
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Analysis of Backtracking procedure
Proposition 3: The backtracking procedure of Algorithm B defined by (6)-(7) stops after a

finite number of iterations.

min {51,@} < o < min{8,, u(x*)} (3.18)

Proof
Consider 2 cases of t,
1) to € (0,u(x®))
2) to = u(xk).
Case 1) By Proposition 1 (i), ¢, = t, from (6) and (7), and iterations stops at j = 0.
(16) is then established since t, < &, and t, < u(x*).
= o = to < min{ &, u(x®)} and t, > 5
Therefore,

u(xk)

tO = O > min{51, 2 }

Case(2)Is € N,s = 1s.t.

25 u(xk) <ty < 25u(xk) (3.19)
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Then,

u(xk)

T < % < u(xk) (320)
By (6) and (7)

t
tj = 2—‘; therefore, from (18),

@ < t, <u(xh) (3.21)

Claim: ¢, = t;.

From (17) and (18) t,_; > u(x*) and t, < u(x®),

Using Proposition (1), (7) is satisfied by ¢, = t,.

Therefore (16) follows from (19) and the fact that t; < t, < J,.

Proposition 4: From Algorithm A and B, it holds that:

i) 36> 0s.t.
2
FORH) < FF) =l — x| vk (3.22)
i) { f(x**1)} is decreasing and convergent.

2
i) Zo|lxkt — x| < oo
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Proof

For Algorithm A, using Newton-Leibniz formula:

1
F) = F(xk) — ak||Vf(x")||2 + o f(vf(xk —ua VF(xk) — Vf(xk))t VF(x®)du
0

< £ — o I0f G| + LaE|Ivp G| udu

< FO) = o (1= 22) [IWF G| = £y = L (1 - 22 ke — |

2

using

1
1-=9= 2(1 5)
20) iis established for y = —2&
= 0] | TS}

For Algorithm B,

F1) < ) - Ha)|ITF |
Then,

(a0 2 _ W) 2
S |l — x| = FEE |9 G| < £ - £ ) (3.23)

Taking

0 < & < limy,_q+in ",




By definition of £, 36 > 0 s.t.if a € (0,1)then

D)
= 8

For each k, there are 2 possibilities

a) o €(0,0),s0 Aoyt > & by (22)

b) o = ©,by proposition (3), ¢, < min{s,, u(x*)} < &,
Therefore, from B1 and B2 W is increasing

= Y(o) =Y(O)

Ha) YO
>
= Z 2%
: . #(0) . : .
Taking » = min {5, 7} and using (21) to establish (20) for algorithms B.
2

It can be seen that (ii) follows from (i), using y > 0.

To prove iii), by (i) 3y > 0s.t
Shemo 141 = s*I1 <= (F (&) — f (") < S(F (xo) = )

Letting r—>o

Z]Cf:o ||xk+1 _ xkllz < o
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Proposition 5: The sequence {x*} generated by (2) and (3) is convergent to a point x* € T.
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Proof
By Proposition 2 and 4 iii) {x*} is quasi-Fejer convergent to T, with
k+1 _ xk”ZI

€k = ||x

It remains now to show that, there is a limit of {x*} in T. Using Theorem 9 It can be seen

that {x*} is bounded, so it has limit. And by using proposition 4 ii) any cluster pointisin T.

Theorem 11: The sequence {x*} generated by (2) and (3) converges to a minimizer of f.

Proof: By proposition (5),
limg_, x*=x"€T
Therefore, it is enough to prove x* € T* (T* set of minimizers of f)

For Algorithm A,

x4 — k|12 = 2|0 )| = &|Ivf | by 5)
Then

Vf(x*) = 0 by proposition 4iii) and continuous by Vf(.), so x* is a minimizer of f
by convexity.
For Algorithm B,

Suppose x* € T*, then by convexity of f, x* € G and ||Vf(x")|| > 0.

By proposition 1, u(x*) > 0 and u(x*) converges to u(x*). this implies 3k, s.t. Vk >k,
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u@) = 2 ana |lofae0)l|” = vl (3.25)

5 Ivreen|®
)T

let w = (min {51, u(zx*)} . Then Vk > k,

|[ak+L — k|2 = Ot;2<||Vf(xk)||2 > (min {51,$})||Vf(xk)||z

> (min {6, “(2"*)})2 [v7 (;‘*’”2 =w>0 (3.26)

Using (3) in the first equality, proposition 3 in the first inequality and (23) in the 2™ one.

Since (24) contradict proposition 4iii), then by contradiction x* € T* (T* set of minimizers

of ).

3.1.6 Convergence of Conjugate Gradient Method
Theorem 12: Let {x;} be the sequence generated by a line search algorithm under the exact

line search, or any in exact line search, that

2
(-dkgx)
Ikl |2

fx) = f(xpy1) = 160 ¢1¢2 > 0 holds

Sy cos20) =

Then the sequence is convergent in the sense that

lim,_,,inf||g,|| = 0 (3.27)
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Furthermore,
if3n>0s.t. cos?0,=>n Vk,

then the sequence is strongly convergent in the sense that lim| ng|| =0.

Theorem 13 (convergence of Conjugate gradient): Let {x,} be the sequence generated by

drs1 = —Gk+1 + Brdy (conjugate gradient method)
Such that
(~dfgi)”
1) f(xp) — f(Xpy1) = c10 ] c1¢, > 0 holds
2) 1dpVf(xp + adi)| < —cdi Vi (x) (3.28)

i) {f (x;)} is bounded below

i) {By} isbounded

i) Z,";lW:w holds

The method converges in the sense that (1) holds.
Proof
Suppose that (1) is not true, 3c; > 0  s.t.

||gk|| >c¢; Vk.



It follows from (2) that,

d£+1gk+1 — ﬂ dzgk
2 2
||gk+1|| k+1 ||gk+1||

which gives that,

_d£+1gk+1 |ﬁ | |dkgk|
k+1

- ||gk+1||2 [lg5+
2 4T
_d£+1gk+1 |ﬂ | ||gk|| |dkgk|
2 2 2
|1gs+al] k1 ggesal]” 19kl |

(dfgi)?

2 _ T
SJ1+c3|ﬁk+l|2||gk|| llgieaal” j“kﬂ‘”ﬁ?ﬁ

||gk+1 ||

From the above inequality and from the assumption made,

=cs > 0s.t.

dT 2 dT 2
(@e1)” | (w1 Tkr1)” Cs Vk holds.
||gk|| ||gk+1||

It then follows from theorem (9) and equation (3) that,

Dk=1min [| ! ]<OO,

ldag— 1|| |dk||

which shows that,

max“ |d2k—1||: ||dk||]_)oo

llgel|*

(3.29)

(3.30)

57
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Thus, the definition and the boundedness of || g || shows that,

1]+ 18y 1 e ]

||d2k|| <-

||d2k|| < (2|ﬂ2k_1| + %) ||d2k—1||-

It follows from (4) and the boundedness of 2, that,

w0 1 ]
= <
Lic=1 [||d2k||2

Repeating the above analysis with the indices 2k-1 and 2k replaced by 2k and 2k+1

respectively. It can be proved that,

Y [

Therefore, it follows that,

|dzk+1|| ]

0 1
1= < ©
Zic=1 [||dk||2]
which contradicts the assumption. Hence the theorem is true by contradiction.

3.1.7 Convergence of Newton’s Method for Optimization
Proposition 6: Suppose that M is a symmetric Matrix. Then the following are equivalent,

1) h > Osatisfies ||M71|| S%

2) h> 0satisfies |IM,|| = h.h.||v]| for any vector v.
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Proposition 1: Suppose that f(x) is twice differentiable. Then,

1
Vf(z)—-Vf(x)= f[H(x + t(z —x))](z— x)dt.
0

Theorem 14 (Convergence of Newton’s method for Optimization): Suppose f(x) is
twice differentiable and x* is a point for which V f(x*) = 0. Suppose H(x) satisfies the

following conditions:

1) 3h > 0 ascalar for which ||[H(x*)]]| s%
2) 3p> 0ascalarand L > 0 for which ||H(x) — HQ)I| < L||1x — yl|
<p

Vx,y satisfying ||x —x*|| < fand ||y — x|

Let x satisfy||x — x*|| < dy, where 0 < §< 1 and y = min{j, %} and let

xy =x— H(x)"1Vf(x), then,

D |y —x7l] < lx = 27| -
N . 2(h — L|lx — x*|])
i) |[lxy —x*|| < d]lx — x7||, and hence the iterates converges to x*.
. «112 (3L
iii) ||xN—x | S||x—x | (Z)

Proof
xy—x =x—H@) WVf(x) —x*

=x—x"+ Hx)'(Vf(x") = Vf(x))

=x—x"+ H@)™ [ [H(x + t(x — x*))](x — x*)dt from proposition (2)



=H(x)™! fol[H(x +t(x—x*) — H(x)](x — x*)dt

Therefore,

1
ey — 1] < [IH@) | f 1[Hx + t(x — x7) — H@)]||[1x — x|t
0

* - 1 *
< |lx = x*||[IH ()| f; Lt [|x — x*[|dt

* 2 — 1
< |[lx—x*I|"HH)HIL [ tdt

_ =i He Y1
2

To bound ||H(x)~1||. Let v be any vector. Then,

[IH()vl| = ||1H(x)v + (H(x) — Hx)Dv)]|.
> ||H(x")v|| — ||(H(x) — H(x)v)||

> h.|lvl| = |IHG) — HGO)||Iv]|

> h[lvl| = Llx = x| lv]]
= (h = L|lx = xIPvl]
Using proposition (1) again,
-1 1

Substituting in (*) gives,

(3.31)
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2 L
2(h-L||x—x*|)

[lxy —x*[| < ||X—X*|

. 2h 2h
Since L||x — x*| <6< then,

) 2h
llxy — x*|| < ||X—X*| Z(hL—||z||_xx—|x*| ) < .?Zh ||x—x*|
2(h—3)
= ollx — x|
Finally,
« « L||x—x*| 12 L
— < |lx — || —2F0 |1 = _L
ey — x°[] < |l — x7] et = |1x — x| 2T

2 3L
2h

|

=|lx—x

And hence (i), (ii), and (iii) proves the theorem.

3.1.8 Convergence of Quasi-Newton’s Method for Optimization

(3.32)

(3.33)

(3.34)
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Wolfe’s Condition: This is a popular inexact line search condition which demands that o,

should give sufficient decrease in the objective function f, as measured by,

f(xk + adk) < f(xk) + Clan];Tdk

Where c; is some fixed constant and ¢; €(0,1).

Equation (i) requires that for any value of ¢, the graph of ,

F(a) = f(xk + O{dk) lies below f(xk) + C16ZVf];rdk

(3.35)
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Using Taylor’s theorem,
fx + ady) = f(x) + aVfildy + 0(?)
And since d, is a descent direction i.e. V£ d;, < 0, such « exists.

Condition (i) is only true for very small «. For all «, there is need for condition (ii), called

Curvature condition

Vf(xk + adk)Tdk = C2Vfgdk (336)

Where c, is some fixed constant and ¢, (cy, 1).

Condition (ii) implies that, very large a is chosen such that slope of F(«) is larger than
c, F(0).
Conditions (i) and (ii) are the Wolfe’s Conditions.

Theorem 15 (Dennis and More): Suppose that F: R™—>R is three times continuously

differentiable. Consider the iteration,
X1 = X + o dy

Where d,, is a descent direction, and ¢, satisfies the Wolfe’s condition with ¢; > % If {x;}

converges to x*, such that V£ (x*) = 0 and V2f(x*) is positive definite, and if d,, satisfies

NVfr+V2frdil| _

lim
k=20 lagl|

0 (3.37)

Then,
i) The steplength o, = 1 is admissible Yk > k,, and
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i) If o, =1 Vk > kg, then x;, —»x* superlinearly.

Remark: If B, d, = —Vf}, then equation (3) is equivalent to,

[|(Bx + V2 fi)dp| _
k—0 [ldl|

(3.38)

This implies, it suffices that B, become increasingly accurate approximation of V?2f(x*)
along the search direction d;. Therefore, condition (4) is the necessary and sufficient

condition for superlinear convergence of quasi-Newton methods.

Theorem 16: Suppose that F: R™ —R is three times continuously differentiable. Consider the

iteration,
Xp+1 = X + o dy, dr = =By V.
Assume,
) {x;} >x*
i) VFf(x*) =0

iii)  V2f(x*) is positive definite.

Then {x, } converges superlinearly iff equation (4) holds.
Proof
Equation (4) is equivalent to
di — diy = (V*fi) 7 (V2 fiedye + Vi)
= (V2 fi) " (V*fi — Br)dy
= 0(IV?fi — —Bi)dxl])

= 0(||dk||)-
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The fact that ||(V2f,)71|| is bounded sufficiently close to x* is used. While proving the

quadratic convergence of the Newton’s method, it is shown that

||xk +dy —x*|| = 0(|lxx — x*1|)
Hence,
[lxic + die = x°1] < [l + = 21| + |1y — a}]
= 0(|lxx = x*1]) + o(|ldi|].
Since,

1
IVfill = [19fi = V)| = ||J|72f(xk T (X" =) (x" — x;)dt]|
0

= 0(|lx* —x[|)

And since ||(V2f,)~1]| is bounded sufficiently close to x* then,

||dk|| = 0(llx, —x*[)

Hence,

< 0(llxe — x*11)

|1xx + dy — x|

Giving the superlinear convergence.
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CHAPTER 4

METHODOLOGY

In order to evaluate the performance of excel in handling optimization problems, the step
by step algorithm of using excel is applied to two popular benchmark problems. Also the
various methods used both for systems of nonlinear equations and optimizations are
compared. The comparison of the methods is based on the number of iterations required

to reach an acceptable solution and also the amount of storage required.

4.1 Bench mark problems
1. For systems of nonlinear equations (R.L. Burden and J.D. Faires 1996)

1

f1(xq, %2, x3) = 3x1 — cos(xpx3) — 2

fo (x1,%5,%3) = x% — 81(x, — 0.1)% + sin x5 + 1.06
107-3

f3(xq,x5,x3) = e ¥1%2 + 20x3 +
x© = (x,,x,,x3)T = (0.1,0.1, —0.1)7 (4.1)
2. For Optimization (Rosenbrock’s Function)
f 1, x2) = 100(x; — x{)? + (1= x,)?
x© = (x,x,)T = (0.5,0.5)7 (4.2)

4.2 Step by Step excel solution of (4.1)

The methods used for solving (1) are, Newton’s method, Quasi-Newton’ method,

Diagonal Broyden-like method and Homotopy and Continuation method.



66

4.2.1 Solution using Newton’s method

[ 3x; — cos(x,x3) —%
le —81(x, — 0.1)? + sinx; + 1.06

e ¥1%2 4 20xq + 2>

Step 1: Given x(© compute F( x(®))=

N ——

By substituting the values of x(® = (0.1,0.1, —0.1)7

Step 2: Compute the Jacobian and the Jacobian inverse see table 1,

[2L 94 Oh

o o o 3 x5sin(exs)  Xpsin(xpxs)
Jo=|2 %l 2w 162001 cosyg
axl axz ax3 —X1X —X1X
o o o] lomen one 20
0x,; 0x, 0x3

For the Jacobian inverse,

1) Highlight the appropriate number of rows and columns (here the matrix is 3 by 3),
and then

2) Put the following command (= minverse ())

3) Inside the parenthesis highlight the matrix that is to be inverted (here the Jacobian
matrix).

3) Press f,button and then press ctrl, shift, and enter (buttons) together.

Step 3: Calculate S = —J(x©) ™ F(x(©) as follows,

1) Highlight the required number of rows and columns (3 by 3 matrix multiplied

by 3by 1) 3 by 1.

2) Put the following command (= mmult ())

3) Inside the parenthesis highlight the first matrix (the Jacobian inverse matrix), put a
comma and then highlight the second matrix (F(x(®))matrix) and close the bracket.

3) Press f,button and then press ctrl, shift, and enter (buttons) together.
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Step 4: Calculate x™ = x© + §, as follows,

1) Click on a new cell, put equal sign (=)

2) Click on the first cell (of x(©))

3) Put addition sign (+) and click on the second cell (of S;) and press enter.

4) Drag the cursor down to obtain the rest of the values.

Step 5: Copy and paste until the stopping criterion is attained.

The stopping criterion here is based on L,,< 10~> and can be obtained using the following

command, (= max (abs (x'? — xM), abs(x{” — x{V), abs(x{” — x{M)) .
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Table 2.1: Benchmark 1 solution using Excel (Newton’s Method)

7] Microsoft Excel - Richard L Newton's Method <ot T

A B C D E F G H | J K L M N O P Q R
1 NEWTON'S METHOD
2 Richard L. Burden, J.Douglas Faires

3 F=3K,-c0soXe)-1/2=0 £,=x,%-81(x,40.1) +sinx;+1.06 = 0 f,=exp(-x,%,)+20%,+{107-3)/3 (%1,%,,%:)=(0.1,0.1,-0.1)

4

Elk x(0) Jacohian " F V(X) L
6 0 0.1 3 0.001 -1E-03 0.33333 1.024E-05 1.6E-05 -1.2 0.3999
7 0.1 0.2 -324 099 0.00211 -0.030869 0.00154 -2.27 -0.081
a8 -0.1 -0.099 -0.099 20 0.00166 -0.000153 0.05001 8.462 -0.422
9 |k x(0) Jacobian It F V() Lo
10 1| 0.49987 3 0.0053 -2E-04 0.3333 9.12E-05 -7E-07 -3E-04 0.0001 | 0.422 |
11 0.019467 0.99974 -19.354 0.8671 0.01725 -0.051723 0.00224 -0.344 -0.018
12 -0.52152 -0.0192 -0.495 20 0.00073 -0.00128 0.05006] |0.0319 -0.002
13 Lm
14 2 0.500014 3 0.0004 -1E-06 0.33333 B.831E-06 -4E-07 AE-05 -1E-05 0.018
15 0.001589 1.00003 -16.457 0.366 0.02028 -0.060843 0.00263 -0.026 -0.002
16 -0.52356 -0.0016 -0.4996 20 0.00052 -0.00152 0.05007 4E-05 -4E-05
17 Ly
18 3 0.5 3 3E-06 -BE-11 0.23333 7.029E-08 -3E-09 3E-07 -1E-07 | 0.002 |
19 1.24E-05 1 -16.202 0.266 0.0206 -0.061203 0.00268 -2E-04 -1E-05
20 -0.5236 -1E-05 -0.5 20 0.00052 -0.001545 0.05007 3E-07 -3E-07
21 Ly
22 q 0.5 3 2E-10 -3E-19 0.33333 4.382E-12 -2E-13 2E-11 -7E-12 1E-05
23 7.76E-10 1 -16.2 0.866 0.0206 -0.061811 0.00268 -1E-08 -8E-10
24 -0.5236 -8E-10 -0.5 20 0.00052 -0.001545 0.05007 2E-11 -2E-11
25
26

The solution at iteration number 4
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4.2.2 Solution Using Quasi-Newton’s Method

Step 1: Given x(© compute F (x(%) as in the case of Newton’s method.
Step 2: Set y (3 by 1) matrix and s (3 by 1) matrix as zeros.

Step 3: Compute J ( x(®), I(x©®)~Tand v}, = I(x(O)71F.

Step 4: For the second iteration compute x™ = x(® + 7, compute F (™) by copy
and paste.
Step 5: Compute y by the command (= F (x{") cell - F(x{”) cell )and drag down, and

compute s by the command (= xgl)cell — xgo)cell ) and drag down.

T
(sk—BXyi)sy B*
T
SkBkyk

Step 6: Set J (x™)) = 0s and compute J(x(V)~1 ~ Bk+1 = Bk 4 by,

1) Highlight 3 by 3 matrix

2) Enter the following command

(:

B¥ + (sk — Mmult(B* ,yk)) *

(Mmult(transpose(s), B¥))/mmult(transpose(s;), mmult (B, y, )))

3) Press f,button and then press ctrl, shift, and enter (buttons) together.
Step 7: compute V, by copy and paste.

Step 8: Copy and paste until the stopping criterion is attained.



70

Table 2.2: Benchmark 1 solution using Excel Quasi-Newton’s method (Broyden’s method)

] Miosos et - Rt Qo N Mo

A B C D E F G H 1| K |L|Mm N o] P al R |s| T
1 Quasi-Newton's Method Broyden's method Update using Sherman Morrison's Formula

2 Richard L. Burden, J.Douglas Faires

3 ,=3%,-co5(X,%;)-1/2=0 ,=x,"-81(x,+0.1)*+sinx;+1.06 =0 fy=exp(-x,x,}+20x,+(107-3)/3 (%,,%5,%5)=(0.1,0.1,-0.1)

5 |n x F y s I{x)=8B Jx) =" ViX) La

6 | 0 0.1 -1.19995 0 0 3 0 -0 0.333333 1.02385E-05 1.6157E-05 0.4

7 01| | -2.269833417 0 0 02 -32 1 0.002109 -0.03086883  0.001535836| | -0.081

8 -0.1 8.462025346 0 0 0 -0.1 20 0.001661 -0.00015276  0.050007683| | -0.422

9 n x F ¥y = F(Xgo) - F(3) LR . I{x)=8B B =B (5B Y, )5, B"/(S5, B Y,) VX)) Lo
10 1] 0.49987| [ -0.0003394%6 1199610554 [0.39986967 0 0 0 0.3333/8 L.I1I105E-05  8.06/34c-06| [-1E-04] [0422]
11 0.01947| | -0.344387928 1.925445489 -0.0805332| 0 0 0 -0.002021 -0.03094848  0.002196816 0.011]

12 -0.5215 0.031882378 -8.430142968| -0.4215205 0 0 0 0.001024 -0.00016504  0.050109587 0.002|

13 n x F ¥y = F(Xgo) - F(3) LR . I{x)=8 B =B ¢(S,-B Y,)S, B/ (S, B"Y,) VX)) Lo
14| 2| 0.49999 -3.04247E-05 0.000309022, 0.0001167 0 0 0 0.333388 6.81216E-05 -9.29726E-06 [ -2E-05 |o,011|
15 0.00874| | -0.147383544 0.197004384 -0.010729 0 0 0 -0.005953 -0.05314027  0.009305689 0.008|

16 -0.5232 0.004124753 -0.027757625 -0.0016541] 0 0 0 0.000825 -0.00128658  0.050468859 4E-04

17 n x F ¥y = F{X,1) - F(Xy) S =X Xk J{x)=8B BV =B {5, B Y)S¢ B /(S B Yy) V(X) Le
18| 3| 0.50001 1.98943E-05 5.0319E-05 2.0222E-05 0 0 0 0.333383 2.58555E-05 1.2134E-07 6E-06| | 0.008
19 0.00087| | -0.014081267 0.133302277, -0.0078706] 0 0 0 -0.006663 -0.05872158  0.010549431 8E-04

20 -0.5236 9.51337E-05 -0.004029619 -0.0003978| 0 0 0 0.000803 -0.00145747 0.05050694 3E-05

21 n x F ¥y = F(Xgo) - F(3) LR . I{x)=8B B =B (5B Y, )5, B"/(S5, B Y,) VX)) Lo
22| 4 0.5 9.86367E-07 -1.89079E-05 -6.268E-06| 0 0 0 0.333381 2.65246E-06  4.89725E-06 3E-07| | 8E-04
23 4g-05| | -0.000639212 0.013442055 -0.0008277] 0 0 0 -0.006859 -0.06151138  0.011123659 4E-05

24 -0.5236 2.04043E-06 -9.30933E-05 -2.534E-05 0 0 0 0.000798 -0.0015344  0.050522775 1E-06|

25 n x F ¥y = F(Xgo) - F(3) LR . I{x)=8B B =B (5B Y, )5, B"/(S5, B Y,) VX)) Lo
26| 5 0.5 4.70064E-09 -9.81666E-07, -3.272E-07| 0 0 0 0.333381 2.03053E-07  5.39533E-06 2E-09 |4E-05|
27 1.9E-07 -3.12905E-06 0.000636083 -3.933E-05 0 0 0 -0.006879  -0.061814  0.011185196 2E-07

28 -0.5236 1.39943E-08 -2.02644E-06| -1.085E-06| 0 0 0 0.000797 -0.00154306  0.050524536 6E-09

29 n x F ¥y = F(Xgo) - F(3) LR . I{x)=8B B =B (5B Y, )5, B"/(S5, B Y,) VX)) Lo
30| 6 0.5] 1.00142E-12 ~4.69964E-09 -1.567E-09 0 0 0 0.333381 9.64551E-08 5.4171E-06] 3e-13] [2607]
31 5.3E-13 -9.02345E-12 3.12904E-06 -1.935E-07| 0 0 0 -0.006879 -0.06181412 0.01118522 4E-13

32 -0.5236 -1.63372E-11 -1.40107E-08| -5.539E-09 0 0 0 0.000797 -0.0015428  0.050524483| |-8E-13

The Solution at iteration number 6.
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4.2.3 Solution using Diagonal Broyden-like method

Step 1: Given x(® compute F (x(9).

Step 2: Sety (3 by 1) matrix, s (3 by 1) matrix and A (3 by 3) matrix as zeros.
Step 3: Compute J ( x(®), I(x©@)~1and Vv, = J(x()IF.

Step 4: For the second iteration compute xWx(©® + v, compute F ( x(M) by copy and

paste.

Step 5: Compute y by the command (= F (xgl)) cell - F(xgo)) cell )and drag down, and

compute s by the command (= xgl)cell — xgo)cell ) and drag down.

Step 6: Ais a diagonal matrix:

A = J’11*y11a Ayy = YZl*YZla Azz = y31*y§.

T. . T
Step 7: Set J( ™) = 0s and compute J(xM) ™1 = Quyq = Qi + (y"s"Tf’(‘A%’;yk)A" by,

1) Highlight 3 by 3 matrix

2) Enter the following command
(= Qi + ((mmult(transpose Vi), Si) — mmult(transpose(yk),mmult(Qk,yk))/
(sum(A%l,A%Z,A%)))) * Ak)

3) Press f,button and then press ctrl, shift, and enter (buttons) together.
Step 8: compute V), by copy and paste

Step 9: Copy and paste until the stopping criterion is attained.
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@ Microsoft Excel - Richard L. Diagonal Broyden-Lik Methud.xls“

AlB D E F 6§ H Nl K|[LMN|] O |P R 5 T U v WX
=

2 Diagonal Broyden-like Method

3 Richard L. Burden, J.Douglas Faires

1 Ftnecospiol/20 fon,81(20.1) asinkr06 =0 fmenp A 20n4{10m3)/3 [k, 45)=(0.1,0.1,0.1)

bn x F y 5 Jacohian=Q A Qinv Vi la
700 01| -2 0 0 3O 0| 0 0 0 |[03333 L0E05 L6157E05 | |-0.39987

3 | 01 ||-2.269 0 0 02 -324 0%95|| 0 0 0 ||0002109 -0.03087 0.00153584 | | 0.080533

9 | 04 | [s.2603 0 0 ||o0s-009 | 0 0 0 ||o001661 -0.00015 0.05000768 | | 0.42152

Wn FooOY=FIRE)  S2X, Jacobian=0__ Acdiagly,™ V"2 V") Q=04 [vsu QuAJTIAY  VE L
11 1{0.49%0| | -0.0003| | Laso6105 | [o3ses7 | [ o o o | (141 0 0 ||0333331 02605 L6ISTEDS | |-0.00012 4
12 |0.0195| | 0.3 | | 192584509 | [-00s053[ [ 0 o o || 0 37054 0 | |0002109 -0.03087 0.001535%4 | | 0.010681

13 |-052| |oo3ss| |-s430297| (04252 [ 0 o o || 0 0 71067| |0.001661 -0.00015 0.0499159 | | 0.001643

Wn x POV 5K, Jaoobian=Q_ A=diagl, " ) Qe s QS QAT VE L,
152 05 | | -3c05 | |o0003071 | [oooouss{ [ 0 o 0 |[9%08 0 0 |]0333331 102605 L6ISTE-0S | |-1.26-05| |01
16 |o.0088| |-0.1482| |0.aset627a | [-oomos8{ | o o o || 0 0038 0 | |0.002109 -0.05406 0.001535%4 | |0.008019

17 |-052| |o00s31| |-002756923| (00064 | 0 o o || 0 0 00008] |0.001661 -0.0005 004945759 | | 0.000236

B0 x  F VKM sk aobianQ A0 Qs QuATie)  VE L,
193 o5 | | 6e06| | 25805 |[r2:e05| | o o 0 |[7E0 0 o |03 102605 16157605 | [-2.1606 |008]
20 |0.0008| |0.0123| | 01359272 | [-000802f [ 0 0 o || 0 001875 0 ||0.002109 -0.0898 0.00153584 | |0.000731

2 |55| |0003s| |-00007s| [-o00f [ 0 o o || 0 0 5E07| |0.001661 -0.00015 004945785 | | 0.00018

2n x POV 5K, Jaoobian=Q_ A=diagl, " ) Qe s QS QAT VE L,
B gl 05 | |12607| | 626306 | (226060 [ 0 o 0 |[41 0 0 | {03330 L0605 L6157E05 | | 412608 | |7E04
2 | 605 |-0.0006 | 00173955 | [-000073[ [ o o o || o 000018 0 | |0.002109 -0.06142 0.001535%4 | | 3.526-05

5 |-052] |0.00037 |-0.00322769 [-00008f [ 0 0 o || 0 0 1E05] |0.001661 -0.00015 004927339 | 1.82E-05

%n x POV 5K, Jaoobian=Q_ A=diagl, " ) Qe s QS QAT VE L,
275 05 | | 6610 | |-Lsee07| [4e08f [ 0 o o |24 0 0 ||0333331 L02605 L6ISTES | |3.09E-11 |ﬂ|
28 |6607| | 906 | |o0o0ssasa | [-35e05( [ o o o || 0 30807 0 | |0.002109 -0.06135 0.001535%4 | | 6.05€-07

9 |-052| | 20605 |-00003591f (1805 [ 0 o o || 0 0 1E07] |0.001661 -0.00015 0.04930211 | | 1.05€-06
00w F VKM sk aobianQ Acdagl 0" Qs nSy QuATIN)  VE L,
6l 05 || 7et0| [s2een| 2| | o o 0 |[eE2 0 o |03 102605 L6157EDS | [-24610 | |2E06]
32 | 3608 | -4e07 | | 88924e06( [ 6607 [ [ 0 o o || 0 7811 0 | |0.002109 -0.06121 000153584 | | 2.76€-08

33 |-052| | 57607 |-2063605| [ -e06 [ | 0 o o || 0 0 4E10] |o.001661 -0.00015 005006347 | | 2.86€-08

u

The Solution at iteration number 6
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4.2.4 Solution using Homotopy and Continuation method
Step 1: Given x(® compute F ( x(?) as in the case of Newton’s method and also set
h =0.25.

Step 2: Compute J (x(©), and J(x(®))~1 as in the Newton’s method and then use it to

calculate (K = h[—](x©)] 'F (x©)) by:
1) Highlight 1 by 3 matrix.
2) Insert the following command ( = h*Mmult( -J (x(®)~1F( x())

3) Press f,button and then press ctrl, shift, and enter (buttons) together.

Step 3: Compute x(® = x(© + §K1 and then use it to calculate [J(x(® + %Kl)] and

-1
J(x© + %Kl)] as in the Newton’s method.

Step 4: Compute K3 the same way as Kj.

Step 5: Compute x(® = x(© + %Kz and then use it to calculate [J(x(® + %KZ)] and

-1
[J(x© + %KZ)] as in the Newton’s method.

Step 6: Compute K3 the same way as K.

Step 7: Compute x(® = x(® + K, and then use it to calculate [J(x(®) + K3)]and

-1
J(x© + K3)]  asin the Newton’s method.

Step 8: Compute K4 the same way as Ks.

Step 9: Calculate (x™ = x(© + %(K1 +2K, +2K; + K,))

Step 10: Copy and paste until the stopping criterion is attained.

Table 2.4: Benchmark 1 solution using Excel (Homotopy and Continuation Method)
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1| Microsoft Excel - RICHARD L. HOMOTOPHY AND CONTINUATION METHOD.xlsx ln...@.%
A[C|E]| G | ] K| M N 0 o] 5 T U|W X Y AA | AC | AD | AE AG AH Al AK | AM AN | AD L AQ| AR | AS AU | AW _W_

2 HOMOTOPHY AND CONTINUATION METHOD USING RUNGE-KUTTA (RK-4) METHOD

4 Richard L. Burden, J.Douglas Faires

5 fi=3uscosfrs)1/2:0  fo=x,*81(0,40.1) 4sinxs+1.06 =0 frrexp(apu 20 H{1083)3 (X x)={0.1,0.1,0.1) =

B Nx h F I Jwj)* K1 j+0.5k1) JlwjH0.5k1) " k2 J(wj+0.5k2) Jlwj+0.5k2) k3 jlwj+k3) Jlwj+k3) k4 [

7 0]o1]03]-12] 2 0 0033 105 0 | 01 3 0 -0 |033 -2E05 2E05( 0.1 3 0 0.002)0333 3805 3E0D5| 01 ] 3 0 -0.001)0.33 4E05 2E05] 0.1

] 01)03]-227] 02 324 110 0031 0 J-002]03 31 059 0 0.032 0 [0.021] 0.3 -34.1 0.9884) 0.003 -0.0293 0.0015(-0.02| 0.4 -29.4 0.979) 0 -0.034 0.002] -0.021

3 01 20| 0 -2604 0.05|-0.11]0.09 01 20| 0 2604 0.05(-0.105)0.11 0.15 20 |0.002 0.0002 005 [011]-01 02 20 | 0 -3E04 0.05]-0.106

WiNn x b F Jlwil Jwil™ K1 ilwia0 BRI ¥ [wi+0. 5k Jwis0 SOVT k3 {witk3) a3t kd ]

I 1{oz2{o03]09] 3 0 0033 405 0 J0.075 0.33 -6E-05 3E-05)|0.075] 3 0.01 0.003) 0.333 6E-05 4E-05 |0.075) 3 0.01 -0.002§0.33 TE-05 2E-05| 0.075 ]0.105

1 01)03]-214] 04 314 1| 0 0032 0 |-002|047 30 057/-0.01 0.033 -0 |[0.015|0.47 -32.9 0.9702] 0.005 -0.0304 0.0015(-0.02|0.55 -28.5 0.96 |0.01 -0.035 0.002] -0.02

13 0.2 03]635)005 02 20| 0 -3E04 0.05)-0.08)-0.08 0.2 20| O 4E04 0.05)-0.079/-0.1 0.23 20 |O0.002 -0.0004 0.05 |-0.08)-0.1 -0.27 20 0 -5E-04 0.05]-0.079

WNn 3 b F Jiwjl il Ki ilwiz0 51}t k2 wi+0.5K2) ilwiD 3OV k3 [wikal ifwiskai™ ML

15 2103|03]067] 3 001 0|033 BE05 0 [0.056 0.33 -9E-05 4E-05)0.056] 3 0.01 0.003)0.333 1E-04 4E05|0.056) 3 0.01 -0.002§0.33 1E-04 2E-05]0.0563]0.079

o Joafo3] 2055 304 1001 0033 0 [-002]061 29 0950.01 0.034 0 (0.018]0.61 -31.9 0.9511] 0.006 -0.0314 0.0015(-0.02| 0.66 -27.8 0.941 |0.01 0.036 0.002] -0.019

17 lo3f03]a 20] 0 8E04 0.05]-006]008 03 20 0 S5E04 0.05(-0.055]-0.09 0.29 20 |0.002 0.0005 005 |0.06]01 032 20 ]| 0 -6E04 0.05] 0.06

By x b il K1 [+0.5k1] i+ 5k k2 [wi+0.5k2) ilwi0 521" k3 k3l ilwitkal™ [T

13 310303 01033 00000 O jJO0421 3 0 0033 -1E-04 4E-05(0.0421 3 0.01 -0.003]0.333 0.0001 4E-05(0.042] 3 0.01 -0.002)033 1E-04 2E-05]0.0422]0.059

4 0.1)03 05]0.01 0034 0 J-002)07 28 053)0.01 0035 -0 |0.017] 0.7 -30.9 0.9338) 0.008 -0.0324 0.0015|-0.02]0.75 -27.1 0.925]0.01 0.037 0.002] -0.018

21 0.3] 0.3 201 0 -5E04 0.05)-0.04)-0.07 03 20| 0 6E04 0.05]-0.044|-0.09 034 20 |0.002 -0.0006 0.05 [0.04]-0.1 036 20 0 -7E-04 0.05 ] -0.045

2Ny b il K1 +0.5k1) ihwieh g1 ¥ w0 k2] iz Skt k3 [with3] i3t k4 |

23 40403 {01033 00001 O 00321 3 0 -0 (033 -1E04 4E05/0.0321 3 0.01 -0.003]0.333 0.0002 4E-05 (0.032( 3 0.01 -0.002|033 1E-04 2E-05|0.0317]0.045

24 0.1)03 05]0.01 0.035 0 J-0.02)078 27 052|0.01 0036 0 |0.016/078 -30 0.9192) 0.005 -0.0333 0.0015|-0.01| 0.81 -26.4 0.912 |0.01 -0.038 0.002] -0.017

4] 0.4{0.3 201 0 604 0.05)-0.03]0.07 04 20| 0 7E04 0.05]-0.033]-0.08 038 20 |0.002 -0.0006 003 [0.03]-01 039 20 0 -7E-04 0.05]-0.034

AN x b Jwil™ K1 +0.0k] 1 ilwia0 BRI ¥ [wi+0. 5k Jwis0 SOVT k3 [lwitk3) a3t kd ]

27 5]04f03 01033 00002 0 Jo024] 3 0 0033 -2608 4605(0.024] 3 0.02 0.003|0.333 0.0002 4605 (0.024] 3 0.01 0.002]0.33 2604 2E-05]0.0238]0.033

28 0.1)03 05]0.01 0036 0 J-0.01)083 27 051)0.01 0.037 -0 |0.015/0.83 -29.1 0.9072] 0.01 -0.0343 0.0016|-0.01] 0.86 -25.7 0.902 |0.01 -0.035 0.002] -0.016

4 0.4 0.3 201 0 -7E04 0.05)-0.03]-0.06 04 20 0 BE04 0.05]-0.025/0.08 0.4 20 ]0.001 -0.0007 0.05 [0.03]-0.1 042 20 0 -BE-04 0.05 ] -0.025

SUN x b Jwil™ K1 0.5k1) ilwis0 SK1T™ ] [wi+0.5k2] ilwitD skl K3 WiH3] ilwiskal™ ML

31 glo04]03 01033 00002 O JO018] 3 0 -0 (033 -2604 4E05/0.018| 3 0.02 -0.003]0.333 0.0002 3E-05 (0.018] 3 0.01 -0.001)033 2E-04 2E-05]0.0178]0.025

32 0.1)03]-1.47] 0.86 -27.2 0.5]0.01 0.037 0 |-0.01]088 26 05|-0.01 0.038 - |0.014|0.88 -28.3 0.8978] 0.01 -0.0353 0.0016(-0.01|0.89 -25.1 0.893 J0.01 -0.04 0.002]-0.015

3 040311511007 042 20] 0 -BE04 0.05)-0.021-0.06 0.4 20| 0 8E-04 0.05]-0.018]-0.07 0.42 20 |0.001 -0.0007 0.05 |-0.021-0.1 044 20 0 -5E-04 0.05]-0.019

¥ N x h F Jw) Il KT j(wit0.5k1) ilwitoskl® k2 [(wj+0.5K2) ilwi+0.5ka|”™ k3 flwj#ka] ifwi+ka)™ KLy

35 7]o04fo03]o16] 3 o001 0033 0.0002 0 Joo13] 3 0 0033 -2608 3605(0.013] 3 0.02 -0.002|0.333 0.0002 3605 [0.013] 3 001 0.001f0.33 2604 1E-05]0.0134{0.019

36 0.1]03]-1.35] 085 -265 0.9]0.01 0.038 0 |-0.01]051 25 0.89)-0.01 0.039 0 |[0.013]0.91 -27.6 0.8904] 0.011 -0.0363 0.0016(-0.01 | 0.92 -24.5 0.887 | 0.01 -0.041 0.002] -0.014

3l 050311131006 043 20] 0 -BE04 0.05) -0.01 J-0.06 0.4 20 | 0 9F-04 0.05]-0.014]-0.07 0.44 20 ]0.001 -0.0008 0.05 |0.00) 0 045 20 0 -9E-04 0.05]-0.014

SBIN _y b F Jlwil T K1 +0.5k] 1 ilwis0 ER9)? K2 Jwit0. 5k JwisD SOVT k3 Jwitk3) T kd ]

3 glos]o3fo12] 3 oop 0033 00002 0 foor]| 3 o0 0033 -2604 3605/ 0.01| 3 0.02 0.002[0333 00002 3E05[0.01] 3 0.01 -0.001f0.33 2604 1E-05]0.0101]0.014

40 0.1)03]-1.25] 052 -25.8 0.5]0.010 0.039 O |-0.01]0593 25 088-0.01 004 0 |0.013]0.93 -26.8 0.8847] 0.012 -0.0373 0.0017(-0.01 | 0.94 -23.9 0.882 | 0.01 -0.042 0.002] -0.013

4l 05(0310850-000 045 201 0 004 0050001 0-000 05 201 0 9F04 0051-0011006 045 20 10001 00008 005 10011 0 046 20 0 -1E03 0.051-0011

2N x h F Jwj] Jwil™* K1 jwj0.5k1) wis0skl)t k2 j[wj+0.5k2) fiw0.5k21" k3 j[wika) ffwpal" T

43 9|05/03]0.00] 3 001 0|033 00002 0 Jo008| 3 0 0 |033 -2604 3(05/0.007| 3 0.02 0.002] 0333 0.0002 2605 |0.008] 3 0.01 -1E-03]0.33 2604 1E-05)0.0075]0.011

44 01)03]-1.15] 0.54 -25.2 0.5/0.010 0.04 O |-0.01]0595 24 0.88-0.01 0041 0 |0.012]0.95 -26.1 0.8803] 0.012 -0.0383 0.0017(-0.01|0.95 -23.4 0.878 | 0.01 -0.043 0.002] -0.012

45 05 03]0.64]-005 046 20 0 -9E04 0.05)-0.01]-0.05-05 20| O 1E03 0.05|-0.008]-0.06 0.06 20 |O0.001 -0.0005 0.05 |0.0L) 0 047 20 0 -1E-03 0.05 | -0.008 r
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MicosoftExce - NICHARD L HOVOTOPHY AND CONTNUATON METHOD o . ) =l

AlC/E| G| I ] ] |K|M| N |O] Q@ | S T U|W/|X|Y | M A|A A |[AG| M E%pgbzpo.é%pmpc.pEW

47 10)05{03]007] 3 001 0033 0.0002 0 |ooos| 3 0 0 |033 -2604 3E05{0.006) 3 0.01 0.002|0333 0.0002 2605 [0.006] 3 0.01 9F04]0.33 2604 8E-06)0.0057]0.008
13 |o.af03]-06| 055 246 09001 0.041 0 |-0.01]09 2¢ 0.88-0.01 0.042 0 |0.011]0.96 -255 0.8769| 0.013 -0.0392 0.0017|0.00]0.97 22.9 0.875 |0.01 0.044 0.002] 0.012

25 |05|03]048|005 047 20] 0 001|005 05 20| 0 103 0.05|-0.006|-0.06 0.47 20 |0.001 -0.0009 0.05 |0.01] 0 047 20 | 0 -0.001 0.05]-0.006
0N x h F 1 K1 ilwisSk1® k2 jwjD.5k2) flwi+0.5k21™" k3 [wjtk3] [lwik3] Ml
51 11f05] 03]-0.05] 3 9 [0.33 0.004 0.33 -2E00 2605(0.004) 3 0.01 0.001) 0333 0.0002 2605 [0.004] 3 0.01 -8F-0¢]0.33 1604 5E-06)0.0043] 0.006
52 | 0]o3]097)097 03 |0.00 001|057 2B 087)0.01 0.083 0 | 0.01|0.87 249 0.874] 0.013 -0.0202 0.0018]0.01] 0.97 -22.5 0.873 |0.01 -0.045 0.002 -0.011 L
33 4.5] 0.3 0.36]-0.05 2010 -1E03 005 0 |004 05 20| 0 0.001 0.05]-0.004)-0.05 047 20 |0.001 00005 005 0 | 0 048 20 | 0 -0.001 0.05]-0.005
AN x h F K1 j(wj+0.5k1) iis0 gk k2 ilwit gt k3 [[witid) ffwitka) [T
55 12 05] 03]-0.04] 3 9 (033 0003 3 0 0033 2604 2605(0.003( 3 0.01 0.001]0333 0.0002 1505 (0.003) 3 0.01 7E04]0.33 1604 5606 0.00320.005
6 | o0]o3lo9]o9r 03 0.0 001|038 2 087)0.01 0.0 0 | 001|098 243 0.8724] 0.013 -0.0412 0.0018]0.01|0.98 -22 0.871 |0.01 0.045 0.002] 0.0

37 |0.5]03]0.27]-0.04 20010 0 |-004 05 20 0 0001 0.05(-0.003)-0.05 048 20 |0.001 0001 Q05| 0 | 0 048 20 | 0 -0.001 0.05]-0.004
BN x h F k1 it skl k2 w0521 k3 W) i3l kL
59 13 05] 03]-0.03] 3 9 (033 0.002 033 -1E04 26050.002) 3 0.01 0.001|0333 0.0002 1605 [0.002] 3 001 6£04]0.33 1604 25-06)0.002¢] 0.003
60 | 0030809 03 0.0 001|038 22 087)0.01 0.085 0 |0.0090.98 -23.8 0.8709] 0.014 -0.0421 0.0018]-0.010.99 -21.6 0.87 |0.02 -0.046 0.002] -0.01

61 |05 03] 02|00 nf o 0 |00 05 20| 0 0001 0.05|-0.002(-0.05-048 20 |o001 0001 005| 4 | 0 048 20 | 0 -D.001 0.05]-0.003
BN x h F ki wisnskat ke w3k fiwj+0.5k2" i3 Jlwj) [Re ML
63 14| 0.5( 0.310.02) 3 01033 0.002 0.33 -1E-04 2E-05|0.002| 3 0.01 -1E-03]0.333 0.0002 9E-06 (0.002) 3 0.01 -5E-04]0.33 1E-04 3E-06]0.0018]0.003
64 0 0.3]-0.76) 0.99 0.9]0.01 0.01]095 22 0.87)-0.02 0.046 -0 [0.009]0.99 -23.2 0.8698] 0.014 -0.0431 0.0019]-0.01]0.99 -21.2 0.869 | 0.02 -0.047 0.002] -0.009

65 |05/ 03]015]-002 uf o 0 [900305 20| 0 0001 0.05|0.002(-0.00 048 20 |0001 0001 005| 4 | 0 049 20 | 0 -D.001 0.05][-0.002
66N x h F K1 skt k2 jws0.5k2) fiwis0.5k21" i3 W) [lwisk3) KL
67 15[ 05] 0.3]-0.02] 3 9 (033 0.001 0.33 -1E04 1605/0.001) 3 0.01 -8604|0.333 0.0002 7606 [0.001] 3 0.01 -4£-04]0.33 1604 26-06)0.0014] 0.003
68 | 0]03]07]09 03 0.0 001|038 21 087)-0.02 0.047 0 |0.008|0.99 -22.8 0.869 | 0.015 -0.024 0.0015|-0.01]0.99 -20.9 0.868 | 0.02 -0.048 0.002] -0.008

65 |05]03]011]-002 nf o 0 [€0.0305 20| 0 0001 0.05|-0.001(-0.00 049 20 |0.001 00011 005 4 | 0 049 20 | 0 -D.001 0.05-0.002
TON x h F K1 ilwi+0.5k1) k2 jlwj+0.5k2) ilwi+0.5k2) K3 j{wi+k3) ilwitka ML
71 18 05] 03]-0.01] 3 9 (033 0.001 033 -1E04 1605 103) 3 0.01 7604|0333 0.0002 6606 [0.001] 3 .01 4r-04]0.33 1604 1506) 0.001 Jo.003
72 | 003|064 098 03|0.02 001|038 21 087)-0.02 0.047 0 |0.0080.99 -22.3 0.8683] 0.015 -0.0449 0.0015|-0.01]0.99 -20.5 0.868 | 0.02 -0.043 0.002] -0.008

73 |05| 03] 008|003 nf o 0 [€0.0305 20| 0 0001 0.05|9604(-0.00 049 20 |1E03 00011 005 | 4 | 0 049 20 | 0 -D.001 0.05[-0.001
BN x h F Ki i{wjs0.5k1[ k2 jiwj0.5k2) ilwisd.5k21 k3 [wj+k3) ilwitkal ML
75 171 05| 0.310.01) 3 91033 8E-M4 033 -1E-04 1E-05| 7E-04| 3 0.01 -6E-04]0.333 0.0001 4E-06 (8E04) 3 0.01 -3E-04]0.33 1E-04 5E-07]0.0008]0.002
76 0| 0.3]-0.59) 0.99 0.9]0.02 0.01]09 21 087)-0.02 0.048 <0 [0007]0.99 -21.9 0.8678] 0.015 -0.0458 0.002 |0.00| 1 -20.2 0.868)0.02 0.05 0.002]-0.007

77 |05|03]0.06]-0.03 0| o 0 [900305 20| 0 0001 0.05|6608(-0.03 049 20 |9E-02 00011 005 | 0 | 0 049 20 | 0 -D.001 0.05[-1E03
BN x h F K1 ilwi+0,5k1) k2 jlwj+0.5k2) ilwi+0.5k2) k3 Wj3) ilwitk3 kL
79 18/ 05] 03]-0.01] 3 9 (033 6F-04 033 -1E-04 16-05(5E04) 3 0.01 6084|0333 0.0001 3:06 |6E04] 3 0.01 -3r04]0.33 1604 25-08)0.0005] 0.002
8 | o]o3]o5 1 03|0.02 001| 1 20 087)0.02 0.049 0 |0.007| 1 -205 0.8675] 0.016 -0.0466 0.002 |0.01] 1 -199 0867 |0.02 -0.05 0.002]-0.007

81 40.5] 0.3 0.05]-0.03 20010 0 |-003 05 20| 0 0001 0.05(-4E04]-0.03 049 20 |9E-04 00011 Q05| 0 | 0 049 20 | 0 -0.001 0.05]-8E-04 3
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| Microsoft Excel - RICHARD L HOMOTOPHY AND CONTINUATION METHOD.xlsx oo
AlC|IE| G| 1 1 [K|M| N | 0 Q| § T|U|W X | Y | A\|AC AD AE | AG AH | Al | AK (AM AN | AD | AQ| AR | AS | AU | AW W_

BN x h F Iw) Jw K1 wj+0.5k1) w0 skt k2 J[wj+0.5k2) ffwi+0.5k21™ k3 [(wjt3] ilwiskal* Mg

83 19)05[03]-001] 3 001 0 (033 0.0000 O |4E04] 3 0 0 (033 -1E04 1E05|4E04| 3 0.01 SE04(0333 0.0001 2606 [4E04 3 001 2604033 1E04 0 ]0.0004]0.002

84 0fo3]05] 1 -206 09002 0.029 o0 |oor| 1 20 087002 005 O [0.006) 1 -20.1 0.8672| 0.016 0.0475 0.0021 0.01]| 1 -19.6 0.867 | 0.02 0.051 0.002] -0.006

85 05| 03]0.04)-003 0435 20| 0 0.001 0.05] 0 |-002-05 20| 0 0.001 0.05]-3E-04]-0.03 0.49 20 |9E04 -0.0012 00501 0 | 0 049 20 0 -0.001 0.05]-6E-04

8/N x h F Jwi) il K1 lwi+0.5ki] ilywi+0 5K\ k2 i(wj+0.5k2) ifwisD ST k3 i(wi+k3) ilwiska) ™ [T

g7 20/05[03] 0] 3 001 0([033 00000 0 J3E04] 3 0 0 (033 -E-04 OF06| 304 3 0.01 4E040.333 0.0001 2606 (3E04 3 001 2604033 9E05 0 |0.0003]0.002

88 0|o3]|oss] 1 -203 09|002 0.089 o0 |oo1| 1 20 087/0.02 005 O |0.006| 1 -207 0.867 | 0.016 -0.0483 0.0021-0.01| 1 -19.4 0.867 | 0.02 0.052 0.002] -0.006

85 |05[03)0.03]002 049 20f 0 0001 005 0 [002 05 20| 0 0001 0.05]-2604[-0.03 049 20 |9E-04 0.0012 0.0501) 0 | 0 0 0.001 0.05]-5604

N x h F Jlwil Luwil ™ Kl i+0.5k11 ilwish) Bk k2 Wi+, 5k ilwisD) 5EITT k3 ik kd 1

s121)05[03] 9| 3 001 -0(033 00000 0 J2604) 3 0 0 (033 -AE04 8E06) 2604 3 0.01 4E040.333 0.0001 SE7 (2E04| 3 0.33 305 0 |0.0002)0.002 =

52 003|042 1 -20 ogfo02 005 o0 |oor| 1 20 087/0.02 0051 O [0.005| 1 -204 0.8668] 0.016 -0.0491 0.00210.01| 1 -19.1 0.867 | 0.02 0.052 0.002] -0.005

93 [05[03]0.02]002 049 20| 0 0001 005) 0 [-0.02 05 20| 0 0001 005]|-1E04[-0.03 049 20 |8E-04 0.0012 0.0501) 0 | 0 049 20 | 0 -0.001 0.03]-4E04

MIN x b F Jui) K1 (+0.5k1) ilwitoskyt k2 [(wi+0.5k2) ifwi+0 5ko1™ [(wj+k3) ilwitkal™ kL

55 2105[03] 0] 3 001 0 0 |2604] 3 0 (033 -9F05 TE06| 2604 3 0.01 -3E040333 0.0001 3607 [2604] 3 0 -1£04]033 8E05 0 |0.0002{0.002

36 003|039 1 -197 0o9f002 0051 o | 0 | 1 19 087/0.02 0052 O [0.005| 1 -20.1 0.8667]0.017 -0.0498 0.0022| 0 | 1 -13.9 0.867 ]| 0.02 0.053 0.002] -0.005

57 |05[03]0.02]002 049 20| 0 0001 005] 0 [-002 05 20| 0 0001 0.05]|-6E05-0.02 049 20 |8E-04 00012 0.0501) 0 | 0 05 20 | 0 -0.001 0.03]-3E04

BN x b F Jwi) Nl K1 jlwi+0.5k1) ilwi+0 SkIV k2 [(wi+0.5k2) ifwis0 Sk k3 witk3) ilwiskal™ kL

55 23|05[03] 0] 3 001 0[033 905 0 JiE04| 3 0 0 [033 -8E05 6E06| 1504 3 0.01 -3E040333 0.0001 -1E07(1E04f 3 0 -1F04]033 8E05 0 |0.0001)0.002

o0 |ofo3]e3s] 1 -194 09002 0052 o | 0 | 1 19 087|002 0.052 0 |0.005) 1 -19.8 0.8665| 0.017 -0.0505 0.0022] 0 | 1 -18.7 0.866 | 0.02 -0.054 0.002] -0.005

101 |05|03]001]0.02 049 20] 0 0.000 0.05] 0 |002 05 20| 0 0001 0.05]-3E05{0.02 049 20 |8E-0¢ 00012 0.0501f 0 | 0 05 20 | 0 -0.000 0.05]-3E04

02N x h F Jwi) K1 j[wj+0.5k1) ilwi0.5ka)" k2 [(wj+0.5k2) ilwit0 skort k3 [(wi+k3) ilwirkal” ML

103 24{05f03] 0] 3 001 0]033 905 0 |1F04] 3 0 -0 |0.33 8605 6E-06[9E-05| 3 0.01 2604|0333 1E-04 SEO7|1E04| 3 0 -1E04]0.33 7E0S 0 ]0.0001]0.001

0t | o]o3lo33] 1 192 0sfoo2 0052 0| 0 | 1 19 087{002 0053 o [oooe| 1 495 08665| 0017 00512 00022| 0 | 1 185 0866|002 0052 0.002| v00e|

105 |05f03]o01)002 05 0] 0 0000 0.05] 0 00205 20| 0 0001 0.05]9-07|0.02 049 20 |8E-0¢4 00013 0.0501f 0 | 0 05 20 | 0 -0.000 0.05]-2604

Woy x b F vl Lwil™* K1 /j+0.5k1) i) Skl ¥ [(wi+0.5k2] jlwis0 501 B (W3] ik ML

_oﬂ__m 05]|03] 0 3 0 0033 BEO5 0 J8E-05] 3 0 0 |033 -7E05 5E-06) 7E-05| 3 0.01 -2E04)0.333 SE05 -7E07|8E05] 3 0 -9E-05)0.33 7EO5 0 | 8E-05 @

108 01031031 1 -5 05002 0.05 0 0 1 15 0.87(-0.02 0.054 0 |0.004] 1 -19.3 0.8664|0.017 -0.051% 0.0022| 0 1 -183 0.866 | 0.02 -0.055 0.002] -0.004

109 |0503]o01)002 05 0] 0 0000 0.05] 0 |00105 20| 0 0001 0.05]2605(-0.02 049 20 |7E-04 0.0013 0.0501f 0 | 0 05 20 | 0 -0.001 0.05]-2604

WojNn x h F Jwil K1 jiwj0.5k1) w0 skt k2 JOwj+0.3k2) ifwi+0.5k21 (W3] (k3 ML

u16)05/03] 9 3 0 0(033 805 0 J6E05| 3 0 0 (033 7E05 SE06|SE0S| 3 0 -2E040333 805 SE07(6EGS| 3 0 8E05]033 6E05 0 | 6605 |0.001

120 | ofo3le27] 1 -1288 09]002 0.053 0 | 0 | 1 18 087/0.02 005 0 [0004] 1 -19.1 0.8663| 0.018 0.0525 0.0023| 0 | 1 -18.2 0.866 | 0.02 0.055 0.002] -0.004

113 |05]03] 0 J-002 05 20| 0 40001 005§ -0 |-0.01 05 20| £ 0001 0.05]3E05(-0.02 0.5 20 |7E-04 -0.0013 Q0501 0 | 0 05 2 0 -0.001 0.05]-2E-04

4N x h F ) Jw KT j(wjt0.5k1] wisoskalt k2 Jwj+0.5k2] fiwis0.5k2)* k3 (W3] [lwjskal™* ML

527105/03] 9 3 0 -0(033 7E05 0 |5E05| 3 0 0 [033 -GE05 4E06|4E05| 3 0 -AE040333 8E05 -1E06[SEAS| 3 0 7E05]033 6E05 0 | 5E-05 |0.001

16 | ofo3]025) 1 -186 09]002 0054 o0 | -0 | 1 18 087002 005 0 [0003| 1 -18.8 0.8663| 0.018 -0.0531 0.0023| 0 | 1 -18 0.866 | 0.02 -0.056 0.002] -0.004

17, [05f03] o 001 05 0] 0 0000 0.05] 0 00105 20| 0 0001 0.05|4E05(-0.02 05 20 |7E-04 0.0013 0.0501f 0 | 0 05 20 | 0 -0.001 0.05]-1F-04 3
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Alclele[ o k[m] Nola[s]1T ulw[x v [m[aia s [A A A [ A AM AN A0 (A2 AR | A5 | AU |awE]
I8N x h F Jiwjl Jwil* K1 jiwi+0.5Kk1] ilwis Skt K2 [lwi+0.5k2) ifwis0. 5621 k3 flwi+k3) ifwiskal™ [
18 8/05]03] 0| 3 o o0|e33 705 0 |4ros| 3 0 0033 6605 4606(3605| 3 0 -1E04|0333 7E05 -1e06(4E0s| 3 0 6k05|0.33 505 0 | 3E05 fo.om
120 | ofo3|o2| 1 184 09fo02 0058 o | o | 1 12 087]002 0oss 0 |0003| 1 186 0.8663] 0.008 00527 00023 0 | 1 170 0.866 |02 .05 c.002| 0.003
21 |oslo3] o f000 05 20] 0 001 05 20| 0 0001 0.05[5605[001 05 20 |7e-04 00013 00501 9 | 0 05 20 | 0 -0.001 0.05]-1E04
ey y 1 F Jwil j(w+0.5k1] ifwis0 5KV K2 jlw+0.5k2) ilwisD SkoT* [ i3] ilwiskal™ ML
msfosfoa] 0 3 0 {03 3 0 0033 6605 3606/ 2605) 3 0 k040333 705 -1e06|3e0s| 3 o0 505|033 seos o | ae0s [o.001
124 | o]o3loa| 1 -82 03002 1 18 087/90.02 0.0 0 |0003| 1 -18.4 0.8662| 0.018 0.0543 0.0024| 0 | 1 -17.7 0.866 |0.02 0.056 0.002] -0.003
15 |05|03| o |00 05 2] 0 00105 20| 0 0001 005[5E05(000 05 20 |7e04 00013 00501 9 | 0 05 20 | 0 0001 0.05]-1E04
126N x h F W) j{wi+0.5k1) jlwj<0.5k1)* k2 jlwj+0.5k2) ilwis0.5k27" k3 jlwj+k3) ilwiskar* Moo
wfesfos] 0 3 0 {03 3 0 0033 5605 3r06|2605) 3 0 9r050.333 6r05 -1eo6|2e08| 3 0 405|033 seos o | 2e05 [1r03
128 |o0]o3l02] 1 181 03feo2 1 18 087/90.02 0.05% 0 |0003| 1 -183 0.8662| 0.018 0.0548 0.0024| 0 | 1 -176 0.866 |0.02 0.057 0.002| -0.003
122 |05]03| o [001 05 2] 0 00105 20| 0 0001 0.05|5605(000 05 20 |7e04 00014 00501 9 | 0 05 20 | 0 -0.001 005] 9505
BON x h F 1w jlwj+0.5k1) ifwis0.5ka* k2 jlwj+0.5k2) jhwi+0.5k1* I3 jlwjtk3) fhwiekar* (GO
piafosfos] 0 3 o 0fem 3 0 0|03 505 3606)1605) 3 0 7e05]0333 6505 -1E06 2605 3 0 305033 4505 0 | 2605 [oR04
132 | o0]o3|oa8| 1 178 03|00z 1 18 087/0.02 0.05% O |0003| 1 -18.1 0.8662| 0.018 0.0553 0.0024| 0 | 1 -175 0.866 |0.02 0.057 0.002] -0.003
133 |05]03| o [001 05 2] 0 00105 20| 0 0001 0.05[5605(001 05 20 |7e04 00014 00501 9| 0 05 20 | 0 -0.001 005|805
14N x h F w) Jlwj+0.5k1) ifwis0.5ka)t k2 Jlwj+0.5k2) jlwi+0.5k21* i3 jlwjtk3) fiwiskar* Ml
25 0sl03] 0 3 0 0fe3s 3 0 0033 4005 3606/8E06) 3 0 6E05]0.333 6605 -1E06|1E0s| 3 o0 -3e05]o33 4E0s 0 | 1e-05 [sE04
136 | 0]o3lots| 1 -17.8 03fe02 1 18 087[9.02 0.057 0 |0002| 1 -18 0.8662| 0.015 0.0557 0.0024| 0 | 1 -17.4 0.866 |0.02 0.058 0.002] -0.002
137 |05/03] o |00 05 2] 0 00105 20| 0 0001 005[5605(001 05 20 |oe04 00014 00501 9| 0 05 20 |0 0001 005]-7E05
B8N x h F 1w Jlw+0.5k1] ifwis0.5k1)* k2 jlwj+0.5k2) ilwi+0.5ka[* k3 jlwjtk3) flwiskar* k1
e ajosfoa] o 3 o 0fem 3 0 0033 4605 2606|6E06) 3 0 SE05]0333 5605 -iE06|ok06| 3 0 2605|033 4505 0 | oE-06 [8E-04
140 | o]o3loss| 1 176 03|00z 1 17 087)90.02 0.057 0 |0002| 1 -17.8 0.8662| 0.015 0.0562 0.0024| 0 | 1 -17.3 0.866 |0.02 0.058 0.003] -0.002
1 |05]03| o |00 05 2] 0 00105 20| 0 0001 0.05|5605(001 05 20 |6E04 00014 00501 9| 0 05 20 | 0 -0.001 005] 6505
MIN x h F Iiw]l [lwi+0.5k1) ilwis skt k2 [lwi+0.5k2) wit0 521" k3 [iwj+k3] ifwitkal™ kL
uufosfos] 0 3 0 0fe3s 3 0 0|03 4p05 2606/4606) 3 0 4p05|0333 505 -e06|7E06| 3 0 2605033 305 o | 7E0s [7E0e
1w | o]o3lom| 1 175 03002 1 17 087[90.02 0.057 0 |0002| 1 -17.7 0.8662| 0.019 0.0566 0.0025| 0 | 1 -17.2 0.866 |0.02 0.058 0.003] -0.002
15 |05|03| o [001 05 20] 0 00105 20| 0 0001 0.05|405(001 05 20 |6e04 00014 00501 9| 0 05 20 | 0 -0.001 0056505
B6N x h F Jiwil [lwi#0.5k1) ilwis skt k2 [lwi+0.5k2) ilwis0. 51 k3 [lwi+k3) ifwiskal™ M1
ursslosfos] 0 3 0 {03 3 0 0033 4r05 2006/3606) 3 0 4r05|0333 405 -eo6|se06| 3 o0 2605033 3e05 0 | sE06 [7E0e
18 | o]o3lom3| 1 174 03feo2 1 17 087/90.02 0.058 0 |0002| 1 -17.6 0.8661| 0.015 -0.057 0.0025| O | 1 -17.1 0.866 |0.02 0.058 0.003] -0.002
18 |05]03| o |00 05 2] 0 00105 20| 0 0001 0.05|405(000 05 20 |6e04 00014 00501 9| 0 05 20 | 0 -0.001 005] 5605
10N x h F Jiw]l jlwi+0.5k1) ilwis Skt K2 [lwi+0.5k2) wit0 501 k3 fiwi+k3) ifwiskal™ Mg
5136(0503] 0 3 o 0fem 3 0 0033 3605 2606/ 2606) 3 0 3605|0333 4505 -1E06|4E06| 3 0 -1£05]033 305 0 | 4506 [6E-04
13 | o0]o3lor2| 1 173 0sfeo2 1 17 087/90.02 0.058 0 |0002| 1 175 0.8661| 0.019 0.0573 0.0025| 0 | 1 -17.1 0.866 |0.02 0.059 0.003] -0.002
153 |05]03] o |00 05 20f 0 v 00105 20| 0 0001 0.05[405(000 05 20 |ee-04 00014 00501 9| 0 05 20 |0 -0.000 005] 5505 v
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Microsoft Excel - ICHARD L HOMOTOPHY AND CONTINUATION METHOD < i T o

AlcleEl | 1|1 k|m| N 0o a|s T/u|lw| x | v | A A A | A a4 | A | A0 A | A aw B
14N x h F Jiwj K1 jlwj+0.5k1) ilwj+0.5k1)" k2 jlwi+0.5k2) i(wi+0.5k2) k3 Moo
15537705/03] 0] 3 0 -0]033 3k05 0 [3£06] 3 0 0 |033 3£05 2606|1E06) 3 0 -3£05]0.333 4E05 -1E-06 [ 3E06 1605033 3605 0 | 3606 |6E04.
156 | ofo3]ou| 1 172 0s]002 0058 o | 0 | 1 17 087|002 0.058 0 |0o002| 1 -17.4 0.8661|0.019 -0.0577 0.0025| 0 | 1 17 0.866 |0.02 -0.059 0.003| -0.002
157 losfoal o001 05 20) 0 000 005] 0 |0.0105 20| 0 0001 005]4605]0.01 0.5 20 |66E-04 -0.0014 00501] 0 | 0 05 20 ]| 0 -0.001 0.05] 405
8N x h F Jwi Jwil” K1 jlwi+0.5k1) i[wi+0.5k1)” k2 jlw+0.5k2) ilwit.5k0) " k3 . ! Mg
159 38{05(03f 0| 3 0 0(033 3805 0 [2606] 3 0 0033 3605 1E06[ 1606 3 0 -2605[0.333 3605 -1E06 3606 3 0 -1E05[0.33 2605 0 | 2606 |SE04
160 | ofo3]oa1] 1 172 0s]002 0058 o | 0 | 1 17 087|0.02 0.059 0 |oo01| 1 -17.3 0.8661|0.019 0.058 00025) 0 | 1 -16.9 0.866 |0.02 -0.059 0.003] -0.001
161 [05[03] o |00 05 20| 0 -0.00 005] 0 |0.01 05 20| 0 0001 005]3E05/0.01 0.5 20 |66-04 00014 00501 0 | 0 05 20 | 0 -0.000 0.05] 405
162N x h F Jw) Jwil* K1 (wj+0.5k1) ilwis0SkqI* k2 [(w[+0.5k2) flwis0,5kol™ 5] fwiska)™* M1
163 33(05(03f 0| 3 0 0(033 3805 0 [2606) 3 0 0033 3£05 1E06(7E07| 3 0 26050333 3605 -1E06|2606) 3 0 -9F06[0.33 2605 -0 | 2606 |SE4
164 | ofo3]oo0s 1 -171 09|00z 0058 o | 0 | 1 17 087|002 0.059 0 |ooo1| 1 -17.2 0.8661| 0.019 -0.0583 0.0025) 0 | 1 -16.9 0.866 |0.02 -0.059 0.003] -0.001
165 [05[03] o |00 05 20| 0 000 005] 0 | 0 05 20| 0 0001 005]|3E05[0.01 0.5 20 |66-04 -0.0005 00501 0 | 0 05 20 | 0 -0.000 0.05] 305
166N x h  F Jiwj) Jwi)* K1 Jiwj+0.5k1) ilwi+0.5k1)* k2 jlwj+0.5k2) ifwir0.5k1* k2 ifwirar” [
167 a0{05(03f 0| 3 0 0(033 3805 0 [1E06| 3 0 0033 2605 1E06[4E07| 3 0 -2605[0.333 3605 -1E06|2606) 3 0 -7E06[0.33 2605 0 | 1606 [4E04
168 | o0 |o03]008 1 09002 0059 o | 0 | 1 17 087|002 0.059 0 |0o001| 1 -17.1 0.8661| 0.02 -0.0585 0.0025| 0 | 1 -16.8 0.866]0.02 0.06 0.003]-0.001
169 [05[0a] o] 2 0|0 000 005] 0 | 0 05 20| 0 0001 0.05]|3E05[0.01 0.5 20 |6E-04 0.0005 00501 0 | 0 05 20 | 0 -0.000 0.05] 3605
10N x h F Jwil* K1 j(wj+0.5Kk1) ilwis0. kI k2 flwi+0.5k2) ilwis0.5k21* k3 flwisk3i™ M1
1 afosfosf o] 3 01033 2605 0 |1£06[ 3 0 0 [033 -2605 1606/ 36-07| 3 0 -1E05]0333 3605 -IE06[1E06] 3 0 -6E06]0.33 2605 0 | 1606 |4E04
172 | ofo3]008 1 09002 0058 o | 0 | 1 17 087|002 0.059 0 |ooo1| 1 47 o.8661| 0.02 -0.0588 0.0025) 0 | 1 -168 0.866 |0.02 0.06 0.003] -0.001
173 [05[03] o] 2 0|0 000 005] 0 | 0 05 20| 0 0001 0.05]|3E05[0.01 0.5 20 |66-04 0.0005 00501 0 | 0 05 20 | 0 -0.000 0.05] 305
174N x h F Jwil'* K1 jlwj+0.5k1) ilwj+0.5k1) k2 jlwi+0.5k2) i(wi+0.5k2) k3 ilwiskar kML
vsalos|oal 0| 3 0 0033 2205 0 |9E07| 3 0 0 |033 2605 1606\ 2607| 3 0 -1E05[0.233 3605 9607|1606 3 0 -5E06)033 2605 0 | ec07 [4E04
176 | ofo3]oo7] 1 169 093|002 005 o0 | 0 | 1 17 087|002 0.059 0 |oooi| 1 47 o8661| 0.02 0.059 00026) 0 | 1 -167 0.866]0.02 0.06 0.003]-0.001
177 |o5{03] o] 0 05 20| 0 00 005] 0 | 0 05 20| 0 0001 005|305 0 05 20 |6604 0.0015 00501 0 | 0 05 20 | 0 -0.00 0.05] 3605
BNy h  F ] K1 j[wi+0.5k1] ilwis0 Sk11™ k2 j[wi+0.5k2] ilwit0 skt k2 i ilwiskaf™ ki L
s afosfoaf 0| 3 0 (033 2605 0 [7607| 3 0 0033 2605 9E07[9E08| 3 0 -1E05[0.333 2605 9E07(8E07| 3 0 -4E06[0.33 2605 0 | 6607 [3E04
180 | ofo3]006 1 09002 006 o0 | 0 | 1 17 087|002 006 0 |9-04| 1 -169 0.8661| 0.02 -0.0552 0.0026) 0 | 1 -167 0.866]0.02 0.06 0.003]-1£-03
181 [05[03) o] 2 2000 000 005] 0 |0 05 20| 0 0001 005|205 0 05 20 |6604 0.0005 00501 0 | 0 05 20 | 0 -0.000 0.05]-2605
182N x h F K1 j(wj+0.5Kk1) ilwis0 kA" k2 flwi+0.5k2) ilwis0.5k21* k3 ifwitiar™t ke 1
183 aafosf o3| o] 3 0033 2605 0 |6£07| 3 0 0 [033 2605 8E07|3608) 3 0 8E06]0333 2605 BE07(6E07] 3 0 4E06]0.33 1605 0 | 5607 |3E:04
182 | ofo03]006 1 09002 006 o0 | 0 | 1 17 087[-0.02 006 -0 |904| 1 -16.8 0.8661| 0.02 -0.0554 0.0026] 0 | 1 -16.6 0.866 J0.02 0.06 0.003| -9-04
185 [05[0a) o] 2 200 000 005] 0 |0 05 20| 0 0001 005|205 0 05 20 |66-04 00015 00501 0 | 0 05 20 | 0 -0.002 0.05] 2605
16N x h F Jwil* K1 j(wjt0.5k1) iwis0. Skt k2 j{wi+0.5k2) flwjs0.5k21™ I3 43l [CR
187 505 o3| o | 2 0033 2605 0 |4e07| 3 0 0 [033 2605 7E07|-2603) 3 0 7E06]0333 2605 JE07(SE07] 3 0 3E06]0.33 1605 0 | 4607 |3E04
188 | ofo3]00s] 1 09002 006 o0 | 0 | 1 17 087[-0.02 006 0 |8E04| 1 -16.8 0.8661| 0.02 -0.05%6 0.0026] 0 | 1 -16.6 0.866 |0.02 0.06 0.003| -804
189 [05[03] o] 9 0|0 000 005] 0 | 0 05 20| 0 0001 005|605 0 05 20 |6604 0.0015 00501 0 | 0 05 20 | 0 -0.002 0.05]-2605 S
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¥] Microsoft Excel - RICHARD L HOMOTOPHY AND CONTINUATION METHOD alsx
aAlclelel o o x[m] nJolals tlulw/| x| v m[a a| s s & | a av|an|a [aa] m s | av [ awE
0N x h F Jjwj) Jwil* K1 j(wjt0.5k1] iwis0.5k1T k2 j{wi+0.5k2) fiwj+0.5k2" k3 j[wik) ilwitkar* KL
Blgslos|os[ o] 3 o -0[033 2605 0 Jae07| 3 0 0 [033 1605 7E07(-2608) 3 0 6E06(0333 2605 JEO7|4E07| 3 0 kw6033 1605 0 | 3e07 |3Em4
192 | o]o3f<00s] 1 -167 05002 006 0| 0 | 1 17 087(0.02 006 O [7e04 1 -16.7 0.8661| 0.02 -0.0598 0.0026] 0 | 1 -16.6 0.866]0.02 -0.06 0.003]-7E-04
193 |0s/03f o]0 05 20|00 0000 005] 0 | 0 05 20| 0 0001 005(205( 0 05 20 |6E04 0.0015 0.0501f 0 | 0 05 20 | 0 -0.002 0.05]-2605
194N x h F Jiw]) Il K1 jwj+0.5k1] ilwis.skat k2 jlwi+0.5k2) flwj+0.5k2" k3 J[witk3) jluiskal K1
195470503 0| 3 0 0[033 2605 0 [3E07| 3 0 0033 -IE05 6E07|4E08) 3 0 SE06[0.33 2605 6E07(3E07) 3 0 -2606)033 1E05 O | 2607 | 2604
19 | o0|03|00a] 1 -166 05/0.02 006 0] 0 | 1 17 087(-0.02 0.06 O [7e04[ 1 -167 0.8661| 0.02 -0.06 0.0026| -16.5 0.866 | 0.02 0.061 0.003] -7E-04
197 |0s/03f o] 0 05 20|/ 0 0002 005] 0 | 0 05 20| 0 0002 005(2605) 0 05 20 |6E04 00015 00501f 0 | 0 05 20 | 0 -0.002 0.05]-2605
BN x h F Jiwil Iy} K1 ilwi+0.5k1] ifwis0 Sk1Y” k2 wi+0.5k2) ifwisD 9T k2 el ilwiskal” T
199 48{05) 03[ 0| 3 0 0[033 1605 0 |2607] 3 0 0033 -IEQ5 6E7|4E08| 3 0 AE06(0.333 2605 -6E07(2E07| 3 0 2606|033 1E0S O | 2E07 | 2604
200 | o|o03f00af 1 -166 09002 006 0] 0 | 1 17 087(-0.02 0.06 0 [6E04 1 -16.7 0.8661| 0.02 -0.0601 0.0026] D -16.5 0.866 | 0.02 0.061 0.003] -6E-04
01 |05/03f o]0 905 200 0002 005] 0 | 0 05 20| 0 0002 005[2E05) 0 05 20 |5E04 00015 00301f 0 |0 05 2 | 0 -0.002 0.05)]-2E05
IN x h F Jfwi) i) K1 [[wi+0.5k1) il Sk k2 [(wi+0.5k2] ifwisD k1 k3 [(wiHk3] ilwiskat™ k|
03405/ 03[ 0| 3 0 (033 1605 0 |2/07] 3 0 0033 IE05 SE7|SE08) 3 0 AE06(0.33 1605 6E07(2E07| 3 0 -2F06)0.33 1605 O | 2607 | 2604
04 | o|o3f004f 1 -166 03002 006 0] 0 | 1 17 087(-0.02 0.06 O [6E04 1 -16.6 0.8661| 0.02 -0.0602 0.0026] D -16.5 0.866 | 0.02 0.061 0.003] -6E-04
205 |05|03f o]0 905 200 0002 005] 0 | 0 05 20| 0 0002 005[1E05) 0 05 20 |5E04 00015 00501f 0 | 0 05 20 | 0 -0.002 0.05]-1E05
6N x h F Jw) Jhwi)* K1 jlwj+0.5k1) iwiso.ska" K2 J(wj+0.5k2) flwi+0.5k21" k3 jlwj+k3) flwitkalt Mol
w7s0{05| 03] 0| 3 0 (033 1605 0 [1£07] 3 0 0033 IE05 SE07|SE08) 3 0 3E06(0.33 1605 SEO7(2E07| 3 0 -1E06|0.33 9E06 0 | 1607 | 2604
08 |o|o3(<003] 1 -165 09002 0061 0 | 0 | 1 17 0.87(-0.02 0.061 O [5E04 1 -16.6 0.8661| 0.02 -0.0604 0.0026] 0 | 1 -165 0.866 | 0.02 0.061 0.003] -5E-04
08 |o0s/o3f o]0 05 20|/ 0 0002 005] 0 | 0 05 20| 0 0002 005[1E05) 0 05 20 |5E04 00015 00501f O | 0 05 20 | 0 -0.002 0.05]-1E05
20N x h F Jw) Jwil* K1 j(wj+0.5k1) ilwisgskal® k2 [[wi+0.5k2) flwi+0.5kal* k3 [lwjtk3) flwitkal* KMl
215105/ 03[ 0| 3 0 (033 1605 0 [1£07] 3 0 0 |0.33 906 4E7|4E08| 3 0 3E06(0.33 1E05 SEO7(1E07| 3 0 -1E06|0.33 8E05 O | 1E7 | 2604
22 | o|o3(<003] 1 -165 03002 0061 0 | 0 | 1 16 0.87(-0.02 0.061 O [5E04 1 -16.6 0.8661| 0.02 -0.0605 0.0026) 0 | 1 -16.4 0.866 |0.02 -0.061 0.003] -5E-04
23 |o0s5|03f o]0 05 20|/ 0 0002 005] 0 | 0 05 20| 0 0002 005[1E05) 0 05 20 |5E04 00015 00501f O |0 05 2 | 0 -0.002 0.05]-1E05
BN xR F Jfw] i)™ K1 fwi+0.5k1] ilwis0 5k1Y" k2 [wi+0.5k2] ilwisD ST k3 jlwi+k3) ilwiskat™ [T
2552005/ 03[ 0| 3 0 (033 1605 0 J9F08| 3 0 0033 9606 4E07|4E08) 3 0 2E06(0.333 1605 4EO7(1E07| 3 0 9F07|0.33 TE0S O | 8608 | 2604
2160 | 0|03(<003] 1 -165 09]0.02 0061 0 | 0 | 1 16 0.87(-0.02 0.061 O [4E04 1 -16.5 0.8661| 0.02 -0.0606 0.0026] 0 | 1 -16.4 0.866 |0.02 -0.061 0.003] -4E-04
27 |os|o3f o) 0 05 20|/ 0 0002 005] 0 | 0 05 20| 0 0002 005[1E05) 0 0.5 20 |5E04 00015 0.0501f O | 0 05 20 | 0 -0.002 0.05]-1E05
28N x h F Jfwi) Jwil™ K1 jwj+0.5k1] ilwis0 skl k2 flwj+0.5k2 ilwi+0.5k21" k3 fiw+k3] ilwitkart KM
295305/ 03[ 0| 3 0 0[033 9E06 0 |8E08| 3 0 0033 BE06 4E7|4E08| 3 0 -2E06(0.33 1E05 4E07(BE0B| 3 0 BE07|0.33 TEDS O | 6E-08 | 1E04
2200 | 0]03(003] 1 -165 09]0.02 0061 0 | 0 | 1 16 0.87(-0.02 0.061 O [4E04 1 -16.5 0.866 | 0.02 -0.0607 0.0026] 0 | 1 -16.4 0.866 |0.02 -0.061 0.003] -4E-04
221 |05/03f o] 0 05 200 0002 005] 0 | 0 05 20| 0 0002 005[1E05) 0 05 20 |5E04 00015 0.0501f D | 0 05 20 | 0 -0.002 0.05]-1E05
22N x h F J{wi) i) ki jlwj+0.5k1) ilwisoska)t k2 j(wj+0.5k2) 0.5k [ jiwjk3] [hwikal* ML
2354005/ 03[ 0| 3 0 -0[033 8606 0 |6£08| 3 0 0033 JE06 3£07|3E08) 3 0 -AE06(0.333 9E06 4E07(TE0B| 3 0 7E07|0.33 6E05 0 | SE08 |1E04
224 | o|03f<002] 1 -164 09002 0061 0 | 0 | 1 16 087(-0.02 0.061 O [4E04 1 -165 0.866 | 0.02 -0.0608 0.0026] -16.4 0.866 | 0.02 0.061 0.003] -4E-04
225 |05|03f o]0 905 20|/ 0 0002 005] 0 | 0 05 20| 0 0002 0.05[9E06) 0 05 20 |5e04 o015 00s01f 0 |0 05 2 | 0 -0.002 0.05]-9E06
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Microsoft Excel - RICHARD L. HOMOTOPHY AND CONTINUATION METHOD (20
AlC|E K N siTlulw/| x| v | aa|ac a0 aE | ag | A | oA | A AN | AD | AQ| AR | AS AW =
26N x h Jowi)* j(w[+0.5k1] ilwi+0.5k1)* k2 N+0.5k2) ilwis0.5k2)* k3 jiwitk3) ilwiska)™ [
227 55/ 05| 03 0 3E-06 0 0|o033 7E06 3£07|3c08] 3 0 -1F06)0.333 9E-06 -4E-07 | GE-08 0 -6E07]033 6E06 -0 | 1E04
28 | o]o03 0.9 0.061 16 0.87)-0.02 0.061 -0 |3E04| 1 -165 0.866 | 0.02 -0.0609 0.0026] O -16.4 0.866 | 0.02 -0.061 0.003
229 |-0.5]03 20 0.002 05 20| 0 0002 0.05|9%06] 0 05 20 |5804 -0.0015 0.0501) 0 05 20 | 0 -0.002 005
20N x h Jwi)* jj+0.5k1) lwi+0.5k1)* k2 +0.5k2) 10.5k2) k3 jlwj+k3) ka3t [
217s6]0.5] 03 0 TE06 0 0033 6E06 3E07|3E08] 3 0 -1E06]0.333 8E06 -3E-07 | SE-08 0 5E07]033 5606 D [1E00
22 | 003 0.9 0.061 16 0.87|-0.02 0.061 -0 |3E04| 1 -164 0.866 | 0.02 -0.0609 0.0026] O -16.4 0.866 | 0.02 -0.061 0.003
233 |-05]03 20 0.002 05 20| 0 0002 0.05|8E06] 0 05 20 |5E04 -0.0015 0.0501) 0 05 20 | 0 -0.002 0.05
24N x h Jwil™ j(wi+0.5k1) ilwi+0,5k1)* k2 [[wi+0.5k2] ilwit0.5k1™ k3 f(wi+k3) ilwitkart Ly
235 57/ 0.5 0.3 0 6E-06 0 0033 606 3607|-2608] 3 0 -9E07]0.333 7E06 -3E-07 |4E-08 0 4ro7)033 sE06 0 | 1604
26 | 003 0.9 0.061 16 0.87)0.02 0.061 -0 |3E04| 1 -164 0.866 | 0.02 -0.061 0.0026| 0 -16.3 0.866 | 0.02 -0.061 0.003
237 |0.5] 03 20 0.002 05 20| 0 0.002 0.05|7E-06] 0 05 20 |5E04 -0.0015 0.0501) 0 05 20 | 0 -0.002 0.05
228N x _h Jfwi)* j(wj+0.5k1] jfwi+0.5k1)" k2 nj+0.5k2) ilwi+0.5k2) ™ k3 iwj+k3) jlwitk3)” Ly
229 58/ 0.5 0.3 0 6E-06 0 0033 5e06 2607|-2608] 3 0 -7E07]0.333 7E06 -3E-07 | 3E-08 0 3co7]033 4506 0 1604
240 | 003 0.9 0.061 16 0.87)0.02 0.061 -0 |3604| 1 -164 0.866 | 0.02 -0.0611 0.0026] O -16.3 0.866 | 0.02 -0.061 0.003
21 |0.5]03 20 0.002 05 20| 0 0.002 0.05]7E-06 SE-04 -0.0015 0.0501| 0 05 20 | 0 -0.002 0.05
282N _x h Jiwi)* i ilwi+0.5k1)" k2 ilwi+0.5k2) ™ k3 jlwjtk3) ilwikar™ [~
243 59/ 0.5 0.3 0 SE-06 3 0 033 -SE06 2607|-26-08 0.333 606 -3£-07 |3E-08 0 307033 206 0 | 9£05
244 | 003 0.9 0.061 1 16 0.87|-0.02 0.061 -0 |2604] 1 -164 0.866 | 0.02 -0.0611 0.0026] 0 -16.3 0.866 | 0.02 -0.061 0.003
245 |40.5]03 20 0.002 0 05 20| 0 0002 005|606 0 05 20 |5E04 -0.0015 0.0501) 0 05 20 | 0 -0.002 005
286N _x _h Lfwil™ _ ifwis0 Skt k2 ilwi+0.5k2) ifwis0 501" k3 lwitk3) ifwiskai ™ L
247 60/ 05| 0.3 0 3 0 0033 -4e06 2607|2608 3 o Sseo07]|0333 6E06 2607|2608 0 -2r07f033 4E06 0 | 8£-05
243 | 003 0.9 1 16 087|002 0.061 -0 2604 1 -164 0.866 | 0.02 -0.0612 0.0026] 0 -16.3 0.866 | 0.02 -0.061 0.003
249 |-0.5] 03 20 05 20| 0 0.002 0.5 6E-06 SE-04 -0.0015 0.0501| 0 05 20 | 0 -0.002 005
HOUN —y h +0.5k1] ilwiz0 Ek1I* k2 lwitd ko1 k3 j[wi+k3) lwizkal ™ L
251 61[ 0.5 0.3 0 0 0033 4£06 2607|-1608] 3 0 -4E07]0.333 S5E06 -2E-07 | 26-08 0 -2r07]033 306 0 | 7605
252 | 003 0.9 0.061 16 0.87)0.02 0.061 -0 |2604] 1 -163 0.866 | 0.02 -0.0612 0.0027| 0 -16.3 0.866 | 0.02 -0.061 0.003
253 |0.5] 03 20 0.002 05 20| 0 0.002 0.05|5606] 0 05 20 |5E04 -0.0015 0.0501) 05 20 | 0 -0.002 005
24N x  h Jwil* jlwi0.5k1) j{wjs0.5K1)" k2 ilwit0.5k2)" k3 jwi+k3) itwitkal™ Ly
255 62/ 05| 0.3 0 1E06 0 0033 4r06 2607]-1E-08 0.333 5E06 -2E-07 [1E-08 0 -2k07)033 3E06 0 | 7E.05
256 | 003 0.9 0.061 16 0.87)0.02 0.061 -0 2604 1 -163 0.866 | 0.02 -0.0613 0.0027| 0 -16.3 0.866 | 0.02 -0.061 0.003
257 |0.5] 0.3 20 0.002 05 20| 0 0.002 0.05|5606] 0 05 20 |5804 -0.0015 0.0501 0 05 20 | 0 -0.002 005
B8N x h Jfwif* J(w]+0.5k1) ilwis0.5Kk1] k2 J[W]+0.5k2 ilwi+0.5k2)" k3 J(wj+k3] (w3 Ly
259 63[ 0.5 0.3 3 0 AE-06 3 0 0033 3606 1607|1608 3 0 307|033 4£06 -26-07|1E-08 0 -1r07]033 3E06 O | 6£-05
260 | 003 1 0.9 0.061 1 16 087|-0.02 0.061 -0 |2604] 1 -163 0.866 | 0.02 -0.0613 0.0027| 0 -16.3 0.866 | 0.02 -0.061 0.003
261 |0.5] 03 0 20 0.002 0 05 20| 0 0002 0.05)|4606] 0 05 20 |5E04 -0.0015 0.0501) 05 20 | 0 -0.002 005
M 4 » M| Sheetl 3 4 k]
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icrosoft Excel - RICHARD L HOMOTORHY AND CONTINUATION METHOD xlsx
AlC|E| G , I KM N 0 a S | T|U | W X Y | AA | AC | AD | AE | AG | AH Al AK | AM | AN | AO |AQ AR | AS | AU | AW &

2N x| Jwi Jfw)™ K1 jlwj+0.5k1) ilwi+0.5k1)™ k2 ilwi+0.5k2)™ k3 ilwitkar MLy
263 gl 05 0.3 3 0 0033 2606 O Joroo] 3 0 0033 3606 1E07[-E03] 3 0 -3E07[0333 4605 2607 1E08] 3 0 -1F07|0.33 3606 -0 | 6E-09 [ 6E05
264 | 003 1 163 03f002 0061 o | 0 | 1 16 087|002 0061 0 [2604] 1 -163 0866 | 0.2 00614 0.0027| 0 | 1 -163 0.866 |0.02 -0.062 0.003 -26-04
265 |05] 0.3 2 05 200 0 0002 005] 0 | 0 05 20] 0 0002 0.05[4606) 0 05 20 504 0015 00501 0 | 0 05 20 | o -0.002 0.05| 406
6N x Jwj) K1 jwj+0.5K1] ilwi+0.5k1)" k2 j[wj+0.5k2] ilwi+0.5k2)" k3 _ itkal” [
%765l 0503 3 0 0/033 9 [7609] 2 0 0033 3606 1E07[7E05] 3 0 2607[0333 4E05 2607 [8EM9] 3 0 1E07[0.33 206 0 | 5505 [SEOS

68 | 003 1 163 09[002 0061 0 | 0 | 1 16 087]0.02 0061 0 [1E04[ 1 -163 0866 | 0.02 0.0614 0.0027| 0 | 1 -16.3 0.856 |0.02 -0.062 0.003| -1E-04
269 |05/03) o] 09 05 20f0 0002 005] 0 | 0 05 20| 0 0002 005[4606) 0 05 20 |5e-04 0015 00501 0 | 0 05 20 | 0 -0.002 0.05| €06
UN y b F Jwil K1 jlwi+0.5k1] ilwi+0.5k1)™ k2 j(wi+0.5k2) ilwis0 5kOT” k3 yiskal” k|

Mﬂw 051031 0 3 0 01]033 6E09] 3 0 0 |0.33 -3E06 1E07|-6E-09] 3 0 -2E07]0.333 3E06 -1E07|7E09| 3 0 -BE08)0.33 2E06 0 | 4E-09 J5E05
272 003001 1 -163 0.9]0.02 -0 1 16 0.87|0.02 0061 O |1E04| 1 -16.3 0.806 | 0.02 -0.0614 0.0027| 0 1 -16.3 0.866 |0.02 -0.062 0.003] -1E-04
73 |05|03) o] 0 05 2|0 0|0 05 20| 0 0002 005306 0 05 20 5604 00015 00501f 0 | 0 05 20 | 0o -0.002 0.05|-3E06
24N _x b F Jue) KT jlwj+0.5k1) ilwi+0.5k1)* k2 [wi+0.5k2) ilwi+0.5k2)" k3 wikal! S
75 6710503 o | 3 0 0033 s5£09) 3 0 0033 -2606 1E07(-5E09) 3 0 2607|0333 3e05 -1e07(6E08] 3 0 -708]0.33 2606 -0 | 4509 |4E05
276 0|03)0.01) 1 -163 0.5]0.02 0 1 16 0.87|-0.02 0.061 O |1E04| 1 -16.3 0.866 | 0.02 -0.0615 0.0027| 0 1 -16.3 0.866 | 0.02 -0.062 0.003] -1E-04
277 05| 03] 0 0 05 2001 0 -0 0 05 20| 40 0002 005|306 0 05 20 |[5E04 00015 00501 0 | 0 05 20 0 -0.002 0.05]-3E-06
28BN x h F Jwg K1 jlwj+0.5k1) ilwi+0.5k1]” k2 [+0.5k2) ilwi+0.5k2|" k3
79 8los|03f o | 3 0 0033 4r09] 3 0 0033 2606 1607(4E09) 3 0 -F07]0333 3E05 -E07(5e08] 3 o -6ro8]o.33 3609 | 4E05
280 0|03)0.01) 1 -163 0.5]0.02 -0 1 16 0.27|-0.02 0.061 O |1E04| 1 -16.3 0.866 | 0.021 -0.0615 0.0027| 0 1 -16.3 0.866 ) 0.02 -0.062 0.003] -1E-04
281 05| 03] 0 0 05 2001 0 -0 0 05 20| 40 0002 005|306 0 05 20 |[5E04 00015 00501 0 | 0 05 20 0 -0.002 0.05]-3E-06

BN x h F Jwj K1 jlwj+0.5k1) iwis0.5ki)t k2 flwi+0.5k21™ k3 Kl

23 69(05(03] 0| 3 0 -0f033 3c09] 3 o 0 [033 2606 9e08|4E-09) 3 o -1r07]o0333 306 ae07|aE09] 3 o0 -seo8]os:3 3609 | 4605

24 | ofo3]oof 1 0.9 0.02 0 | 1 15 087|0.02 0061 0 |1E-04| 1 163 0.866 | 0.021 -0.0615 0.0027) 0 | 1 -16.2 0.866 |0.02 -0.062 0.003] -1-04

25 |05/03] o] 2 ]| 0 0|0 05 20| 0 0002 005|3c06) 0 05 20 |54 00015 00501 0 | 0 05 20 | 0 -0.002 0.05]-3t06

26N x b F K1 jlwi+0.5k1) ilwi+0.5k1)™ k2 [(wi+0.5k2) ilwis0 5k k3 L

27 70[0s[ 03| o | 3 0 [033 3k09] 3 0 0 [033 -2606 8E08|-3E-03) 3 o 9r08|o0333 2e06 -1E07|3609] 3 0 <ros]os: 2609 | 3£05

23 | ofo3]oof 1 0.3 0.02 0 | 1 15 087|002 0061 0 |9E05| 1 163 0.866 | 0.021 0.0616 00027 O | 1 -162 0.866 |0.02 0.062 0.003| -9E-05

29 [o5(03] o] o ] 0 0|0 05 20| 0 0002 0.05|2606) 0 05 20 |5e04 00015 00501 0 | 0 05 20 | 0 -0.002 0.05]-2£06

20N x h F K1 jlwj+0.5K1) ilwi-+0.5k1)* k2 [+0.5k2) i(wi+0.5k2)" k3 Ml
0 |03 2209 3 0o 0 (033 -2r06 7e08|-3E3) 3 o 8r03|o0.333 2506 9E-03|3E00| 3 0.33 26-09 | 3E05

291 71{05)02) 0 | 3

292 | ofo3]oo] 1 163 09]002 0 | 1 15 087|002 0061 0 |3E05| 1 163 0.866 | 0.021 -0.0616 0.0027) 0 | 1 -16.2 0.866 |0.02 0.062 0.003 -9E-05

%3 |05(03] o] 0 05 |0 0|0 05 20| 0 0002 005|206 0 05 20 |5e04 00015 00501 0 | 0 45 20 | 0 -0.002 0.05]-206

Z4N x b F Jwe) KI | jfwi+0.5K1] ilwi+0.5k1)” k2 jlwj+0.5k2] ilwi+.5k2 [ k3 jlwj+ks) [
2209 3 0o 0 [033 -2606 7E08|-26-9) 3 o 7r08|o0333 206 ocos|2e09] 3 0 -3r08]os: 1£-09 | 3605

295 72(05(03) 0 3 0 -0]033
296 0(03]-0.00] 1 -163 05]0.02 0 1 16 0.487(-0.02 0061 -0 |BE-05( 1 -163 0.866 | 0.021 -0.0616 0.0027( 0 | I -16.2 0.866 | 0.02 -0.062 0.003] -8E-05
297 [05]03) 0 0 05 2000 4 )0 05 20 0 0002 005)2806) 0 05 20 |5E-04 0.0015 0.0501) O | 0 05 20 | 0 -0.002 0.05]-26-06

M 4 b M| Sheat1 /Shast? /Sheet3 /43 . 4 » N1l
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Microsoft Excel - RICHARD L HOMOTOPHY AND CONTINUATION METHOD x|

A{CIE[G| I |1 |K|M ol als|Tiulwl|x v |a|ac|a| | a6 A A [ A|aman a0 lagl R8s pc.%ﬂ
BEN y b F KI jlwj+0.5k1) iwis skt @ fiwj+0.5k2] w0 501 K3 [iwH3l i3y MLy
55 7005]03] o | 3 9 (033 0 |2E00] 3 0 0033 AE06 6E08[-2608) 3 0 -6E08)0.333 2606 8E-03 2608 3 0 -2F08)0.33 1E06 -0 | 1E-09 | 3E-05
0 |ofo3]l o] 1 0.9{0.02 0| 01 16 0.87[-002 0061 0 |7E05| 1 -163 08660021 0.0616 0.0027] 0 | 1 -16.2 0.866 | 0.02 -0.062 0.003] -7E-05
01 (o5)03f o] 4 0|0 005] 0 |0 05 20| 0 0002 0.05/2606) 0 05 20 |5e04 00m5 00501 0|0 05 20 ] 0 0.002 0.05]-2606
MN x b F KL JWi0SKD)  jfwibskalt k2 Jwjr0.ska) w0kt k3 RE] i TR
303 74/ 05 03] o | 3 9 [0.33 9 |1r09] 3 0 0033 e06 ce08{-2c03) 3 0 Se08]0333 2606 7es2e08| 3 0 -2p08f0.33 1E06 0 | 1E-09 2605
04 ool 0|2 0.9]0.02 0| 01 16 087[-002 0062 0 |7E05| 1 -16.2 08660021 0.0616 0.0027| 9 | 1 -16.2 0.866 | 0.02 -0.062 0.003] -7E05
a5 [05/03f o] 4 0|0 005] 0 |0 05 20| 0 0002 0.05/2606) 0 05 20 |5e04 00m5 00501 0|0 05 20 ] 0 0.002 0.05]-2606
W6N y b F K1 jlwj+0.5k1) il 5 K2 fiwj+0.5k2] ilwit0. 500 k3 [wika) sk M
07 75[05(03) 0 | 3 9 (033 0 |1E00) 3 0 0 [033 AE06 SE08|-1E03) 3 0 4E08)0333 2606 7E0R|1E08| 3 0 -2F08)0.33 1E06 -0 | BE-10 | 26-05
s (ool o) 1 0.9]0.02 0| 01 16 0.87[-0.02 0.062 0 |6E05| 1 -162 08660021 0.0616 0.0027| 0 | 1 -16.2 0.866 | 0.02 -0.062 0.003] -6E-05
a8 [05|03] 0] 4 nfo 005) 0|0 05 20| 0 0.002 0.05] 206 SE04 00015 0.0501) O | 0 05 20 | 0 -0.002 0.05|-2606
SNy phIF JI Kl [(wi+D 5k ihuisn gV Q i) 5k01 3 i) sk M1
awelosfo3f o] 3 0 [0 0 |1E09) 3 0 0 [0.33 -1E-06 SE08|-1E08 0333 1606 GE0R|1E08 3 0 -1F08)0.33 SE07 -0 | 7E-10 | 26-05
a2 (ool 0| 1 82 0sfom 0| 01 16 087002 0.062 4 |6E4S 0.021 -0.0617 0.0027) 4 | 1 -16.2 0.866 | 0.02 -0.062 0.003| -6£-05
33 (0503l o]0 05 2|0 005] 0 |0 05 20| 0 0.002 0.05]1E06 SE04 00015 0.0501) O | 0 05 20 | 0 -0.002 0.05|-1E06
SNy hF Ilwj KT jwit0.5k1] ilyyis) ST k2 lwis]) 51 i3 [lwi+k3] ifwisl [T
s mjesfozl o] 3 0 [0 9 |8k10) 3 0 0 (033 -1E06 4E-08]SE-10 0333 1606 GE0R|OE0| 3 0 -1F08)0.33 SE07 -0 | 6E-10 | 26-05
36 (ool 0] 1 -162 0sf0m o] 01 16 087002 0.062 4 |5E45 0.021 0.0617 0.0027) 4 | 1 -16.2 0.866 | 0.02 0.062 0.003| SE-05
317 (0503 o]0 05 2|0 00| 0 4 0002 0.05|1E06 SE04 00015 0.0501) O | 0 05 20 | 0 -0.002 0.05|-1E06
SNy hF Ilwj K1 ilyis0 SV K lwis]) 51 i3 [lwi+k3] ifwisl |
us 78lo5(03 0| 3 0 0|03 9 | 710 0.33 9E-07 4E-08|-8E-10 0333 1606 -SE-08|8E0| 3 0 -1F08|0.33 BE07 -0 | SE-10 | 2605
a0 (ool o)1 0.9]0.02 0| 01 16 087002 0062 0 |5E05 0.021 0.0617 0.0027) 4 | 1 -16.2 0.866 | 0.02 0.062 0.003| 5E-05
21 [05/03] 0] 4 0|0 005 0|0 05 20| 0 0.002 005|106 SE04 0.005 00501 0| 0 05 20 | 0 -0.002 0.05|-1E06
WN y h F K1 jwjt0.5k]) ilwisskyt K w05k k3 Jwi+3) w3 MLy
33 19/05(03] 0| 3 9 (033 9 |ee0] 3 0 0 [033 -8E07 4E08)-7E10 0333 1606 SE08|7E0| 3 0 -9E09)0.33 7E07 0 | 4E-10 | 2605
24 [o]o3l o) 2 0.9]0.02 0| 0|1 16 0.87[-002 0.062 0 |4E05| 1 -16.2 08660021 0.0617 0.0027] 0 | 1 -16.2 0.866 | 0.02 -0.062 0.003] 4E05
35 [05/03] 0] 4 nfo 005 0|0 05 20| 0 0002 0.05|1606| 0 05 20 |5e04 Qoos 00501 0 |0 45 20 | 0 0.002 0.05]-1506
36N x h KI o jlwj+0.5k1) ilwis0.5k1 k2 j(wi+0.3k2) [wit0.5k2) i3 Jiwik3) itwirka[: [
wjesfozlo] 3 0 00 9 |sE10) 3 0 0 |033 8E07 3E08|6E10) 3 0 -2608)0333 1606 4E03|6E0| 3 0 -7E09|0.33 7E07 -0 | 3E-10 1605 -
328 (ool 0] 1 162 03|00 0| 01 16 0.87[-002 0062 0 |405| 1 162 08660021 0.0617 0.0027] 0 | 1 -16.2 0.866 | 0.02 0.062 0.003] 4E-05
39 (0503 o]0 45 w[o 0002 0.05) 0 |0 05 0| 0 0002 0.05|1E06) 0 05 20 |5E-04 00015 0.0501) 9 | 0 05 20 | 0 -0.002 005)-1F06

The Solution at iteration number 80.
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4.3 Step by Step Excel Solution of Rosenbrock’s Function

In general, to solve Problem (2) two things are involved, 1) Step length calculation and

2) Descent Direction calculation.

1) Step length Calculation: In general here, the Step length calculation involves
expanding the equation, computing the equivalent equation in terms of o assuming

X%nd d° are known, then computing first and second derivative of the equation
involving a, and then at last applying Newton-Raphson method to solve the equation as

follows,
F(x) = 100(x, — x2)? + (1 — x;)? Rosenbrock’s function
=100[(x; — x2) (xy — x3)] + [(1 — x) (1 — x)]
= 100[x] + x3 — 2x%x,] + [x2 — 2x; + 1]
F(x) = 100x{ + 100x5 — 200x%x, + xZ — 2x; + 1 Expansion

xF*+D) = x(0 4 od

0 0

X tad;
He) =1 ch ¥ adgl

¢ (@) = 100(x) + ad?)* + 100 (x2 + add)? — 200(x + ad?)?(x? + ad?) +

(x) + ad))? —2(xY + ad?) + 1 Equation in terms of o

g(e) =2 = 400 (x{ + ad)?d? + 200 (x$ + 2d)d3 — 400 (x{ + ady)

(x? + ad9)d? — 200(x? + ad?)?dd + 2(x? + ad?)d? — 2d?

First derivative with respect to o
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d* ¥(a)
do?
=1200(x{ + ad?)?d?? + 200d3? — 400d9*(x2 + ad?)
—800d2d(x? + ad?) + 2d??

g'(a) =

Second derivative with respect to o

The Solution in each iteration depends on the value of x and d. In each case after computing

the first iteration, the rest of the iterations follow by copy and paste.

Given the x and d values, a is given the value 1, g(a) = %(:) is calculated and
2
alsog’' () = %sza) is calculated. The next value of « is calculated by the formula
_ 8w
a’l — Yo gl(a)

Table 2.5: Example of the Steplength Calculation Using Excel (Newton - Raphson method)

shle 0 W0 & o o o o L g gl

0.5| 6.5 -51 0 0 1 0 il 0.119849 1 2865481201 8435267702
0.5 30 0) 0 0 1 -50) 01175 0.660298 248935135 3749433373

0433881 251472080 1666840636
0.283013  7M467362.7 741244830
0.182551 220357531 329870744
0.115749  §509926.07 147041810
0.071477  1915936.91  65793223.5
0.042356  358019.247  29701905.5
0023535 159542412 137034343
0.0118% 42996433  6684129.73
0.005463  9797.85375  3749795.32
0.00285 133063736  2749760.05
0.002366 42021655  2576718.39
0.00235  0.04701778 257095296
0.00235  59097E-08  2570946.5
0.00235  3AI06E-13  2570946.5
0.00235
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2) Descent Direction calculation

The methods used for Descent direction calculation are, (1) Steepest Descent method, (2)
Conjugate gradient method, (3) Modified Newton’s method and (4) Quasi-Newton’s
method (DFP and BFGS).

4.3.1 Solution Using Steepest Descent method
Given x(©)

Step 1: Compute F( x(®)) by typing the following command (=100*x;4+100%*x,"2 -

200%x, 2% %+ x,"2-2%x,+1).

400x3 — 400x,x, + 2x; —
200x, — 200x%

command, first cell (=400*x, *3-400*x,*x,+2*x,-2), and second cell (=200*x, - 200*x,

).

Step 2: Compute V F(X) = 2 by typing the following

Step 3: Compute d; = - V F(x) as follows,

1) Highlight 1 by 2 matrix

2) Enter the following command (= - (highlight V F(x) ))

3) Press f,button and then press ctrl, shift, and enter (buttons) together.

Step 4: Compute ad,, , a is the Step length which is calculated as we have seen before
(Using Newton-Raphson method). Therefore, a.d, is calculated by the following command

(= a*(highlight dj )) , press f, and then ctrl, shift and enter together.
Step 5: Copy and paste until the stopping criterion is attained

Step 6: Stopping criterion (f(x) < 107°).
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Excel (Steepest Descent Method)

10N using

Benchmark 2 soluti

Table 2.6

icrosoft Excel - Rosenbrock's steepestalsy =aith E

AB CD E FfF G H I JK L M N OPQRST U vV W X ¥ I | M | AR AL AD | AE | AF | AG ..
Rosenbrock's Function F(X) = 100(x,-&, ) (1%, @
Steplength Calculation
steepest descent method Newton-Raphson Method
nX fy)l Vi) de ¢ go gl
ol os || 65 [ 51 || 51| [o1s8es 1 2865481201 435267702
05 50 |50 [ous 0560298  BAR9ISIZS 3749433373
o x ey Vilxy) 4 i'y 0433881 251472080 1666840686
1| |0.6198| (004481 |-03357| [ 0.336| [0.038162 0283013 744673627 7412448305
03825 0425 | 0302]  |0.038925 0182551 200357530 3098707444
nooox o fiey) Viky) g da, 011573 650992607  147041809.5
2 | | 0658 | (00308 | [23s677| [-2357( [-2.28631 007477 191595691 6579322347
04214 23106 | 2311] | 22448 0042336 55891947  25701905.86
nooox o fiey) Vi) d d'e, 003538 159542412 13704349
3 | |-1628| (602120 226209 [-2.264( (-0.00126 001189 42996433 G684129.728
26629 2.30037| [-2.309( [-0.00129 0005463 9797.85375 3749798317
noox o fky) Viky)  d d'a, 000285 133063756  2749760.052
H_ -163 | |6.91838| |-1.2536| | 1.254| 1133632 0002366 42021655 2576718389
266161 1200 |-1208] L-Ldde 000235 004701778 2570952959
nooox o fey) Wiy d d'a, 00085 59097E-08  2570946.496
H -0.496| |172349| | 255.739| |-2957|  |-0.5137 000235 34106E-13  2570946.49
15502 260854 |-2609|  |-0.52407 000235 34106E-13  2570946.49
nooox flky) Viky o d'a, 000235 34106613 2570946.49
H -L01 | |404335) |-1.3489| | 1349| |L.053814 000235 34106E-13 257094649
L0261 L8| |-1322| |-10335 000235 34106E-13 257094649
noox  fley) Vilky o d'a, 000235 34106E-13 57094649
7 | (00481 (092076 | -1754 | [ 1754 [0.922514 000235 34106E-13 257094649
0007 17891 [ 1789]  [0.940965 o de) | gl |
nooox fiky) Viky o d'a, 1 1LB97% 265180978
M 09666 (000113 | 0.0726 | [-0.075| [ -8.6E-0 057795 32201654 12.15258939
0931 Q071 | 0073 | BMEDS 0315016  0.8621345  6.047420625
noox flky) Vilky o d'a, 0172454 01843013 3565173968
H 09665 |.00112| [-0.0225 |0.023| [0.000272 0120759 001965816 2818212243
094 008 | |0023| |0.000258 011378  (.00033062 2723662336
n v fiv ul Vvl ___ﬁ ._rz N 112AR2 4 an7sE.N2 2 71INANNRA r
v ] Sheet1 /Sheet? /Sheet3 /72 I[4] 0 [bnalsh UntedSates L ML |




Hicrosoft Excel - Rosenbrock's steepestalsx i E
Y Z AA AB AC AD AE AF N

alBc D E [ 6 W o1 K oL M oW U ovow X :
ook iy Vi) d d'e, o glo) gla)
20| [09677| {0.00206] |0.07197] [-0.072| [ -8.3805 1 BIGHTTIO7 7545235464
09361 0076 | 0071 |B13E05 00823 0797 B.90582676
noox kY Vilky) ™ 0000643 00044311 8817515768 g
21| (09676 {00005 [-0.0218 [0.022| [0.000262 0001152 -L9E07 8816851458
0932 00| | 00| |os0sr 0001152 4302115 8.316851433
noox fiky) Vixy) i, 0001152 -B16E15 8816851433
1| (0967 [o.00108| [0.071%¢] [-0072| [-8.280 0001152 4302115  8.316851433
0.9364 oot | 007| |208E0s 0001152 4302115  8.316851433
noox ey Vi) i, 0001152  -816515 8316851433
23] [0.9678] [0.00m0a] [-0.0217] [0.022] [ 000026 0001152 4302115 8316851433
0.9365 00| | 0022|0005 0001152 816515 8.816851433
nox fixy) Vixy) g i, 0001152 4302115 8316851433
24| (09681 [o00m03| [0.07112] [-00m| [-8.2805 0001152 4302115  8.316851433
09368 -00697| | 007 | |203E08 0001152 -816:15 8316851433
noox [y Viky) g d'a, 0001152 4302115 8316851433
25| | o968 | {oo0m3| |-0.0015 [0.022| [0.000258 0001152 4302115 8316851433
09369 002 | [ooz|  |o.000268 0001152 -816:15 8316851433
nooox o fiky) Vixy) o d da, 0001152 4302115  8.316851433
M_ 096%2| |o00m2| [ 00707 | |-0.071| |-81E05 0001152 4302115 8.316851433
09371 00693 | | 0069 | 798805 0001152 -816:15 8316851433
nooox o fiey) Vixy) da, 0001152 4302115  8.316851433
]
M_ 09682| |o.00202| [-0.024 | 0.021| |0.000257 0001152 4302115 8316851433
09372 -00218| | 0.022| |o.000262 o 2(0) 7o)
nooox o fiey) Vixy o d d'o, 1 0085192 0.092008366
M_ 09684 |o00m02 | 007023 | -007| |-81E05 0074088 000502015 0081241804
09375 -0068| | 0069 | 793805 0012291 2170205 008053974
nooox o fiey) Vixy) o d da, 0012022 4118510 0080536634
M_ 09683 | @001 | [-002:3| |o0021| |o.000255 0.01202 0 0.080536683
09376 -00217| | 0.022| | 0.00026 0.012022 0 0.080536683
nooox o fiey) Vixy) o d da, 001202 0 0.080536683
M_ 0966 | aoor | 00087 | 007 | -8E05 0.01202 0 0.080536683
09378 -00685 | | 0.068| | 788805 0.012022 0 0.080536683 o
¥ M| Sheet1 /Sheet? Sheet3 /¥J Ml [l
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ficrosoft Excel - Rosenbrock's steapestls

A B

o
(=

|g|= |$|=| |%|= |ﬁ|:l |g|= |a|= |ﬁ|:l |$|:l |$|=

(]

C [ E F G H I [JK L

X fiey) Vi) d da,
0.9685| (0.00099 | | -0.0212 ] | 0.021 0.000253
0.9379 -0.0216 | | 0.022 0.000259
X fiey) Vi) d da,
0.9638| 10.00099 | | 0.06946| |-0.069 -8E-05
0.9382 -0.0681 [ | 0.068 71.83E-05
x  fiy)  Viky)  d d'a,
0.9687| 10.00098 -0.021 0.021 0.000252
0.9382 -0.02151 | 0.021 0.000257
x  fixy)  Viky)  d d'a,
0.9689| 10.00098 | | 0.06305| |-0.069 -1.9E-05
0.9385 -0.06771 | 0.068 1.79E-05
x  fixy) Vi) d d'a,
0.9689| 10.00097 | | -0.0209| | 0.021 0.00025
0.9386 -0.0213 | | 0.021 0.000255
x  fiy)  Vilky)  d d'a,
0.9691| |0.00097 | | 0.06864 | |-0.069 -1.9E-05
0.9338 -0.0673 | | 0.067 7.78E-05
X fiy)  Vixy) d d'a,
0.969 | |0.00096 | |-0.0208] | 0.021 0.000249
0.9389 -0.0212 | | 0.021 0.000254
x  fiy)  Vixy) df d'e,
0.9693| 0.00096 | | 0.06824| |-0.068 -1.8E-05
0.9392 -0.0669 | | 0.067 7.69E-05
X fiey)  Vipgy) d* d'a,
0.9692| 10.00095 | |-0.0207] | 0.021 0.000247
0.9392 -0.02111 | 0.021 0.000252
X fiy) ik d d'a,
0.9694| 10.00094 | | 0.06734| |-0.068 -1.8E-05
0.9395 -0.0665 | | 0.067 7.64E-05
Sheet1 /Sheet2 /‘Sheetd /¥J

N

OPQR ST U v W \{

o glo) gle)

1 0.08084545  (0.086937455
0.072374  0.00463263  0.077018395
0.012224  1.8922E-05  0.076389527
0.011977  3.2029E-10  0.076386941
0.011977  8.3961E-16  0.076386941
0.011977  -1B39e-15  0.076336941
0.011977  1.7347-15  0.076386941
0.011977  -1.B39%e-15  0.076336941
0.011977  B.5348E-16  0.076336941
0.011977  8.3961E-16  0.076386941
0.011977  -1.B39%e-15  0.076336941
0.011977  8.5348E-16  0.076336941
0.011977  8.3961E-16  0.076386941
0.011977  -5.551E-17  0.076386941
0.011977  -5.551E-17  0.076386941
0.011977  -5.551E-17  0.076386941
0011977 -5.551E-17  (0.076386941
0011977 -5.551E-17  (0.076386941
0.011977  -1B326-15  0.076336941
0011977 26298615  (0.076386941
0011977 -L839E-15  (0.076386941
0.011977  8.4655E-16  0.076386941

o gla) gle)

1 763834493 7.079802831
-0.07889  -0.6620154  8.317851737
0.000657  -0.0037252  8.22429991
0.00115 -1.204E-07  8.223768509
0.00115 -1943E-15  8.223768492
0.00115 -1.943E-15  8.223768492

nANT1E

£ N1anNr 1K

0 1719 7E0407

4]

AA

AB

AC

AD

AE

AF

AG
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Hicrosoft Excel - Rosenbrock's steepestasy

AB CD E F 6 H I Jkl L M N OPQRST U vV w X Y I M M AC | A z
N fiy) o Viky) g d'e, o glo) 2o
41| |09694) |0.00094| [-0.0206| [ 0.021] |0.000246 1 007636102 0082171974
0,939 0021 | |00z | [ 00002 0070707 0.00427638  0.073030294 2
nooox o fxy) Vixy d d'a, 0012161  L6S08E-05  0.07466702
M_ 0.9696| |0.00093 | |0.05744| [-0067| |-7.7:05 0011933 2491610 0.072464513 i
09398 -0.061 | | 0.066] | 76605 0011933 476615 0.07464512
nooox fxy) Vixy  d d'a, 0011933 645616 0.07M64512
M_ 0.9695| |0.00093 | [-0.0205| [ 0.02 | | 0.000244 0011933 LOSITELS  0.07M64512 =
09399 0.0209] [ 0.021] | 0.000249 0011933 1617615 0.07M64512 3
nooox fiky) Vixy  d d'a, 0011933 645616 0.07M64512 _
M_ 0.9698| |0.00092 | |0.06705| [-0067| |-7.7E:05 0011933 L665IE16  0.07464512
0.9401 -0.0657| | 0.066| | 7.556-05 0011933 LG6SIEA6  0.07M64512 T
noox fiky) ik d d'a, 0011933 L665IE16  0.07464512
M_ 0.9697| |0.00092 | |-0.0203 | [ 0.02 | | 0.000242 0011933  LG6S3EIS  0.07464512 8
0.9402 00208 | [ 0.021] | 0.00047 0011933 LOSATE-LS  0.07M64512
nooox o fiky) ik d d'a, 0011933 -LISELS  0.07M64512
bl
W_ 0.9699| |.00091 | |0.06666| (-0.067) | -7.7-05 0011933  LG6SIEAS  0.07464512 2
0.9405 -0.0654| | 0.065] | 751605 0011933 LOSATE-LS  0.07M64512 A
noox fly) Vily) o d d'a, 0011933 -LISE1S 0072464512 w
M_ 0.9699| |0.00091 | (-0.0202| | 0.02 | | 0.000241 0011933 LG6SIEA6  0.07M64512
0.9405 -0.0206| [ 0.021] | 0.000246 0011933 161715 0.07M64512 &
nooox o fiky) Vi d d'a, 0011933 19568615 0.07M64512
W_ 0.9701] | 0.0009 | |0.06627| (-0.065) | -7.66-05 0011933 L59S9E-16  0.07M64512 a_ v
0.9408 -0.065 | | 0.065| | 746505 o 5(0) 7o) m
nooox o fixy) Viky  d da, 1 7263897 6714450913 v 2
M_ 097 | | 0.0009 | |-0.0201| | 0.02 | |o0.000238 007624 06040436 7.846540088
0.9409 -0.0205| [ 0.021] | 0.000244 0000738  -0.0031323  7.76365462
nooox o fxy) Viky  d do, 0001149  -9.086E-08 7763211532 —
e
M_ 0.9703| | 0.00089 | |0.06589] [-0.065| | -7.66-05 0001149 954815 7763211513 5
09411 -0.0646 | [ 0.085| | 742605 0001149 2914315 7763211518

NAN11AN AN1AIC 1E T 771711810

» M| Sheetl /Sheet? / Sheet3 /%] el M

dh:
2.27E-05
2.32E-05

dh:
0002
0,002

00021
00022

V(> ¥)

fix.y)

0. 9968 1E-05

0.9935

n

There are 947 iterations.

21788 947

21787
21789
21790
21791



Note that, the detail of the step length calculation at each iteration is skipped here for the

sake of convinience.

4.3.2 Solution Using Conjugate gradient method

Step 1: Given x(® Calculate F ( x(®), V F(x) and d,, = — V F(x) as in the Steepest-

descent method
Step 2: Set B and d*~1 as zeros.
Step 3: Calculate dj, = — V f( x°) + Bd*~* using the following command

(= (highlight — VF( x%)) + B * (highlight d*~1)). press f, and then ctrl, shift and enter
together.

Step 4: Calculate ad), as in the steepest descent method.

Step 5: Copy and paste until the stopping criterion is attained.

[vr ()] vr by
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Excel (Con

10N using

Benchmark 2 soluti

Table 2.7

A B

2
3

6 n
11
8

10 |n
i
14 |n

5l 7
18 |n

19 u_
20

22 |n

23 u_
24

26n

27 M_
28

30n

1 M_
32

34 n

35 u_
36

3&n
39 M_
40

42 n

nwu_
a4

C |D E F G H | ] K L M [N 0 PlQ R
Rosenbrock's function F{X)=1007[x-%; ") +{1-%;)" 1%y,X;1=10.5,0.5}
CONJUGATE GRADIENT METHOD

X flxy) Vilxy) negVf B i d* do

05 [ &) 5T 5] | 1 0 5 [0

0.5 50 -50) 0 -50) 01175
X ey Vilky) negVf B 4 d’ do
0.619849 _PE.EE_ -0.33575] | 0.335749] | 4.51E-05 51 | 0.338049 0.035672
0.382501 -0.34246{ | 0.342464) 50| | 034021 00353
X fixy) Vilky) negVf B d* d" da.
0.655521] | 0.131451| | 2.275923| | -2.27592| | 44.75498| | 0.338043] | 12.85345 0.099735
0.418401 -2.26147| | 2.261467 0.24021] | 17.48754] | 0.135693
X fixy) Vilky) negVi B d d* do
0.755256 _Pammﬂe_ 4.440363] | -4.44036 _m.mucEm_ 12.85345] | 33.47861] 0.110578|
0.554094 -3.26369 | 3.263693 1748754| | 5485372 | 0.181176
X flxy) Vilxy) negVfi B d“ d* da
0.865833| | 0.038727| | 4.71764{ | -4.71764{ | 1005859 | 33.47861| | 2895723 | 0.1230%2
0.73527 -2.87929] | 2.879294 54.85372] | 58.05442 0.246781]
X flxy) Vilxy) negVf B i d* do
0.983925| | 0.001785 -1.6351) | 1.635101f _c.ucmmmm_ 28.95713 | 4.800002] 0.004935
0.98205 0815507] | -0.81551 58.05442| | 5.529614] | 0.005755
X fioy)  Vilky)  negVE B d“ d" do.
0.99392 _ m.wmm.am_ 0.016759] | -0.01676| | 0.000148| | 4.800002| | -0.01605 -1.BE-05
0.987805 -0.01455| | 0.014548 552614 | 0.015363] | 1.69E-05
X fixy) Vilky) negVf B d* d" da.
0.992003| | 3.72605| | -0.00356) | 0.003s64| | 0066724| [ 001605 [ 0002292 | 0001103
0.987822 -0.00414] | 0.004141f 0.015363] | 0.005166f 0.001969
X fioy)  Vilky)  negVE B d“ d" do.
0.995005 _m.aum.am_ 0.087369] | -0.08737] _ wou.h_.ﬂ_ 0.002893] | 0.795397} 0.005004
0.989791 -0.04892] | 0.048924) 0.005166 | 1.625385] | 0.010225
X fixy) Vilky) negVf B d* d" da.
1.000009| | 505£.40] | 0.000243| | -0.00084) [ 878£.05| | 0.795337] | -0.00077 77607
1.000016| -0.00041] | 0.000412 1.625385] | 0.000555 5.53E-07

SITUVNX|Y Z

[=——T1

Al AB

Al AD A

Steplength Calculation

o glo gla)

T 2865081201 8435267702
0.560268 848935135 3749433323
0.283013  74467362.7 741244830
0.182551 22035753.1 329870744
0.115749  6509926.07 147041810
0.042356  558919.247  29701905.9
0.023538 159542412 137034343
0.0118% 42996433  6684129.73
0.00285 1330.63756  2749760.05
0.002366 42,021655  2576718.39
0.00235 0.04701778  2570952.96
0.00235  3.4106E-13 2570946.5
0.00235 34106513 25709465
0.00235  3.4106E-13 2570946.5
0.00235 34106513 25709465
0.00235  3.4106E-13 2570946.5
o glo gla)
0573702 3.42597364  12.9136427
0.308403  0.91586021  6.37693622|
0.164782 0.19576029  3.75861197
0.105647 0.00033453  2.86842555
0.105523 LOSM4E-07  2.86667778
0.105523  3.2196E-15  2.86G67725
0105523 -2.964E-14  2.36667725
0.105523  8.3267E-15  2.86667725
0.105523 1831914  2.86667725
0.105523  -1.943E-14  2.86667725
0.105523 10547514  2.36667725
0.105523  -8.105E-15  2.86G67725

There are 9 iterations

inience

d here for convi

ippe

k

ion is s

Note that, the detail of the step length calculat
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4.3.3 Solution Using Modified Newton’s method
Given x(©

Step 1: Calculate F( x(®), and V F(x) as in the Steepest- descent method.

o’y 9
_ |92 oxux,|  [1200xZ — 400x, + 2 —400x, ,
Step 2: Calculate H = | oy | = ~ 4001, 200 | Py yping

dxp%;  0x2
the following command, H;; (= 1200*x; ~2 — 400*x, + 2), H;, (= - 400*x, ),
H,q (= - 400%x, ), H,, (= 200).
Step 3: Calculate H inverse by,
1) Highlight 2 by 2 matrix.
2) Write the command (= (Minverse (highlight H)))
3) Press f,button and then press ctrl, shift, and enter (buttons) together.
Step 4: Calculate d* = —[H( x©@)]™ VF(x(©®) by,
1) Highlight 1 by 2 matrix.
2) Write the following command (= - Mmult ([H( x©)] ", VF(x©®)))
3) Press f,button and then press ctrl, shift, and enter (buttons) together.
Step 5: Calculate ady as in the Steepest-descent method.

Step 6: Copy and paste until the stopping criterion is attained.
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Benchmark 2 solution using Excel (Modified Newton’s Method)

Table 2.8

_.-||«__ Microsoft Excel - _ﬂomm_..._uan_n.m Zo&mmm Newton

A B C D E F G H |
3 Modified Newton Steplength Calculation
4 Rosenbrock's Function F(X) = HSF.EM_M:H.E_M Newton-Raphson Method
5 n X f vf H Hinverse d* dot o flo) o)
] c_ 0.5 _ m.m_ -5 102 -200] -0.0102  -0.0102 -0.0102| | -0.01019 1 0.015622829  300.3711
7 0.5 50) -200 200 -0.0102  -0.0052 -0.2602) -0.2599 0.939948 0.014971587  300.3717
g 0.939898 0.014347434  300.3723
9 n X f Vi H Hinverse d* daot 0.99985 0.013749418  300.3729
10 1| | 0.489808| _ mea_ -1.0579] 193.85 -195.92 0.519916 0.509318| | 0.530514] | 0.181481 0.993805 0.013176274  300.3735
11 0.240103| 0.038306| -195.9 200 0509318 0.503336| | 0.519508| | 0.177716) 0.939761 0.012627022 300.374
12 0.939719 0.012100667  300.3745
13 |n X f Vf H Hinverse d* do. 0.939678 0.011596254 300.375
14 2| | 0.671289 _qumm.&_ £.152384 375.63 -208.52 0.066121 0.088773 0.04347] | 0.043643 0.99964 0.011112867  300.3734
15 0.417819 -0.56186) -268.5 200 0.088773 0.124185| | 0.091171] | 0.091535 0.939603 0.010649632  300.3759
16 |n X f Vi H Hinverse d" do. 0.999567 0.010205707  300.3763
17 3| | 0.714932 _a.amhﬂu_ -0.0629 411.61 -285.97 0.369073 0.527724] | 0.210422] | 0.200268) 0.999533 0.009780287  300.3767
18 0.509354 -0.35475 -286 2000 | 0527724 0.759574] | 0.302648 | 0.288044 0.999501  0.009372601 3003771
19 0.99947 0.00898191 3003775
20|n X f Vf H Hinverse n, do. 0.99944 0.008607206  300.3778
21 4 0.9152 _FE_ 14,5442 088.15 -306.08 0.055318 0.101255| | 0.009382| | 0.009383 0.939411 0.008248708  300.3782
22 0.797398 -8.03857 -366.1 200 0.101255 0.190337| | 0.057366] | 0.057374 0.959384 0.007904867  300.3785
23 0.939357 0.007573339  300.3788
24 n X f Vi H Hinverse n, do. 0.999332 0.007253587  300.3791
25 5 | 0.924583 _ 0.005688 _ -0.12037 685.92 -369.83 0491896 0.909597| | 0.074194 | 0.074143 0.939308 0.006956978  300.3794
26 0.854772 -0.01648] -369.8 200) 0.909597 1.686397 0.13728| | 0.137186| 0.999285 0.006666983  300.3797
27 0.939263 0.006383077  300.3799
28n X f Vf H Hinverse n_n do 0.939241 0.006122735  300.3802
29 6l | 0.998727 _Pgﬁh_ 2.193572 802.16 -399.49 0.238157 0.475707| | 0.000606] | 0.000606) 0.999221 0.005867534  300.3804
30 0.991958 -1.09946| -399.5 200) 0475707 0.955202| | 0.006709] | 0.006709 0.999201 0.005622953  300.3807
31 0.939183 0.005388567  300.3809
32 n X f Vi H Hinverse q_n daot 0.939165 0.005163951  300.3811]
33 7| | 0.899333| | 4.45E-07] | -0.00115 800.93 -399.73 0499963 0.99526( | 0.000667] | 0.000667, 0.959148 0.004548698  300.3813
34 0.998666| -7.3E-05 -399.7 200 0.99926 2.002187] | 0.001333| | 0.001333 0.939131 0.004742417  300.3815
W 4 b | Sheet1 /‘Sheet2 ~Sheetd /71 4]

There are 7 iterations.

Note that, the detail of the step length calculation is skipped here for convinience
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4.3.4 Solution Using Quasi-Newton’s DFP (Davidon, Fletcher, Powell) method
Given x©

Step 1: Calculate F( x(®), and V F(x) as in the Steepest- descent method.

Step 2: Set s*and g* as zeros and Q¥ = (1) (1)]

Step 3: Calculate d* = —Q*V( x(®) by,

1) Highlight 2 by 1 Matrix

2) Write the following command (= - Mmult (Q¥, V(x(®)))..

3) Press f,button and then press ctrl, shift, and enter (buttons) together.

Step 4: Calculate ad), as in the Steepest-descent method.

For the second iteration,

Step 5: Compute g* by clicking the command (= VF (xgl)) cell - VF(x&O)) cell )and drag

down, and compute s* by clicking the command (= xgl)cell — x§°>ceu ) and drag down.

KT @%@k T
(qF)Tsk (@) TQkqk

Step 7: Calculate Q¥+ = Q¥ + by,

1) Highlight 2 by 2 matrix
2) Enter the following command

<_ Qk " (Mmult(sk,transpose(sk))> _ <(Mmult(Qk,qk))*(tranSpose(Mmult(Qk,qk)))))

Mmult(transpose(gqk),sk) ((Mmult(transpose(qk),Mmult(Qk,qk)))

3) Press f,button and then press ctrl, shift, and enter (buttons) together.
Step 7: compute d and ad by copy and paste.
Step 8: Copy and paste until the stopping criterion is attained.
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Excel (DFP Method)

10N using

Benchmark 2 soluti

Table 2.9

Microsaft Excel - Rosenbrack's DFP.g

A B

500
4
7
gn
5 7
(1

1in
2 U_
3
1
iINE
1 U
17n
15 4
1
00
il M_
b))
3in

u H_
5

3|9

HArH

C D E |Ff G | K M N P QRS| T
Quasi-Newton's Method (DFP)
Rosenbrock’s Function {xJ=100(xqx, /16, {i,%,1={05,05}

X fix) Vi) sk gk 0k dk do.
0.5 6.5 -5 0 0f 1 0 bl 0.119845
0.5 30 0 0f 0 1 -50) 01175

L f V¢ g Q" i ™
0.619849| [ 0.144808) | -0.33575| | 0.119843| | 50.66425( | 0.458012 0.498815| | 0.338034 0.035672
0382501 034246 | -0.1175( | -50.3425) | 0.438815 0.504337( | 0.340194 0.0359

X fi Vi § T Q- o T
0.655521) [ 0.131451| | 2.275923| | 0.035672| | 2.611672( | 0.086472 0.099095 | 0.027257 0.099936
0418401 -2.26147 0,0339 -1.519( 1 0.093095 0.116156) [ 0.03715 0.136009

! ) V8 q " T i
0.755458| [ 0.086392) | 4.438563| | 0.099936( | 2.16264{ | 0.127075 0.174858) | 0.006378 0,032141
0.55441] -3.26137 | 0.136009{ [ -0.9399) | 0.174898 0.242257( | 0.013794 0069517

! fy V8 q " T i
0.787599) | 0.046421| | -1.56346] | 0.032141] | -6.00202{ | 0.065271 0.106395) | 0.02514 0.072247
0.623926 0.722867 | 0.069517{ | 3.984233) | 0.106393 0.177725( | 0.037872 0.108835

X fig v § q i o o
0.859845| [ 0.023963| | 1.980138) | 0.072247| | 3.54366( | 0.207505 0.325462) | 0.016914 0.057292
0.732762 -1.31449( | 0.108835( | -2.03733) | 0.325462 0.51267| | 0.029419 0099651

Vi § T Q" dk do.
3.030471] | 0.057292) [ 1.056273] [ 0.189938 0.332352| | 0.003465 0016491
-1.74575| | 0.099651( | -0.43127( | 0.332352 0.582937) | 0.00B488) 0.040391

Vi § T " ik da,
0.933629| [ 0.004535] | -0.53866) | 0.016491( | -3.59513{ | 0.124573 0.23397§) | 0.015%9]] 0,039165
0.872804 0.228090( | 0.040391( | 1.97383] | 0.233978 0.430268( | 0.029120 0071334

! fy V8 q " T i
0.972794) | 0.00122| | 0.797881) | 0.039163( | 1.356536( | 0.352331 0.658678) | 0.007425 0.028592
0.944138 -0.43806] | 0.071334 | -0.66616( | 0.658678 1.234217) [ 0.01512) 0.058223

f fg W8 ¢ o
1001386 | L9E-05( | 0.16809| | 0.028592) | -0.62979| | 0.463391 0.902367| | -0.00351) -0.00173
1.002361] -0.08254( 1 0.058223( | 0.33552) | 0.902367 1.762281( | -0.00621 -0.00307}

ffg W8 ¢ & i
0.999654 | L43E-07| | 0.005377) | -0.00173( | -0.16271{ | 0.360175 0.715306] | 0.000235 0.000342
0.999293) -0.00304( | -0.00307{ | 0.079309] | 0.715306 1.425265( | 0.00048 00007

Sheetl /Sheat? / Sheet3 /13

X |y Z A AR
Steplength Calculation
Newton-Raphson Method

o o) glo)

1 2865481201 843526770
0060298 48935137 374943333
0433881 251472080 1666240686
0283013 TMG73627  TA1244830)
0182351 220357531 329870744
0115749  6509926.07  147041810)
0071477 191595691 657932235
0042336  558919.247  29701903.9
0023338 159342412 137034343
0.0118% 4299433  6684129.73
000463 9797.85375 37497983

000285  1330.63756  2749760.05
0002366 42021655  2576718.39
000235 004701778 2570952.56)
000235 59097E-08  2570946.5
000233  34106E-13  2570946.5
000233
o go) £lu)

1T 119505208 28.0330428)

0573699 342544397  12.911646)

03084 091570989  6.37601102
0164782 019572182 3.75814701
0112702 002093012 2.96853407)
0105652 0.00035475 286816605
0103528  1.0803E-07  2.36641928)
0105528  3.7748E-15  2.86641874
0105528 -LO77E-14  2.86641874
0105528  4.3799E-15  2.86641874
0105528 -3.09E-15  2.36641874
0103528  4.2188E-15  2.36641874
0.103528 0 286641874
0.105528 0 2560641874

There are 9 iterations.

inience.

d here for convi
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Note that, the detail of the step length calculat
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4.3.5 Solution Using Quasi-Newton’s BFGS (Broyden, Fletcher, Goldfarb, and
Shanno ) Method

Given x©

Step 1: Calculate F( x(%)), and V F(x) as in the Steepest descent method.
Step 2: Set s*and g* as zeros and Q*as identity 2 by 2 Matrix.

Step 3: Calculate d¥ = —Q*V( x(¥)) by,

1) Highlight 2 by 1 Matrix

2) Write the following command (= - Mmult (Q¥, V( x(%))))..

3) Press f,button and then press ctrl, shift, and enter (buttons) together.
Step 4: Calculate ad), as in the Steepest-descent method.

For the second iteration,

Step 5: Compute g* by clicking the command (= VF (xgl)) cell - VF(xgo)) cell )and drag

down, and compute s* by clicking the command (= x7 cell — x{cell ) and drag down.

Step 7: Calculate

Qk+1 — Qk + (1 + (qk)Tquk) sk(sHT _ 1 [[Sk(qk)TQk]T-l‘ Sk(qk)TQk] by,

(@)Tsk J (@)Tsk  (gF)Tsk

1) Highlight 2 by 2 matrix
2) Enter the following

Command<= Qk + (1 + (Mmult (transpose (q*), Mmult (Q*, %))/

Mmult(transpose(q*),s*)) (Mmult (s¥, transpose(s*)/

Mmult(transpose(qk),sk)) - (l/Mmult(transpose (qk),sk)) *
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(transpose (Mmult (s*, Mmult(transpose(q*), Q%))) +
Mmult (s*, Mmult (transpose(q*), Qk)))>)

3) Press f,button and then press ctrl, shift, and enter (buttons) together.

Step 7: compute d and ad by copy and paste.
Step 8: Copy and paste until the stopping criterion is attained.
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Excel (BFGS Method)

1on using

Table 2.10: Benchmark 2 solut

AB C D E F G H I |J kK L M N O P QRS T UVW X |Y I AA AB
2 Quasi-Newton's method BFGS Steplength Calculation
3 Rosenbrock's function f{x) = 100(x,-x, +{1-x,)’ Newton-Raphson Method
5n X f(x) Vi(X) 5 q" Q" d do o glo) ga)
6 H_ o5 [ 65| 51 0 0 1 0 51 0.119849 1 2865481201 8435267702
7 0.5 50 0 0 0 1 -50 01175 0660298 848935135 3749433323
gn X f(x) Vi 5 q Q™ dk da 0433881 251472080 1666840636
9 1] [0.619849] [0.144808] [ -0.33573| [(0.119849] ['50.66425] [(0.438035 0.498838] [0.338049 0.035672 0283013 7M673627 741244830
10 0.382501] 0.3426| | -0.1175 | -50.3425] | 0.498838 0.50436| | 0.32021 0.0359 0182551 22035753.1 329870744
in X 1x) i ) T q ik [T 0115749  6509926.07 147041810
12 2| [o.655521] [0:132452] [ 2.275923] [[0.035672] [2.611672] [0.030052 0.1039%8] [0.030168 0.099936 0.071477 191595691  65793223.5
13 0.413401] -2.26147| | 0.0359| | -1.919] | 0.103968 0.122788 | 0.041058 0.136009 0.042356 558919.47  29701905.9
4n  x f(x) Vi g q Q" dk da 0023538 159542412 137034343
15 3| [0.755458) [0.086392] [ 2.438563| [[0.099926) [ 216264) [(0.134885 (0.191751] [0.026805 0.032141 0011896 4299433  6684129.73
16 0.55041 -3.26137| | 0.136009| | -0.9999] | 0.191791 0.278795| | 0.057976 0.069517 0.005463 9797.85375  3749738.3
17n  x f(x) Vi 5" q Q* dk da 0.00285 1330.63756  2749760.05
18 4] [0.787599) [0.096421) [ 156346 [ 0.032141) [-6.00202] [0.198298 0.306793| [ 0.088262 0.072247 0.002366 42021655  2576718.39
19 0.623926) 0.722867| | 0.069517| | 3.984233| | 0.306793 0.479614| | 0.132961 0.108835 0.00235 0.04701778  2570952.96
M0 x f(x) Vi g q Q* dk da 000235 5.9097E-08 25709465
21 5| [0.359845) [0.023963) [ 1.980198] [ 0.072247| [ 3.54366| [ 0.24588 0.359167] [ 0.025887 0.057292 000235 34106813 25709465
n 0.732762) -1.31449| | 0.108835| | -2.03733| [ 0.399167 0.64087] | 0.051983 0.099651 0.00235
20 f(x) Vi g q a* dk do o glo) o)
2 0.013485] [ 3.036471) [0.057292] [T.056273] [0.203531 0.360645] [0.020311 0.016391 T 11950338 2B.0374719
25 -1.74575| | 0.099651| | -0.43127] | 0.365645 0.664478| | 0.049746 0.040391 0573702 342597364  12.9136427]
26 n f(x) vi g q Q" dk da. 0308403 0.91586021  6.37693622
27 7| [0.933629] [0.004535] [ -0.55866] | 0.016491] [ -3.59512| [ 0.252546 0.468337] [ 0.034261 0.039165 0164782 019576029  3.75861197
28 0.872804 0.228096( | 0.040391 | 1.97383| | 0.468337 0.873481| | 0.062402 0.071334 0112699 0.02093625 296882634
X0 x f(x) Vi g q Q" dk da 0105647 000035493 286842555
30 _g| [0972794) [ 0.00122] | 0.757881] | 0.039165| | 1.356536| [ 0.386%89 0.729254| | 0.010689 0.028592 0105523 LOBI4E-07  2.86667778
| 0.944138) -0.43306| | 0.071334] | -0.66616] | 0.729254 1.377936 | 0.021767 0.058223 0105523 18985614 286667725
20 x f(x) vi 5 q Q™ dk da. 0105523  -7.327E15  2.86667725
3 o| [vrootsss| [ £905) | 0.16809| | 0.0285%2] | -0.62979| [ 0483742 0.937355| | -0.00394 -0.00173 0.105523 0 286667725
34 1.002361 -0.08254| | 0.058223 | 0.35552| | 0.937355 1.824261| | -0.00638 -0.00307 0.105523 0 286667725
BN X f(x) vi g q Q™ dk da 0.105523 0 2.86667725
3 _10] [0.999654) [ L43E07] [0.005377| [-0.00173| [-0.16271] [0.:360894 0.716777] [0.000235 0.000332 0.105523 0 286667725
37 0.999293) -0.00304| | -0.00307] | 0.079509] | 0.716777 1.428277| | 0.000481 0.0007 0.105523 0 286667725
38 0.105523 0 286667725
W 4 b | Sheetl /Sheet2 ~Sheet3 /%2 14

Note that, the detail of the step length calculation is skipped here for convinience.

There are 10 iterations.
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CHAPTERS

CONCLUSION, DISCUSSION AND RECOMMENDATION

In Chapter 3, it was concluded that most of the unconstrained optimization and the nonlinear
systems of equations algorithms have well established convergence theory. Building
algorithms on the convergence theory described in 3 lead to efficient implementations that
behaved predictably according to their theoretical results. Also some of the individual

strengths and possible weakness of the reviewed algorithms were identified.

The use of Excel spreadsheet was discussed in chapter 4. It was illustrated that the use of
Excel especially as a teaching tool will enhance the students understanding of the algorithms
discussed and the way they work. The effect of changing any cell value can be clearly
observed on all the cells that are dependent on this cell value. Also error can directly be
traced. The availability and the user friendliness of the Excel spreadsheet were shown to be

among the advantages of its use.

Evaluating the performance of a certain algorithm is indeed a difficult task. There is no
definite answer to which algorithm has the best overall performance. It should be
emphasized that all test results depend on the choice of the benchmark problems and the
choice of tolerance for the stopping criteria. For example Tests on high dimensional or noisy

functions were not carried out in this thesis.

The solutions obtained by the methods for nonlinear systems of equations using the
benchmark problem, yielded the following results; Newton’s method converges at 4t
iteration, Quasi-Newton’s method converges at 6" iteration, Diagonal Broyden-like method
converges at 6" iteration, and Homotopy and Continuation method converges at 80"
iteration. The above result implied that Newton method performed better among the
methods, whereas Homotopy and Continuation method have the worst performance.

Quasi-Newton’s method and Diagonal Broyden-like method have shown good performances

given that they do not require the derivative evaluations.
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On the other hand for unconstrained optimization with Rosenbrock’s function as the
benchmark problem, it was shown that; steepest descent method converges at 947th
iteration, conjugate gradient method converges at 9" iteration, modified newton method
converges at 7" iteration, and both quasi-newton DFP and BFGS methods converges at 10"
iteration. Clearly modified newton’s method performed better, followed by conjugate
gradient method, and then DFP and BFGS method.

Due to the inconvenience derived by attaching the calculation of steplength at each step

of unconstrained optimization, it was skipped. It should be noted that the calculation is
mandatory and it can be done on the same sheet. The algorithm for the calculation was given
in chapter 4.3.

One Excel spreadsheet contains 1,048,576 rows and 16,384 columns. It is observed that, the
memory allocated for the rows is independent of the memory allocated for the columns. It is
also observed that, the number of iterations a sheet can take depends on the number of rows
used for steplength calculation. Also the number of rows for the steplength calculation
depends on the dimension of the objective function and the initial/starting point used. For
example when handling an objective function (Rosenbrock’s function) of dimension 2,
requiring 21 rows for the steplength calculation Excel was able to produce 45481 iterations.
Whereas for an objective function (Extended Rosenbrock’s function) of dimension 4,
requiring 48 rows for the steplength calculation Excel was able to produce only 21,399

iterations.
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