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ABSTRACT

This work consists of definitions and basic properties of Orthogonal Polynomials, d-

Orthogonal Polynomials and some examples of the d-Orthogonal Polynomial families.

d-Orthogonal polynomials are extensions of Orthogonal Polynomials. For specific values of
some constants which are used in the definitions of d-orthogonal polynomials, they give the

classical d-Orthogonal Polynomials.

Several properties such as generating functions, differential equations and recurrence relations

for these Orthogonal/ d-Orthogonal polynomial families are obtained.
Keywords:Orthogonal Polynomials, d-Orthogonal Polynomials, Laguerre Polynomials,

Jacobi Polynomials, d-Laguerre Polynomials, d-Hermite Polynomials, Laguerre-Polya class

and Hyper-Bessel functions.



OZET

Bu ¢alisma ortogonal polinomlar, d-Ortogonal polinomlar ved-
ortogonalpolinomlarailesinintanimve bazitemel 6zellikleriniicermektedir. d-
Ortogonalpolinomlar Ortogonal polinomlaringenisletilmishalidir. d-

Ortogonal polinomlarintanimlarindakullanilanbazisabitlerindzeldegerleriicinklasik d-
Ortogonalpolinomlarivermektedir.Uretenfonksiyonlar,diferensiyeldenklemlervetekrarbagintila

rigibiOrtogonal/d-Ortogonalpolinomailesininbazitzelliklerieldeedilmistir.

AnahtarKelimeler  :Ortogonalpolinomlar, d -  Ortogonalpolinomlari,  Laguerre
polinomlari,Jacobipolinomlari, d - Laguerre polinomlari, d - Hermite polinomlari,Laguerre -

Pdélyasinifve Hyper- Besselfonksiyonlari.
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CHAPTER 1

INTRODUCTION AND BASIC DEFINITIONS

1.1 Introduction

This Chapter gives several basic definitions, theorems and some special cases about
orthogonal polynomial theories.

In the field of applied mathematics and physics, orthogonal polynomials have played a very
important role. Moreover, geometrically, orthogonal polynomials are the basis of vector
spaces. Therefore meaning any member of this vector space can be expanding a series of

orthogonal polynomials.

The subject had its origin in the investigation of P. L. Tchebyshev (beginning in 1874) and his
pupil A. Markov on the “theory of limiting new ideas”, among them was a general concept of

orthogonal polynomials.

Almost four decade ago, Konhauser (1965 — 1967) found a pair of orthogonal polynomials
which satisfied additional conditions, which are generalization of orthogonality conditions.
Such polynomials are called biorthogonal polynomials. After Konhauser’s study, several
properties of these polynomials and other biorthogonal polynomial pairs were found.

In this work, general and basic properties of orthogonal polynomials are given, then d-
orthogonal polynomials. Later then types of d-Orthogonal polynomials namely the Hermite,

Laguerre polynomials were investigated.

In the first chapter, several basic definitions, theorems and some special cases about

orthogonal polynomial theories are given.

In the second chapter, definition and some theorems of d-Orthogonal polynomials were

obtained.

In the third chapter, some examples and special cases of d-Orthogonal polynomials are given

with several properties of the d-Orthogonal family.



In the fourth chapter, we see the definition of the Hyper Bessel function and the Laguerre

Polynomial and the similarities between them.
In the fifth chapter we give conclusion.

1.2 Gamma Function

Many important functions in applied sciences are defined via improper integrals. One of the
most famous amongst them is the Gamma functions.

It has several applications in Mathematics and Mathematical Physics.

1.2.1 Definition (Rainville, 1965)

The improper integral
Ftr-le-tdy (1.1)

0

converges for any x>0 is called “Gamma function” and is denoted by I :

Fx = _ t* e tdt (1.2)

0
Some basic properties of Gamma function are given without their proofs (Rainville, 1965)
nm t* le"tdt = n! = I'(n+) (1.3)

where n is a positive integer.

nCn =T(n+ 1) (1.4)
and

I 2b v = 2" 2T (b)I(b + -) (1.5)
where Re(b) >0

[ 2b+ n VA2" 2 "= T(b+ -n)[(b+ z,n+ ) (1.6)



where Re(b) > 0 and n is non — negative

qa n-1!
a = ({1) m (17)

1.2.2 Definition (Askey, 1999)

Let x be a real or complex number and n be a positive integer,

F(z+n) _

(), = o =xx+1....(x+n-1) (1.8)

is known as “Pochhammer Symbol” where x ,is used to represent the falling factorial

(sometimes called the “descending factorial”, “falling sequential product”, “lower factorial’’)

There are some properties of Pochhammer symbol below:

(€)
1 c+nk=ﬁ:‘,

where c is a real or complex number and n, k are natural numbers

, o (—1)j
“n-k1  (-nk’

where n and k are natural numbers

Czk_ C
22k — 2

+

k

[l
[

where ¢ is a complex number and k is a natural number

(2k)! 1
22k T 2

where K is a natural number.

Sequel to this, there is a useful Lemma for Pochhammer symbol. The proof can be obtained as

follows:



1.2.3 Lemma

1
a),, = 220 £ = 1.9
()2:1 2]‘1 2 n ( )
Proof:
= a+1 a+2... a+2n-1
)2n a a+ 1 e 1 (i 1 a+ 1 1
= — —+ e —+ - + 1n-
2 2 2 2 2 "
zzu“ a+ 1 a 1 (e 51 a+1 a+1 1 a+ 1 51
= - —+ —+ - + +n-
2 2 2 2 2 2
a+ 1
=22:1
2:'1 2 n

1.3 Orthogonal Polynomials

In this section we are going to talk on polynomials, definition and some main properties of

orthogonal polynomials which are special case of the biorthogonal polynomials (Askey, 1999)

1.3.1 Definition

A function p: @ — @ is a polynomial if P x = a,x™ + a,_x™ '+ a, .x
a,X + dg,where nisanon - negative integer and the numbers ag, a,, a,, ..., a, are real
constants (called the coefficients of the polynomial). All polynomials have domain (- oo, o). If
the “leading coefficient” a,, # 0 and n > 0, then n is called “degree” of the polynomial. (The
degree of the zero polynomial is not defined).

n 2+_._+

If the variable x and the coefficients a,, (n = 0,1,2,3,...) are real, then P(x) is called a real
polynomial, if the variable x and the coefficients a,, (n = 0,1,2,3, ...) are complex, then P(x)

is called a complex polynomial.



1.3.2 Definition (Orthogonal Polynomials)

Let & be the linear space of polynomials with complex coefficients and let & be its algebraic
dual. A polynomial sequence F, ,=gp in &is called polynomial set if and only if deg(F,) = n

for all non — negative integer n.

1.3.2.1 Properties of Polynomials:

a) A constant multiplying a polynomial is also a polynomial.
b) The sum, difference and product of two or more polynomials is also a polynomial.
C) The composition of two polynomials is also a polynomial.

d) If the number r is a root of a polynomial of degree n with multiplicity m, then there is

polynomial g with degree (n - m) such thatforallx e @, P x = x- r ™Mg(x)

e) A polynomial of degree n and with real coefficientsa,, has at most n real roots
(Zeros).

1.4 Orthogonality of Functions:

If A.B = 0, then the vectors A and B are called “Orthogonal”. If the vectors A and B are given
by the form A = a1+ asj+ ask, B = ki + byj+ bsk, then the orthogonality of 4 and B
implies

that A.B = Y7 ,a,. b= 0.

Any function A(x) can be thought like a vector. Let the values of functions A(x) and B(x) at

the points x,, x,and xsbe important. If A x, = a,, A x, = a;, A ¥x3 = as, B x;, =k,

B x, = by, B xy = bsand Y7, @,.b, = 0, then the function A(x) is called Orthogonal to

function B(x).

For a function which is defined on any interval a,b = I c [, all points of the interval I are

important. Let x,el.



The function A(x) can be thought a vector with infinite dimension and with the coefficients

A(x,). If the points of x, take all values of points from the interval [, when i changes, and if
A x, .B x;, = 0 which means :.-’-1 x B x dx = 0 is satisfied, then the function A4 x is

called Orthogonal to the function B(x) on the interval a, b .

The (.), which means the scalar product of vectors, is changed by the integral. Both of them

are special types of inner product.

1.4.1 Theorem (Askey, 1999)
It is sufficient for the orthogonality of the polynomials on the interval [a, b] with respect to the

weight function w(X) to satisfy the condition:

h
wx g, x xdx=0, i=0,1,2,...,n- 1 (1.12)

i

Here, ¢, (x) is a polynomial of degree n.

Proof:

If the polynomial ¢, (x) and ¢,,,(x) are orthogonal on the interval [a, b] with respect to w x ,
then

b

WX ¢ x¢d; xdx=0, m#n
i

x‘can be written a linear combinations,

x'= agdhy ¥ + ayhy X + auhs ¥+ azds x +. . +ah, x = A, X

Substituting x* into :w x g, x x'dx=0, i=0,1,2,...,n- 1, we have:
b b '
wx ¢, x X'dx=wx ¢, x APy X dx

i i m=n0



h

= My X ¢y X ¢, x dx= 0.

m=0 a

forOsm< i, ¢, ¥ and ¢, x wBlere( < m < n. Hence,

L]

wx ¢, x x'dx=0, i=0,1,2,...,n-1

i

1.5 Properties of Orthogonal Polynomials
Orthogonal polynomials have several important properties. In this section, we are going to be
looking at the general definitions of these properties and obtain special forms of them from

well-known orthogonal polynomial families.

1.5.1 Definition Recurrence Relation for Orthogonal Polynomial
In Mathematics, a recurrence relation is an equation that recursively defines a sequence or
multidimensional array of values once one or more initial terms are given: each further term of

the sequence or array is defined as a function of the preceding term.

Any polynomial family ¢,, x , which is orthogonal on the closed interval [a, b] with respect to

the weight function w(x), satisfies the recurrence formula:

Pusr X — XA+ By ¢y x + Cyghpy_y x =0

hereA, Byand C,, are constants which depend on N

1.5.2 Definition (Askey, 1999)
The Rodrigues formula for orthogonal polynomials are written as:

1 d:'l

qﬁu X = Aalmﬁﬁ

wx utx n=0,12,...

Here, A,, is a constant, ¢, x polynomials are with respect to the weight function «w(x) and
u™ x is a function which vanishes at a and b and is equivalent to the coefficient of " in the

second order linear differential equation of orthogonal polynomial family.



1.5.3 Definition (Askey, 1999)
If the two variable function F(x, t) has a Taylor series as in the form :

]

Fxt = a,d, x t",

n=0

With respect to one of its variables t, then the function F(x, t) is called the generating function
for the polynomials ¢, (x) .

1.6 Some Special Orthogonal Polynomial Families

Some well-known orthogonal families having several applications in Applied Mathematics
and Physics are given in this section. These polynomial families have several properties which
are common and obtainable for any orthogonal polynomial for any polynomial family.

1.6.1 Hermite Polynomials (Askey, 1999)

The Hermite polynomial denoted by H,,(x), which are orthogonal on the interval — oo < x <
oo with respect to the weight function w x = e s given by :

n/2
— H — -1 kn! n-2k
¢, x = H, x = —:_-_,—'!‘-'! —— 2x 1.13

n=0,1,2,...

some of the polynomials H,, x are;

Hyx =1

H, x = 2x

H, x = 4x*- 2

H; x = 8x*- 12x

H, x = 16x* - 48x% + 12

32x° - 160x% + 120x

o
ey
1l

The graphs of the first six Hermite polynomials H; x ,H, x ,H, x ,Hy x ,H,; x and Hs x

are shown in the figure below:
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Figure 1.1:The Graph of Hermite Polynomials

1.6.1.1 Rodrigues Formula for Hermite Polynomials

1.6.1.2 The Generating Function for the Hermite Polynomials

22 d" 3
H,(x) = (=1)"e fzai{e-x )(1.14)

[+a]
Zex—gE __ ™
e B

n=0

1.6.1.3 The Norm of the Hermite Polynomials

IH ()2 = | e * H,(x)dx =2"Van

From the equation

—L = (1.15)

(1.16)



d .d
—_— E! —_—
dx dx
The Hermite differential equation can be obtained as :

H, x

yi-2xy'+ 2ny=0 (1.17)

which has the solution as Hermite Polynomials.

Finally, the recurrence relation for the Hermite polynomial is given as
H,. x -2xH, x +2nH,_ ,x =0 (1.18)

By using the generating function (1.15), we can obtain the recurrence relation above by
following steps.

Taking the derivative of both sides in (1.15) with respect to .

(2x - 2t)e?tx—t" = ——nt"!
n=0 )
T Hux) 7 Hyx
2x - 2t =  ——t"!
(2x=20) == _ -
n=0n n=0
- HFl x - 2HF1 x mn
Lt?l — Atu'i — LT 1
—_ n! _— n! —_ n!
n=0 = n=0

n-on=1

If the indices are manipulated to make all the powers of tas t™,

- 2xH, (x - 2H, _4(x - H, . q.(x
2H) T 2 ) T )

_ ! __ n-1" _n+1

n=0 n=0 n=0

and open some terms to start the summations from 1,

(=] [+ =]
n til

2xH,; x - 2xH, x - 2nH,_, x == Hy x + H,.. x 1l

o) n=1
Is obtained. By the equality of the coefficients of the term :TT ,

2xH, x - 2nH,,_y x = H,,4 x ,

can be written, which gives the recurrence relation (1.18)

10



1.6.2 Laguerre Polynomials (Rainville, 1965)
The Laguerre polynomial denoted by L.;* (x) is orthogonal on the closed interval 0 < ¥ < o

for @ > -1 with respect to the weight function w x = x%e~* given by:

mn Ik
¢, x = L% x = (-1* ﬁt‘; T n=012,...
_ !

k
The special case @ = 0is L,," x = L, x .Letus give the first five Laguerre polynomials,
L|_-_| X = 1

Ly x =-x+1

1 2
L, x == x°-4x+ 2
2
1 3 2
L3x=g—x-—16x - 18x+ 6

1
Ly x = 22 x%- 16x% + 72x% - 96x + 24

1 5 4 3 2
Le » = 120 -Xx7+ 25x" - 200x* + 600x~ - 600x + 120

The graphs of first six Laguerre polynomials Ly x , L, x L, x ,L; x ,L, ¥ and L-(x) are
shown in the figure below:

11



Laguerre Polynomials

20 o4
—n==0
—n=1
—n=2
— 10 =
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=
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5 0 5 10
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Figure 1.2:The Graph of Laguerre Polynomials

Several properties of Laguerre polynomials similar to orthogonal polynomials can be obtained.
One of these properties is that it satisfies second order differential equations.

Starting from i et 1:3"1& L,,(x)], we obtain Laguerre differential equation

xy" 4+ (a+1—x)v" +ny =0, where the solution of this is the differential equation are
Laguerre polynomials can be obtained.

Let’s start with the equation below:

d :i d?
&= |x2t1e L A(x)] =22 e-xlx-—-L () +(a+1—x )-L (x)]

It can be written as linear combinations,

z mn

S La(x) +(a+1 —x]l < Ln(x) = : a,L,(x)

X dxz

Therefore,

12



x®le™* — [ (x) = x%e™* al, x

dx dx

by integrating over the interval (0, c0), it is deduced that

'T’L d a+ 1 de d_
n}xdxx el x dx=

[l
=a; x%*Li(x)dx+
0 =5 0

1=

[=.a]

e *x“L; x L; x dx

=1

L x x%e™ ayly x
=1

It is known that the Laguerre polynomial are orthogonal, then

(=]

e *x%Ly x Ly x dx= 0,

0
Consequently,
» d

a4+l —x -
Ly x — x%Me™*—L, x dx= aq

- dx dx

i j

[+a]
x%e*LF x dx= 0
0

oo i o+ 5 o
o L) [x tem*— L, (x)]dx

{x

n‘f

0

and =L x =y iLx—”so
dx _:"l“l'n:!:.\:;fn _'}J'

[F=]
xte ILf x dx

o'+ a+1-xy'+Ady=0

n-1
2

Then the following differential equation is obtained

A, = -n

xy"+ a+1-xy'+ny=0

The generating function for the Laguerre polynomials

(2]

o " 1 =x{
L, xt"= 17

n=0
can be written. For obtaining the norm LE:')(I)
generating function (1.19) is rewritten as the form of

13

x"+ a+1-x"'=n

(1.19)

norm of Laguerre polynomials, the



=X

e LS, x tM=e™*

m=n

[
-

1 5° (1.20)

by multiplying both sides of (1.19) by w x = e™* where m # n. If (1.19) and (1.20) are
multiplied side by side and integrated over the interval (0, )

[+ ]
[+ ] (=a)

e *L ()LD (0)dx t7+m =
g & () - 07

A(1+1)
g =1

nm=0

Is obtained. If the left hand side of the last equation is separated for m = n and m # n, and take
the integral at the right hand side,

L B . 1 1-t 1
-X 32 . 2 = a . a . +m _
= 'I.'L” (J;’)I'j.t' 1 - + 3 = ILFE (‘t) Lrn (‘t) I'.'f.t' :‘” w0 - [1 _ 1)2 1 + 1 - 1 _ 12

]

i, =0 n, =0

is obtained. By using the orthogonality of Laguerre polynomials, for n = m, second integral at
the left hand side is equal to zero.

If the Taylor series

1 (=]
— tz:a
(1-1)

n=0

is used on the right hand side of the last equality, then

(=a) [+ ]
(=a)

e*L2(x)dx t? = %,

u,ﬁz 0 0 n=0

is obtained. Thus, equality of the coefficient of t*" in both sides give the norm of Laguerre
polynomials as

(@) ) ©
Ly°(x) = e *L% xdx=1

Finally, the recurrence relation for Laguerre polynomial L,;" (x) is given as,

i
T

n+ 1L, x+ x-2n-1-al, x + n+al ,x =0

14



1.6.3 Jacobi Polynomials (Askey, 1999)

The Jacobi polynomial denoted by B,“# (x) is orthogonal for @ > - 1, > - 1, on the

interval [~ 1,1] with respect to the weight function w x = (1 - x)%(1 + x)# , by the formula

n
Fu,ﬂ _ n+a n+fi
no XS o kK n-k
k

=0

x+ 1% x-17m%, n=20,12,... (1.21)

If @ = g, the polynomials F;i”"” (x), are called “Ultraspherical Polynomials”.

Some special case of Jacobi polynomials which depends on the value of @ and fi are given
below:

1 Fora= fi= - % the polynomials

n/2z
1 n! x® 2k1.2_1k

2 2 _ —_

R x = ki n-2k1 - %

are called “I. Type Chenyshev Polynomials”.
Some of the polynomials E,(x) are
Fox =1
F,x =x
Pox =2x%-1
Py x = 4x*- 3x
P, x =8x%-8x*+1
P- x = 16x°- 20x* + 5x

The graphs of this first six I. Type Chebyshev Polynomials Fy x , P, x ,FP; x , Py x , Py(x)
and F5(x) are shown in the figure below:
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Ia

| ——

o0 05
X

Figure 1.3:The Graph of I. Type Chebyshev Polynomials

2 Fora = fi=0

[n/2]
B0 =2 ) (DR (* T ez = ),

k=0
are called “Legendre Polynomials”. Let us give the first five Legendre polynomials;

Py(x)=x

1
Py(x) = 5 (3x2—1)
1
Py(xy = 5 (3x2 — 3x)
1
P(x) = = (35x* —30x% 4+ 3)

1
Pe(x) = 3 (63x% — 70x3 + 15x)

16



The graphs of the first six Legendre polynomials Fy(x), Py(x), P(x), Py(x), Py(x) and Ps(x)

are shown below:

legendre polynomials
1 | =
. e
0.5 //
T _.-—;//
>4
X ok o _|
aiy -
s \
=
05 -5 ¥ Po(x) -
e Pi(x)
P Pa(x)
P P3(x)
> & Pa(x)
-1 | | | PS[K} ]
-1 0.5 0 0.5

Figure 1.31:The Graph of Legendre Polynomials

Here:

n [ ]
H -, if niseven
2
Bl=42_,
2 )

if nisodd .
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1.6.3.1 Differential Equations for Jacobi Polynomials
If;—:I (1-x%) 1-x %1+ x)ﬁ;—;ﬁ”"" x is used to start, the Jacobi differential equation
can be obtained as:

1-x*y'"+ fi-a- a+ff+2y +nn+fi+a+1y=0,

which has the solutions as a Jacobi polynomial.

1.6.3.2 Generating Function

The generating function for the Jacobi Polynomial is given as :

(=]

2urﬂ

pAF x =

" VI-2tx+ tZ21-t+V1- 2xt+ t2 1+ t+ V1- 2xt + t2

n=0

Finally, the recurrence relation for the Jacobi Polynomials are given as:

2n+1 n+a+fi-1 2n+f+abP® x —[@n+a+ B+ 1)(a?- BH2n+ af

i+l
+

BxIPF x +2n+a a+f 2n+a+ f+2 PP x =0

i

1.7 Vector Space

1.7.1 Definition

A vector space (over @) consists a set V¥ by which two operations " + " and " - " are defined ,
called vectors addition and scalar multiplication respectively.

The operation " + " which is known as vector addition must satisfy the following conditions:
Closure: if u and v are any vectors in ¥, then the sum of u + v belongs to ¥

1) Commutative law: For all vectors wand vin V, u+ v = v+ u

2) Associative law: For all vectors u,vand win ¥V, u+ v+w = u+v +w

18



3) Additive identity: The set ¥ contains an additive identity element, denoted by 0, such
that for any vector vin ¥V, 0+ v = vand v+ 0 = v,

4) Additive inverse: For each vector vin V, the equation ¥+ x = Oand x + v = 0 have a
solution x in V, called an additive inverse of v and is denoted by — ¢

The operation " - " which is known as scalar multiplication is defined between real numbers
(or scalars) and vectors, and must satisfy the following conditions:

Closure: If v is any vector in ¥, and c is any real number, then the product ¢ - v belongs to V.

5) Distributive law: For all real numbers ¢ and all vectors w,vin V,e- u+ v = c-u+ c¢-
i 5

6) Distributive law: For all real numbers ¢,d and all vectors vinV, ¢+ d -v=c-v+
d-v

7) Associative law: For all real numbers ¢, d and all vectors vinV,¢c- d-v = ¢cd -v

8) Unitary law: For all vectors vinV,1-v = v

1.7.2 Definition (Inner Product)

Let V' be a real vector space. Suppose to each pair of vectors u, V' there is a real number
assigned, denoted by wu, v . The function is called a (real) inner product on V if it satisfies the

following axioms:

Ay (Linear property) auy + bl v = @ Uy, v + b U, v

As: (Symmetric Property) u,v + v, u

A5 (Positive Definite Property) u,v = 0;and u,v = Oifandonlyifu = 0.
The vector space V' with an inner product is called a (real) inner product space.
A,is equivalent to two conditions as follows:

[ Uy+ Uy ¥ = Uy, ¥ + U vand il kuv = kuv

Using A, and A, (Symmetric axiom), we have
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wocvy+ dvy, = cvy+tdvpt = cvpu +dv,u = cuvyy, +duv,
Then equivalently, we obtain from the two conditions as follows:
I wuvy+ v, = v, + wvzand i w kv = ku,v

Which means that the inner product function is also linear in its second position (variable).

Using induction, we obtain:

fdyly + dalip + oo+ @ully,, ¥ = fy Uy, U + Ay Uz, ¥ + oo+ @, Uy, V (1.22)
and
w, by + by + o+ By, = by uvy Y Bu v, + o+ B,y (1.23)

Combining the (1.22) and (1.23), yields the general formula
auy, by = ab; wy, v, (1.23)
1.7.2.1 Definition (Inner Productand Orthogonal Functions)

The inner product of two functions f x , g(x) on the interval a, b is a number denoted by
f.g givenby f,g = fj x g x dx

If the inner product is zero, we say f and g are orthogonal.
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CHAPTER 2

2.0 d-Orthogonal Polynomials

In this chapter, we are going to see definition and some theorems of d-Orthogonal polynomials

obtained.

During the past two decades, there has been increase interest in some extension of the concept
of standard orthogonality. One of them is the so — called multiple orthogonality. This notation
has many applications in various domains of mathematics as analytic number theory,
approximation theory, special functions theory and spectral theory of operators. A convenient
frame work to discuss explicit examples of multiple orthogonal polynomials known as d-
orthogonal polynomials. This notion was introduced as follows:

Let & be a vector space of polynomials with coefficients in & and & be its algebraic dual.
We denote by 1w, f the effect of the linear functional u €’ on the polynomial fe# Let
E, .- be a sequence of polynomial set. The corresponding monic polynomial sequence

B, oisgivenby F, = 1B,

n = 0, where 4, is the normalization coefficient and its dual sequence i, .= IS defined by :

u:lv F.:rl = '5:'1,”1 1‘1',, nm = 0
&, mbeing the Kronecker symbol.

Note:

The Kronecker symbol in Mathematics also known as Kronecker’s delta named after Leopold
Kronecker, is a function of two variables, positive integers. The function is 1 when the

variables are equal and 0 when otherwise:

0 ifmzn

Bnm = 1 ifm=mn
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where the Kronecker delta d,, ,, is a piece wise function of variables i and j. For example

d34 = Owhereas d;, = 1.

2.1 Definition

Let ‘d’ be an arbitrary positive integer. The polynomial sequence F, ,-.q is called a d-
orthogonal polynomial sequence (d-OPS, for shorter) with respect to the d-dimensional

functional vector

U= i(unl---lu:a 1)

if
Ty, HnPn =0 ) m> dn+ k’ nz0 (21)
Uy, FnP:hirk 7 0’ nz0

for each integer k belongingto 0,1,2,...,d - 1
2.2 Definition

Let cwy, cy, s, ..., twy be ‘d’ linear functionals (d = 1). The polynomial sequence F, ,=q iS

called a d-orthogonal sequence (d-OPS) with respectto Q = *(ey, ey, tws, ..., wy) if it fulfills:
Wy FnFy =0, n2md+ a (2.2)
Wy, anmﬂru 1 * O, mz=2 O (23)

for each integer a witha = 1,2,...,d.

2.2.1 Lemma

For any linear function u and p = 1 integer, the following two statements are equivalent:

a. whP,, 20, u,f =0, n=zp

b. 4, BO<v<p-1 4, ,# Osuchthat u= YI_ju,4,.
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The notation of the d-orthogonality for polynomials, define and studied, appears as a particular
case of the general notation of biorthogonality.

Remark

1 When d = 1, we meet again the ordinary regular orthogonality. In this case, F, =g iS
an orthogonal polynomial sequence (OPS).

2 The inequalities (2.2) are the regularity conditions (for equivalent conditions of
regularity). In this case, the d-dimensional function Q is called regular. It is not unique.
Indeed, according to Lemma 2.1, we have:

Wy = A%u,, A%_, # 0, l<ac<d
v=0

v+l
o Uy, = Thil, , Th,y 20,0 v<sd-1

a=1
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CHAPTER 3

SOME EXAMPLES AND PROPERTIES OF D-ORTHOGONAL POLYNOMIALS
3.1 d-Orthogonalof Hermite Type Polynomials
In this third chapter, some examples and special cases of d-Orthogonal polynomials will be

given with several properties of the d-Orthogonal family.

Al-Salam (1990) did a wide research on the subject (Hermite polynomials). The Hermite

polynomials:
E
+ nl (- 1)knn-2
Hu X = o }’:1,2 '{': 1.:'1 -8 wlere }’:1,2 = ,I._'l n- 2.;1, | (31)
k=0
since%‘% = f% is a rational function in k, we consider a polynomial set FE, ,=q
2 T
of the form
n
m
Pn X = }"u,m 'I': Eu mk X,
k=0
wherem = 2, B, ,..g IS the basis given by B, x =1and
k=1
B(x) = (x+ m(r)) k=12, ..
=0

3.2 d-OrthogonalA,,,- Appell Polynomial

Before this d-orthogonal polynomial of A,,, we need to know what is the definition of A, -

Appell Polynomial.
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3.21 A,- Appell Polynomial Sets

As an example of theA,,- Appell Polynomial Sets, we first mention the polynomial set

x(u,m):xx_w ¥X— 2w ... x- n-1 w, n= 1,2,3

(m,W) i
X - defined by 00 = 1

is a A,- Appell Polynomial set since we have A,x(™ “) = nx(®-1 @) Sych type of

polynomial sets are generated by:

" x(u,m)

1+ w)*™@ = ——t" (32)

n=0

Now this example can be used in characterizing all the A,,- Appell Polynomial set. We have a
theorem supporting this:

3.2.1.1 Theorem

Let E,(w;.) =g be apolynomial set. The following assertions are equivalent:
i) E,(w;.) n=gisal,, — Appell polynomial set.

i) There exist a sequence a, =g IS independent of n; a,, # O such that

iii) E,(w;.) ,=glS generated by

At 1+ wt* = a, ———x "k (3.3)

where
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At = agtc as# 0 (3.4)

Proof:
The implications i (iii) and iii (1) are evident.

Next, we prove that i  (ii). Since P(w;.) nag and B, (e;.) pag x™%) ., are two

polynomials to write:

mn n!
F, w;x = ;_—._-_,au’k - k)!x(” ka) n=0,1,2,.. (3.5)

where the coefficients @, , depend on n and k, and a,y# 0. We want to prove these
coefficients are independent of n. By applying the operator A,, to each of the member of (3.5),

also having the fact that FP,(w;.) nsgand x(¥) Lapdre A,,- Appell polynomials. If we want

to obtain:

n=1

(n-1)!
E__na”"‘(n— 1- k)!

Py wyx = x(A=8=14) (3.6)

Since A, x(®®) = 0. By shifting the index n —~ n + 1 in (3.6), we have

n nl .
fowiX = Gy ¥ 0 M= 002 (37)

Comparing the equations (3.5) and (3.6) and noting that @, ;, = @, for all k and n which

means that a, , = @y is independent of n and this finishes the proof.

Having known the definition of the A,,- Appell polynomials, we now see the definition of the

d-orthogonal A,,- Appell polynomial.
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3.2.1” d-OrthogonalA,,- Appell Polynomial

We start with a Lemma.
Lemma 3.1

The polynomial sequence FE,(w;.) .= generated by (3.3) — (3.4) is a d-OPS if an only if the
coefficient 5, = Ofor k = 0O; given by

: Bt = 1+ wt : o t" (3.8)
n=0 n=0
wherefs,, = @, + wa,_ ;n= 0:witha_ ;=0
satisfying the conditions:
G.=0fork=>d+ 1landfi; # 0

Proof:

According to definition (2.1), the polynomial by (3.3) — (3.4) is a d-OPS if and only if these
polynomials satisfy a recurrence relation of type:

.

— 8] d-1-v p
Pmrurl X = X- .ﬁmrt! Pmrt! x - Pr:ruci qurc! 1-v X ,mZ O 39

T = & = - [ >
with initial conditions: 0 X = 1 P x = x= fo and Ig d!‘lz,ﬂ
P,_-_,l': I‘ﬁutputx‘Z:E:ni":awL;Puzpl',25”15&‘

such conditions, by virtue are equivalent to the fact that the coefficients f; k = 0; given.

Let E,(w;.) =g be apolynomial set generated by (3.3) — (3.4), if

At = exp A, tY
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withd, # 0

At _
A T

r=1

N r=—1
vd, t*

3.3 Hypergeometricd-Orthogonal Polynomial

The generalized hypergeometric functions are defined by:

= 0

m

a4y . ap

p ’"ﬁ 3.10

9

plg 2 = ﬂFc.l iy bw &=

__ b,

m=0 m

p and g are positive integers or O (Interpreting an empty product as 1)

z is the complex variable
@, abbreviates the set of p complex parameters ay, i3, as, ..., @,
a ., az 0,-1-2, .., isthe Pochhammer symbol given below

, ifm=0
a+m-1, ifm=123,..

_F-:I+m 1
@ m= Ma a+ 1 ..

The numerator parameters @, and then the denominator parameter £, take on

complex values provided &; # 0,-1,-2,... ; j=1,..,9.

Thus, if a numerator parameter is a negative integer or a zero, then the ,F, series

terminates and this leads us to a generalized hyper geometric polynomial of the type:

mn

(_ n)m(al)m ({Ip)m X

Pﬁ x = FJ'1'F;|' -n, ai-” ; nlfn'+ Lix = —Tn(ﬂ'1+ 1)m...(ﬂ'c,l+ 1)mm (311)

wherea; # -1,-2,...,; j=1,..,q.Alsosetting D, = d dy We have the identity :
':I;.rj oy

D, .k, a,,; b, x = 5 L. oy ay+ 1 b,+1 x (3.12)
IR |
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Two great Mathematicians: Abdul — Halim and Al — Salam (1990) dealt with the problem of
finding all orthogonal polynomials of the form (3.11). They proved that the only orthogonal
polynomial of this type are essentially the Laguerre polynomials (p = 0, g = 1) for which we

have the representation:

LY x = n-;cr Fy-ma+ 1x (3.13)

Obtaining the following using a different approach from Abdul-Halim — Al-Salam that
the hypergeometric polynomials given by (3.11) are d-Orthogonal if and only if p =0
and g=d. That is, the polynomials of type:

e x = Fy-nag+ Lx, @# -L-2.., j=1..d (3.14)

3.3.1 Some Propertiesofthe Polynomials £,

i1y

i) The Explicit Formula— As we can see from (3.14) that €, has the explicit

formular:

n

n (-1 "

e x = x®, n=0
F=0i k I_ll-f:l(n‘.'-'- 1)k
i) The Generating Function— from the Brafman identity (1951):
e'  F, a,; a,+1;-xt = F!”'IF‘“ -n, @y ayt1lx,

n=0

we deduce that the generating function for the polynomials €, , n> 0
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n

. . — tiy]
et oFy —; ag+ 1 ;-xt = e, " x —

- (3.15)

n=0

If we multiply the two members of the identity by e~* and equalizing the coefficient of t"we
obtain:

il n

x= (DT (@), (DR ke x (3.16)

7=1 k=0
oy

which leads us to expand any analytic function in terms of €,° using the generating

function techniques or the series rearrangement technique when ever we can.

We can note that if we put d = 1, the generating function (3.15) reduces to the classical
generating function for Laguerre polynomials
|
e |, 2Vxt = — g xt" (3.17)

—a+l
n=0 H

where [, is the Bessel function of the first kind.

3.4 Jensen d — Orthogonal Polynomial

First we look at the definition below:

3.4.1 Laguerre-PolyaClass LP

An entire function g x is said to be in the Laguerre-Pdlya class, i.e@ x € BP if it can be

represented in the form:

l

g X
@ x = cx™Me axisfix 1-— ¢ 0< w< o (3.18)

- = n
n=1

wherea = O,c,ff € @ and x,, ,, is a finite or infinite sequence of non — zero real numbers with

Y. X, < oo, If w = 0, then by convention, the product is defined to be 1.
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A real entire function ¢ x is of type I in the Laguerre-Pdlya class, BPI, if o x or ¢ —x

can be represented in the form:
: x
@ x = cxMe™"* 1+ — 0 w< o (319)

wherea > 0, ¢ is real, m is a non — negative integer, x,, > Oand Y, x; ' < oo
if

xn
px = Va F Ay (320)

n=0
withy,, 2 O (ory, < Oor -1 ™y,> 0)foralln= 0,12, .., then g x 2Pl

The significance of the Laguerre-Pdlya class in the theory of entire functions stem from the
fact that functions in this class, and only thses, are the uniform limits on compact subsets of 1,

of polynomials with only real zeros.

The class @] consists of entire functions which are uniform limits on the compact sets of the

complex plane of polynomials whose zeros are either all positive or all negative.

The class B and BP1 attracted the interest of great masters of the classical analysis. The main

reason is the fact that they are closely related to the Riemann Hypothesis.

Now we define the Jensen polynomials associated to the entire function ¢ x with y, # O for
alln=0,1,2,.. by:

Gy ©,X = g, X = :F",ux'l (321)

The Jensen polynomials enjoy a number of important properties. For example, they are
generated by x,t = e‘g(xt) , thatis:
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= 00

t?l

Eitp xt = -_-I:Iﬂu(x)m

The Jensen polynomials associated with an arbitrary entire function form a natural sequence of
approximating polynomials. In fact, the sequence (g, (g, x~n)), converges locally uniformly

top x .

Jensen established the following interesting characterization of functions in BF.

Theorem 3.4

The function g belongs to B if and only if the associated Jensen polynomials g,, @,x ,n =

1,2, .. have only real zeros. Moreover, the sequence g, : 2/n converges locally uniformly to

@(2)

Finally, the Jensen d — Orthogonal polynomials are new characterization of the d -
Orthogonal Laguerre polynomials.

We have:
& t?l
expt iy xt = Pn(x)m,
n=0 )
With
Yz = 2" ¢, 2 0

are the polynomials L.
In view of this, we have the theorem below
Theorem 3.5

The only d — Orthogonal Jensen polynomials are the d — Orthogonal Laguerre polynomialsL:”.
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3.5 Continuous d — Orthogonal Polynomials
3.5.1d - OPS of Hermite — Type

We consider the polynomial set F,(.;d) ,=q of Sheffer type zero generated by

e +1
mn

GE! I,I = eXp Xt - n-tir'l t = FR(I)F, ﬂ-iir‘l t = };ktk,};d,-li 0 (322)

n=0 k=0

(Douak) showed that F,(.;d) ,.q is the only polynomial set which is both Appell and d —

Orthogonal and derived the corresponding d-dimensional functional vetor.

3.5.1.1 Theorem (Douak)

The polynomial set F,(.;d) ,=q generated by (3.22) is d-orthogonal.
Proof:
By application of the operator I, to each members of the equality
Gy x,t = exp xt—my,q b,
we obtain
xG; x,t = DGy x,t +mwy .t Gy xt.

It follows by virtue of the Lemma and (3.23),

Lemma 3.5 (Freeman)
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Let F x,t = YaegF.(x)e,.(t) where F, .., is a polynomial set in and e, ... iS a
sequence in t ;e, being of order n. then for every L. = L, € AW (resp. M = M,

vy, thereexistanunique L = £, V™' (resp.M = M, AC")such that:
L,F x,t = L,F x,t resp.M,F x,t = M,F x,t

where we letV”  be the set of operators acting on formal power series that increase the order

of every formal power series by exactly one.

1

LetV be the set of operators acting on formal power series that decrease the order of

every formal power series by exactly one.

The operator L (resp. M) is called the transform operator of L (resp. M) relative to the

generating function F(x,t). Next we limit ourselves to the case:

t?l
€, t =3 L.=X and M, =T,

whereX (resp. T) is the multiplicative operator by x (resp. the multiplicative operator by t).
For this case, the generating function G x,t = > ., F, (x)jTT appears as the Eigen function

of the operator X = X, (resp. T = T, associated with the eigenvalue x (resp. t). We have in

fact:

X.G x,t =xGxt, T,G x,t =tG x,t (3.23)

Using Lemma 3.5 and (3.23) that the transform X, of X relative to G, x,t is given by
‘ff. =Dy+myt

i+

Taking into account the theorem below, we conclude that F,(.; d) ..»q is d-Orthogonal.
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Theorem 3.6 (Douak)

Let £, ,,-5beapolynomial set generated by

man
(@

__ n!
n=0

Gxt =AtGyx,t = : (3.24)

where G, 0,t = 1. Let X and @ = T be, respectively, the transform of X and T the
multiplicative operator by x and the multiplicative operator by ¢ according to the generating
function G (x,t). Then

) The following assertions are equivalent :
(@ F, ,=pisad-OPS.
OR SR
i) If P, ,.q is a d-OPS, the d-dimensional functional vector U = “(ug, ..., ugz_,) for

which the d-Orthogonality holds is given by

g’

wf =X 2 () =-2—f0, r=01,.,d-1 f P(3.25)
A(r) x=0

7! r1A(F)

3.6 Discrete d-Orthogonal Polynomials

Here we are going to see some multiple Orthogonal sets generalizing the Charlier and Meixner
polynomials following an approach based on Theorem 3.6, to investigate some discrete d-OPS
generalizing the Charlier and Meixner.

3.6.1 d-OPS of MeixnerType

Here we are considering a new d-OPS. Let us consider the polynomial set F,(.; f5,€) ,=q Of

Sheffer type zero generated by
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c-1 1t I_ mPn(x;Eac)taz

Gy x,t = t -t F 1+ - = .
a X, exp My_q 1 1 T 1_3 _ = (3.26)
my_4 t being the polynomial of degree d - 1.
E,(.;B,c) a=pis reduced to Meixner-Polynomials m,(:‘) . for d =1 . First we state
nz=
3.6.1.1 Theorem
The Polynomial set F,(.; 5, ¢) ,=q is d-Orthogonal.
Proof:
The application of the operator D, to each member of (3.26) gives
. s -1
D,_Gd x,t =m,yqt Gc! xt + mﬂd xt + m IGH Xt (326)

From (3.26), we obtain after some computations

-C

xGy x,t = -D,

+

1+ ctD,+ef+ttD,-fF + 1-t c—-tm'y_ 4t Guxt)

So, by virtue of Lemma 3.5 and (3.23), the transform operator X, of X, relative to G,(x, t) is

given by

1+ ctD,+cfi+tth,-F + 1-t c—-tm'y_,t

According to theorem 3.6, E,(.; [, ) ,,=q IS orthogonal.
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Foracase: d = 2,and my; t = —t, we express the two-dimensional functional vector

U = *(ugu,)for which the polynomial set @ ,,(.; 8, £) =g Of Meixner type generated by

e t(1-t) P 1+E_1Lx- m (B ')t—u (3.27)
c 1-¢t  _ -orePbh '

n=0

is 2-Orthogonal.

3.6.2 d-OPS of CharlierType

The Polynomial set F,(.;d, w) ,=q of Sheffer type zero generated by

[=2] il
X

Gy x,t = 1+ wt wexpuy, t = Fn(x;d,w)—l, My t = Vet® v # 0 (3.28)
n=0 N k=0
was considered in a paper by (Cheikh) and (Zaghouani). They showed that this polynomial set
is the only polynomial set with both d-Orthogonal and A,,- Appell, where A, is the difference
operator defined by

fx+w - f(x)
= N
ik}

z 0.

AI'JJ ‘f

The d-Orthogonality property was obtained using the following:

il

xPn X = ﬁ:zrl‘przrl x + n'k,:lz t!rkPrz dede X (329)

k=0
wherefs,, , 1@t -q Z 0and F.,,,
next we give a new proof of the property using Theorem 3.6.

Applying the operator D, to each member of (3.28), we obtain
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DGy x,t = mw'; t + G, x,t,

1+ wt

which leads to
xGy x,t = (1+wtD, - (1+ wt)m',(t)

This means that X, thlz? . Taking into account Theorem 3.6, the sequence
F,(.;d, w) g is d-Orthogonal. (3.25) was used to express explicitly the d-dimensional

functional U for which the polynomial set F,(.;d) ..o of Charlier type generated by

[+ =]
n

(1+ t)*exp —at? = B, x;d T az0 (3.30)

n=0

It is also stated that

3.6.2.1 Theorem (Cheikh and Zaghouani)

The polynomial set F,(.;d) ,-5 generated by (3.30) is a d-OPS with respect to the d-

dimensional functional vector U = *(uy, ..., y_,) given by

=1 wo

ug, f = Wdadi+s f di+s | feP
=0 =0

where

1, 2  d-1
— A A A R
W d,ﬂ; dj 5 od 1F|:! 1 12 d-1 {1(— :I-)E (331)

H!Hl 1 d ]

and
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Wdadi+s

1 2 -
(- 1)d+sqi+t dj + d j+ 1+H,j+ 1+H+---+j+ 1+ - ]
= Tyvar dj+s i Lp s 2ms 11 s a1
d T d T dT d T d

s=123,..,d-1
and
U, f :%u,,Ar;‘ , r=12..,d-1, feP.
Some examples are worthy to note:
Example:

In the case where d = 1 corresponds to Charlier polynomials €,” (x) generated by

A
exp —at 1+t *= —|t”,a¢0
i
For this case, identity (3.31) is reduced to
o, - e tal
Wl,l,a,;—ﬁ._-_,Fn _ -a = i

From which it has been deduced the well — known result: The Charlier polynomials are

orthogonal with respect to the linear functional:

(=]
E iiall
1l
—

Il:

fio 7

ulﬁl’f =

3.7The Hyper-Bessel Function, the D-Orthogonal Laguerre Polynomials and the
Relation Between them:
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In the fourth chapter, we see the definition of the Hyper Bessel function and the Laguerre

Polynomial and the similarities between them.

The hyper — Bessel’s function is defined by:

PR w LR ¥

- 7 i+l

— +1 .
J a 2 T+l Tag+1 oft ag+1 T gy

(4.1)

where the standard notion for hypergeometric function is:

g B T BB (B x”
e (Fc.l)’ =0 (Fl):z(rz)aa (}":,l)u n!

(4.2)

the shifted factorials are defined by ()= 1, (8), =L f+1 ... f+n-1 n=>1,
and the contracted notation (¢,) is used to abbreviate the array of d parameters @y, ..., @, ....

The function [, was introduced by Delerue and later studied by Kiryakova as multi index
analogues of the Bessel function /. A close relation between the components with respect to

the cyclic group of order n of the Bessel’s function and the Hyper — Bessel’s function.

The normalized Hyper — Bessel’s function

4% a2 . e ol 17

Jtllj z gt Julj z (43)

T+l o Tag+1

appears as a generating function of the polynomial set L."

1
et d+1 xtdn = LM x — (4.4)

n=0

e

whereL.." (x) denotes the d — Laguerre polynomials L,*
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& n
LY 2 = F (ay+ 1% apE-1,-2, .. (45)

where d = 1, the Hyper — Bessel’s function and the d — Laguerre polynomials are respectively

reduced to the well-known Bessel function and Laguerre Polynomials.
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CHAPTER 4

CONCLUSION

4.1 Conclusion

In this research work, definitions and examples of d-Orthogonal Polynomials are given and the
d-Orthogonal Hermite and d-Orthogonal Laguerre were defined.

Moreover, some generalization of the d-Orthogonal Polynomials were obtained using the
generating functions, and based on these, new ideas can be applied like we saw the similarity
between Laguerre d-Orthogonal and Hyper-Bessel function.

However, new d-Orthogonal families can be investigated using generation functions, hyper-

geometric functions and much more.
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