LT0¢
N3AN

IV434d-1V VAVLSNIN NVHTTV

NOILONNA SINFTYD 31340S1d

DISCRETE GREEN’S FUNCTION

A THESIS SUBMITTED TO THE GRADUATE
SCHOOL OF APPLIED SCIENCES
OF
NEAR EAST UNIVERSITY

By
ALHAM MUSTAFA AL-REFAI

In Partial Fulfilment of the Requirements for
the Degree of Master of Science
in
Mathematics

NICOSIA, 2017



DISCRETE GREEN’S FUNCTION

A THESIS SUBMITTED TO THE GRADUATE
SCHOOL OF APPLIED SCIENCES
OF
NEAR EAST UNIVERSITY

ALHAM MUSTAFA AL-REFAI

In Partial Fulfilment of the Requirements for
the Degree of Master of Science
in

Mathematics

NICOSIA, 2017



| hereby declare that all information in this document has been obtained and presented in
accordance with academic rules and ethical conduct. | also declare that, as required by
these rules and conduct, I have fully cited and referenced all material and results that are
not original to this work.

Name, Last name: ALHAM MUSTAFA AL-REFAI

Signature:

Date:



ACKNOWLEDGEMENTS

I would like to express my sincere appreciation and thanks to my supervisor, Prof. Dr.
Adiguzel Dosiyev, for his guidance and mentorship during my graduate studies. His
impressive knowledge and creative thinking have been source of inspiration throughout this

work.

My deepest gratitude goes to my parents, my husband, my brothers, sisters, and my
daughters, to whom I am most indebted. I thank them for constant love, prayers, patience and
support while I was studying abroad. |1 know | can never come close to returning their favour

upon me.

A special thanks to my beloved Dad for his sacrifices, never-ending support and
encouragement during my study. | would like to thank him for being a constant source of
inspiration and motivation for me. Without him | would be no-where near what | have become

today.

I will always be thankful to my friends and colleagues for their unlimited support. I extend my

thanks to all the Libyan community that gave me a second family away from home.



To my parents and family...



ABSTRACT

A priori estimations play one of the central roles in investigating stability, existence and
uniqueness of the solutions of the differential equations.

Green’s function method is one of the effective methods to get this type of estimations.
However, construction of the Green’s function in explicit form for many problems is
problematic.

Similar problems arise in the investigation of the finite difference equations. In addition to
continuous problems Green’s function method in the discrete problems are very effective in
the determination (in solving convergence problem) of the rate of convergence of finite
difference solution to the exact solution of the differential equation as discretization parameter
approaches zero.

In this thesis the existing in the literature techniques of the Green’s function method for the
Laplace difference operator are reviewed and investigated. As it follows from the existing
results the obtained by discrete Green’s function method error estimations the maximum order
was 0 (h*).

Also in this thesis, in the case of discrete Dirichlet problem for Poisson’s equation on the
square grid with step size % by using discrete Green’s function O(4°) order of error estimation
is obtained.

Keywords: Green’s function; Laplace and Poisson’s equation; Dirichlet problem; finite

difference method; error estimations



OZET

Differensiyel denklemlerin ¢ozumleri igin o6ncul tahminlerde en 6nemli rol ¢6zimun
kararliligi, varlig1 ve tekligi oynamaktadir.

Green fonksiyon metodu bu tip tahminleri elde etmek icin etkili bir yontemdir. Bununla
birlikte, pek ¢cok problem i¢in kapali formdaki Green fonksiyonu olusturmak problemlidir.
Benzer problemler sonlu fark denklemlerinin arastirilmasindada ortaya ¢ikmaktadir. Siirekli
problemlere ek olarak, ayrik problemlerde Green fonksiyon yontemi sonlu fark ¢oziimiiniin
diferensiyel denklemin kesin ¢ézliimiine yakinsaklik hizi ayriklagtirma parametresinin sifira
yaklagmasi probleminde ¢ok etkili bir ¢6ziim oldu.

Bu tezde, Laplace Fark operatori icin Green fonksiyon metodunun mevcut olan teknikleri
gozden gecirilmis ve aragtirillmistir. Ayrik Green fonksiyonu yontemi ile elde edilen mevcut
sonuclarda yakinsaklik hatasinin 0(h4)oldugu elde edilmistir.

Ayrica bu tez calismasinda, Poisson denklemi i¢in ayrik Dirichlet problem durumunda 1zgara

tizerinde 1zgara adimi h olmak {izere ayrik Green fonksiyon kullanilarak yakinsaklik

hatas1 0 (h°) elde edilmistir.

Anahtar Kelimeler: Green funksiyon; Laplace ve Poisson denklemleri; Dirichlet problem;

sonlu farklar metodu; hata tahmini
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CHAPTER 1
INTRODUCTION

The finite- difference method is one of the most widely applied methods for the approximation
of ordinary and partial differential equations.
We can practice this discretization method in many science applications such as in dynamical
meteorology, aerodynamic, mathematical physics, oceanography, and many other disciplines.
Therefore, the convergence analysis and the error estimation of this scheme hold practical, as
well as theoretical importance.
An example of the application of finite-difference can also be seen in Richardson’s
extrapolation method. We use the finite-difference analogue of an equation in this method to
improve the order of convergence, so resulting in a more accurate method. Then we can show
that the finite-difference is the first step for the improvement of error estimation.
When analyzing the error estimation and the convergence of the applied finite-difference
scheme, the determination of the order of accuracy by the suggested scheme is important.
Moreover, with investigation of the scheme, it might be possible to structure schemes with
increased accuracy.
In the usual study of the discretization error resulting from approximating boundary value
problems for elliptic equations by finite difference methods, for the error estimation in
maximum norm, there are three effective methods:

(1) The methods which based on maximum principle.

(i)  The methods which based on discrete Green’s function.

(ili)  The methods which based on energy inequalities with embedding theorems.
In 1930 S. Gershgorin gave a method for estimating the order of convergence of the solution
to a certain class of finite difference analogues to the solution of the Dirichlet problem for
elliptic equations of order O (%). His method was based on a maximum principle for the finite
difference analogue. In 1933 L.Collatz proposed a certain boundary approximation and using

the techniques of Gershgorin, showed that this approximation gives rise to an O (h*)estimate



for the truncation error. The estimates of both Gershgorin and Collatz assume the knowledge
of bounds for certain higher derivatives of the solution of the Dirichlet problem.

From an analogy to probability theory Courant, Friedrichs, and Lewy give a finite difference
Green’s function for the Dirichlet problem for Poisson’s equation. Using this Green’s function
they give an analogue of Green’s third identity. Wasow studies the asymptotic behavior of the
finite difference Green’s function and Laasonen uses an explicit representation of the finite
difference Green’s function for the rectangle to obtain bounds in that case.

A.Samarskii obtained a priori estimates for the solution of finite difference problems by the
method of energy inequalities. This estimation is used to get error estimation in maximum
norm by applying the discrete forms of the embedding theorems.

In this thesis, the error analysis for two different finite-difference schemes have been

reviewed. Furthermore, the discrete Green’s function method in the case of square grids to get

0(h°) is improved.



CHAPTER 2
LITERATURE REVIEW

The global convergence as mesh step 2z — 0 was proved first for the Laplace equation on a
square mesh by R.G.D. Richardson in (1917) and by Phillips and Wiener in (1922); the aim of
these authors was to establish existence theorems for solutions of the Dirichlet problem for
V2u = 0 from algebraic existence theorems for VZzu = 0. In (Courant, Friedrichs, and Lewy,
1928) it was proved that, all difference quotients of given order converge to the appropriate
derivatives, as 4 — 0.

The maximum principle was applied to the Poisson equation by (Gerschgorin, 1930) to prove
O (h) global accuracy. (Collatz, 1933), proved this result by using linear interpolation on the
boundary, under appropriate differentiability assumptions to prove 0(4*) accuracy. Also by
(Wasow, 1952), and by (P. Laasonen, 1957) the loss of accuracy introduced by corners is
discussed.

There was a study by (Walsh and Young, 1954), for the effect on the error of the smoothness
of the boundary values. They proved for the Dirichlet problem, by using Fourier series, that
|U — u| < Mh for continuous and piecewise differentiable boundary values g(s), provided
that g"(s)is bounded except where g'(s) has jumps, M is a constant independent of h.

Also (Collatz, 1933) gives a recipe for fitting boundary values on a general domain by
approximate values at nodes of a square mesh.

The complete subject was carefully reconsidered by Bramble and Hubbard, who used the
Green’s function approach systematically. The accuracy of the five-point difference
approximation with variable coefficients has been studied by (Bramble, Hubbard, Kellogg,
and Thomee, 1968), under weakened assumptions of smoothness on the boundary. Finally, the
0 (h*) convergence of all difference quotients to the appropriate derivatives was proved for the
Laplace differential equation on a square mesh by V.Thomee in Birkhoff-Varga, and by Achi
Brandt. Making stronger smoothness assumptions, also Thomee showed that difference

quotients converge at the same rate as the solution in the interior.



Also (Bramble, Hubbard, and Zlamal, 1968) studied the effect of singularities, and they

obtained error bounds for the Poisson equation. Thomee, also has proved convergence of order

0(h1/2) for simple difference approximations to the Dirichlet problem for any linear, constant-
coefficient equation of elliptic type, and the global error bounds for difference approximations
to certain mildly nonlinear elliptic problems was obtained by (McAllister, 1969). Hence,
Bramble has shown that one can reduce the error of difference approximations to L[u] = f for
uniformly elliptic L, by appropriately smoothing f.

By (Bahvalov,1959) it was proved that the regularity demands on the solution u of the
continuous problem in some cases can be relaxed by essentially two derivatives at the
boundary without losing the convergence estimate and that for still less regular u one can
obtain correspondingly weaker convergence estimates. (Bahvalov, 1959) was using his error
bounds to estimate the number of arithmetic operations needed to obtain u to a prescribed
accuracy. Also related results were obtained in special cases by (Wasow, 1952), (Laasonen,
1958), and by (Volkov, 1966) and references there in.

2.1 Green’s Function for the Differential Equations
Further estimation of a solution of the boundary-value problem for a second-order difference
equation will involve its representation in terms of Green’s function. The boundary-value

problem for the differential equation

_d du _
Lu—a(k(x)%)—q(x)u——f(x), 0<x<1,

u(0)=0, u()=0, k(x)=c,>0, gqx)=0, (2.1)

can add interest and aid in understanding. As known, the solution of this problem arranges

itself as an integral



u(x) = [ G(x, E)f(§)dE , (2.2)

where G(x,§) is the source function or Green’s function. Function (2.2) is a solution to
equation (2.1) subject to the boundary conditions u(0) = 0 and u(1) = 0 if Green’s function

G(x, &) as a function of x for fixed ¢ satisfies the conditions

dG(x,§)
dx

d
LxG(x! E) = a(k(x) > - Q(x)G(x, E) =0

x#&, 0<x<1, G(0,&8)=G(1,8E=0 (2.3)

[G]=GE+0,8) —GE—-0,6)=0 [k;i—j =—1 for x=¢.

It’s proved that this type of defined Green’s function is nonnegative and symmetric:

Gx,$)=0 , G(x&) =G x),

and G(x, &) can be written in the explicit form

Gexe) - %g{:forx <¢ | (2.4
Wforx >¢
where a(x) and B(x) are solutions of the following problems:
La=0, 0<x<1, a(0)=0, k(0a(0)=1,
Lf=0, 0<x<1, BM=0, k(DBQ)=-1 (2.5)
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From this analysis follows the difficulties of the construction of the exact form of Green’s

function.

2.2 Green’s Function for the Difference Equations

Consider the closed rectangle
R={(x,y):0=x=a,0=y=bh},

such that the ratio a/b is rational. The square grid on which the difference equation will be

considered consists of the node points (x,,, ¥) :

X=X, =mh, (m=01,..,M), (Mh=a), (2.6)
y =Yy, = nh, n=01,..,N), (Nh = b). '
Denote a parameter point by (&¢,n) or
E=uh, n=vh, O=SEu=M , 0=Sv=N). (2.7

For the sake of simplicity set
n=N-n, v=N-v .

Replace Laplace’s equation by its simplest analogue, namely,

1
Au(x,y) = h_z [u(x +hy) +uCe,y+h) +ulx—nhy)+ulx,y—h)

—4u(x,y)] =0.

Green’s function G, (x, y; &,71) is now defined on the grid by the difference equations
6



0, when (x,y) # (¢,1)

- , 2.8
W2, when x =¢&andy =17 (28)

ARGy (x,y;€,m) ={

and by the condition that it must vanish on the boundary of the rectangle. This function can be

represented by the following expressions:

G,(mh,nh; uh, vh)

2 ZM_l sin pay, sin may, sin hv' By, sin hn By, (Tl < 17)
M “k=1 sin hBy sin AN By, =

= , 2.9
_EZM—l sin pay sin may sin hv By, sin hn' By, (n= v)' (2.9)
M “k=1 sin hfy sin AN By, =
with
km kmth
A =5 =~ coshpfy =2 —cosay , (2.10)

From the expression (2.9) follows the symmetry of the discrete Green’s function with respect

to its two kind of variables (x,y) and (&, ).

If M increases indefinitely and, correspondingly, ~ decreases, then the factors «aj and Sy

approach zero; but the terms in these sums converge to the related terms in the following
infinite series:

2 ZOO sinkT”fsinl"'?szh—]“f;7 sh% ( < )
7 Lk=1 kshk%:b y=n)

G(x,y;€,m) = (2.11)

. km& . k k kmy'
sm%f sm%shﬂshﬂ

- (y=zn).

_Ezw
m k=1 ksh%



In (Pentti Laansonen, 1958), estimate for the rate of convergence of G,(x,y;& n) to

G(x,y; &,n) for a decreasing & was established by the following inequality

h 2
|G, (e, y; 6,m) — G(x,y; &, m)| < 215 (;) , (2.12)

where p is the distance

p=JEx-O2+G-m* .

2.3 Effective error estimation in rectangular domain
By means of estimate (2.12) it is now possible to compute some bounds for the error made in
approximating the solution of Poisson’s equation by the finite difference analogue. The

solution u;, of Poisson’s difference equation

Ahu'h = f(xJ’) ’
where

1

Apu(x,y) = Y [u(x+hy)+ulx,y+h) +ulx—nhy)+ulx,y—nh)—

du(x, )],

and u;, = 0 on the boundary nodes.
The solution of this finite-difference problem by using the above defined discrete Green’s

function can be represented as follows:

uy, (uh, vh) = h? Z Z G,(mh,nh; uh, vh) f (mh, nh)

M-1N-1
m n=1

=1



The corresponding formula for the solution of Poisson’s differential equation is

a b
u(é,n) =ffG(x,y;€.n)f(x,y)dxdy :
00

The difference u;, — u at a node point ¢ = uh,n = vh may be decomposed into the following

terms:

w, — u = h>G,(uh, vh; uh, vh) f (uh, vh) — ffsm,n G(x,y;&E,n)f(x,y)dxdy +
W2 ¥ 'Y G, (mh, nh; uh, vh) — G (mh, nh; puh, vh)|f (mh, nh) —

2 'Y 'G(mh, nh; uh, vh) ff (f(x y) — f(mh,nh)]dxdy —
> 'Y 'f(mh,nh) ff (G(x y; uh, vh) — G(mh,nh; uh, vh)]dxdy —
X'y ff (G(x y; th, vh) — G (mh, nh; uh, vh)|X[f (x,y) —

f(mh,n)ldxdy =S " ff, G,y €,m)f Cx,y)dxdy. (2.13)

All double sums affixed with primes range over all (hxh) squares S, , with the interior node
points (mh, nh) as their centers, with the exception of the square about #,vh . The sums
affixed with double primes range over all those parts of the boundary squares S, ,, (where m
is either 0 or M, or n is either 0 or N ) which are inside the rectangle.

If £ is continuous , W the maximum of |f|, e(r) the modulus of continuity , i.e., the
maximum variation of f between any two points with distance less than or equal to r, and d

is the largest of the two sides a and b , then an estimate for the total error reads :

luy, — ul
< (214 + 18.8log}) /T + 2.83d%€ () + 114 hde (5). (2.14)

9



This estimate proves that the truncation error tends to zero for decreasing /. Furthermore
construction of this result is not essentially impaired if discontinuous of bounded variation are
allowed on certain rectifiable curves whose total length is bounded, because these only

generate an additional term of magnitude 0 (/4* log(d/h)) .

In order to have a check on the accuracy obtainable by the assume method applied, on the
contrary, that f is not only continuous but also has continuous first order and bounded second

order derivatives. In this case the result is
d ' 20m"] 1.2
w, —ul =[(21.4+ 18.8 1og2) W + 8.1 AW + 2.7 d>W"| ”. (2.15)

Where 9B is the maximum of grad f and 23" the maximum of the second order derivatives.
This result may now be compared with a previously known error estimate.

If the function f(x, y) of the Poisson’s equation is analytic and if the boundary of a domain is
an analytic curve, then, of course, the solution with vanishing boundary values is analytic in
the closed domain. The results of Gerschgorin show in this case, that if the grid can be chosen
so that all boundary nodes are on the curve, then the truncation error of the associated discrete
approximations is of the order 0(h?) . Now, the result (2.15) gives the rate 0(h*logh™") for
the rectangular domain. This lower result than 0 (k%) of the convergence rate is the presence

of the corners at the boundary.

10



CHAPTER 3
GREEN’S FUNCTION ON THE DOMAINS WITH CURVED BOUNDARIES

The approach taken here is to define an appropriate related finite difference Green’s function
for various finite difference analogues. In each case the analogue of Green’s third identity is
given and used to obtain estimates for the truncation error.

In the second order estimate the truncation error is studied for a finite difference
approximation. Although at points near the boundary the finite difference operator
approximates the Laplace operator only to O(4) it is seen that the resulting contribution to the

truncation error is 0(h3) .

3.1 Second Order Estimates

Consider the finite — difference approximation of the boundary value problem

Au(x,y) = F(x,y), (x,y) ER,
ulx,y) = f(x,y), (xy)ecC. (3.1)

We assume that R is a bounded region in the (x, y) plane with boundary C .

Let R, be the set of mesh points in R whose nearest neighbours in the x and y directions lie in
R. Those grid points in R which do not belong to R, will makeup the set called C;, . The points
of intersection of the grid with the boundary C form the set C,,.

For any point P belonging to R, + C;, + C;, we define the neighbors N (P) to be those nearest
points in R, + C;, + C,, lying along grid lines.

If V(x,y) is an arbitrary mesh function defined on R;, + C; + C, then for such vectors we
define the finite difference operator A,,.

If (x,y) €R, ,then

11



AV (x,y) = h_Z{V(x +hy)+V(x,y+h)+V(x—hy)+V(x,y—h)—
4V (x, y)}. (3.2)

This is the usual O (h*) approximation of A for functions V (x,y) € C*(R). In fact,
2
AVGLY) — AV @I ST=M, , (6Y)ER, | (3.3)

where we have used the notation

dluwp) | . .
M; = suppeg {|axiayf-i i =01, ...,]}. (3.4)

At points of C;, A, is defined to be the 5-point divided difference approximation to A .

For example, if (x,y) € C; , we use for the approximation g—zz and — the following:
0%v _ 1 (V&+hy)-V(Ey) V(Ey) —V(x—ahy)
xz = Ve = (= h N ah
2

= . X+ h7y 1 ! £ )+ 1V(x v
—m{V(x+ ,y)—( +E>V(x,y)+EV(x—ah,y)}

2 V(X +hy) - LNV @) + V(T — ah 7).

h (1+ ) h? (1+a) ( a (1+ )

Similarly,

12



0%v 2 L 1 I S
a—yz:VJ—,y=m{V(x,y+ﬁ)—(1+E>V(x,y)+EV(x,y—ﬁh)}
22 BN
_h2(1+B)V(x'y+ﬁ) h(1+p) ( g >V(x'y)
T

AV (E,7) = 2h~2 {(ﬁ) V(E+hy) + a(a1+1) V(% — ah,7) +

V@Y =) - (G +3) VD)

a

(E)v@Ey+m+

p+1

Combining these, as A,V = Vg, + Vyy,

Ifa=p8=1, then A, takes the same form as in (3.2).

we obtain (3.5).

(3.5)

We note that A, as defined in (3.5) approximates A to O (k) for V(x,y) € C3 in R,

ie.

2M3h

AV () - AV (& )| < 2

13
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e
(ZG+k)
]
(Fah, 7} [6:%7/] (T+h,T) (2R
(Z7-ph)
| \

Figure 3.1: Regular and Irregular Points

The following is finite difference analogues of (3.1),

AU(x,y) = F(x,y), (x,y) ER,+C;
U(X, }’) = f(x; y); (X, y) € Ch . (37)

This is a system of simultaneous linear equations for the determination of the mesh
function U(x, y).
The truncation error e(P) = u(P) —U(P), P € R;,+ C, + C, satisfies an inequality of the
type

lely < Kh?, (3.8)

where K is a constant independent of P and / . In (3.8) we have used the notation

Yu = suppescrP(P) , (3.9)
14



for any function 1 defined on asubset Sof R.

Finite Difference Analogue of Green’s function G, (P, Q) is

ApGy(P,Q) = =8(P,Q)h"% |, PeR,+C,
Gh(PJ Q) = 6(P, Q) ) P e Ch ) (310)

for QERh+CIf7+Ch

5(P,Q) = {3 ’ PPZQQ / (3.11)

)

Lemma 1. (Maximum Principle)
For any mesh function V(P) defined on R, + C, + C, if A,V(P) = 0 for Pe R, + C; then

V' (P) takes on its maximum on C,,.

Lemma 2. (Green’s Third Identity)
Let V(P) be any arbitrary mesh function defined on R, + C, + C;, . Then for any P € R, +
C, + G,

V(P) = h* Ygery+c; Gn(P, Q[=AV (@] + Xgec, (P, QV(Q) . (3.12)
Proof: LetP € R, + C;,

AW (P) = h21,G, (P, P)[—A,V (P)]

=n’ - (=h"2)(—0,V (P))

15



Let P € C, then

W(P) = G,(P,P)V(P) = V(P).

It follows that

w(P) =V(P). P ec,. (3.14)
Lemma 3. G,(P,Q) =0,Q€RrR,+C, +C,. (3.15)

Proof: Substitute —G,(P, Q) into Green’s operator
e
A, p(—Gy(P,Q)) =8(P,Q)h"> =0 on R,+Cj,
—G,(P,Q) =—-6(P,Q)<0 on (.
By the maximum principle, it can obtain its maximum on C, .
Hence
—G,(P,Q) < 0P ER,+C;

G,(P,Q) = 0.

Lemma 4. Yoec; Gi(P,Q) <1, PER,+(C; + G, (3.16)
Proof: Let the mesh function W (P) be given by

16



, QER,+Cp,

oec (3.17)

1

wao ={,
Then A,W(P) =0, Q € R, . Itis easily seen from the definition of A, on C; that —A,W (P) >
h_z
Applying lemma 2.2 it follows that for P € R, + C),

1= h2 Boec: Gr (P, Q[-AW(Q)] = Toec; G(P, Q).
If P €C,,then

2gec; Gn(P,Q) <1 .
Lemma 5. If d is the diameter of the smallest circumscribed circle containing R then

a’ x
W Soeryrc; G(P,Q) ST . P ER+Ci+Cy. (3.18)

Proof: Let O be the center of the circumscribed circle about R of diameter d .

2
Let W(P) = T(:) for P€R,+C;+C,, wherer(P)is the Euclidean distance from 0
to P.
Then,
AWP)=1 , PER,+C;,
2+ 2 1 4
WP) =2 as Apgxg =2, L(0GE +x9)=7=1.

Now define the mesh function

17



V(P) = i’ Lgeryrc; Ga(P. Q).
We see from (3.10) that

AV(P)=—-1, PER,+C; (@sMV(P) =k Tgerec; Gi(P.Q) =1),
V(P) =0 . PeC, . (3.19)

2 2
Hence A,[V(P)+W]=0 for PER,+C; and V(P)+W(P) < ="CC

for PeC, .

By the maximum principle, since W = 0, it follows that

2
V(P)ST . PERy+Ci+Cy,

daz *
h? Yoeryrc,Gn(P,Q) <= . PER,+(C+G,

NGOk
T4

Theorem 1. Let u(x,y) be the solution of (3.1) and U(x, y) the solution of (3.7). Then the

truncation error e(P) = u(P) — U(P) satisfies the inequality
Myd? 15 | 2M3 3
lely < vl dal (P (3.20)
Proof: Since e(P) =0 , P € C, we see from Lemma (2) that
e(P) = h? Xperp+c; Grn(P, Q[—Dre(@)]. (3.21)

Since
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|=2,e(@] = |8,u(Q) — Au(Q)] (3.22)

we have that

£ = h2 > Gu(P, [=2xe(@] +h* > Gu(P,Q)[~Br2(Q)]

QERp, Q€Cy,
h*M 2M3h3
<[ ) G| =412 Y 6P O| =
QERpy QEC;;
< Myd h2 + 2M3 h3
96 3

3.2 Other Boundary Approximations

3.2.1 Zero Order Interpolation
Let G, (P, Q) be the finite difference Green’s function for R, with boundary C; . This is given

by

MpGr(P,Q) =—8(P,Q)h> , PER,,
Gi(P,Q) = 8(P,Q) , Pec; (3.23)

forall P eR, + Cj .

Just as in Lemma 2 we have the identity
V(P) = h* Yger, Gi (P, Q[=84V ()] + Xgec; G5 (P, QV(Q) . (3.24)

In addition all of the other lemmas of section (3.1) are valid if we make the substitutions
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Gh s G;; )

Rh + C;:‘ - Rh )

C,—Cr. (3.25)
We shall also need the following Lemma:
Lemmal. For PE€ER,+Cy,

Soec: Gi(P.Q) =1 . (3.26)

Proof: Apply (3.24)to V(P) = 1.
LetV(P) =1 . Then

A,pGi(P,Q)=—h"? ifPER,,
ViP)=1=hr"-h?4+0=1 if PecC,
V(P) =1=0+Yqec; Gi(P,QV(P),
ZQEC,;‘ G,(P,Q)=1.

Let V(P) satisfy

AUP) =F(P) , PER,,
UP)=f(P) ,PeC , (3.27)

where P'is one of the neighbours of P in C), .
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Theorem 2. Let u(x, y) be the solution of (3.1) and U(x, y) the solution of (3.27) . Then the

truncation error e(P) = u(P) — U(P) satisfies the inequality

M,yd?
96

lely < hM; + W

Proof: From (3.24)

e(P) = h* Tqer, Gr (P, Q[—8,(P, Q)] + Zgec; G (P, @)£(Q).

We note that for Q € C;

le(@] = [u(@) = U(@I = [u(Q) —U@)] < hM; .

We have that

hz
|Axe(Q)] = M. QERy.

(3.28)

(3.29)

(3.30)

(3.31)

Taking absolute values of both sides of (3.29) and substituting the inequalities obtained we

end up with
2
lely < hMy + 20,

Since in (3.30) we have Q' as the closest point to Q on the boundary

Hence
Uu@) = @) =u@).
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Thus
[u(@) —u(@)| < [u'®)|1Q — Q1 < Myh.

3.2.2The first order interpolation
We consider here the finite difference analogue of (3.1) given in (Collatz, 1933). He defines

the following approximation to (3.1)

AU(P) = F(P), PER,,
uP) =f(P), PE€EC,. (3.32)

At a point P of C; he prescribes that U(P) lie on a straight line between the values of U at two
neighbours of P, one of which is in R, , the other in C,. For example for the point (x, y) of
Fig.1 we have

UE,5) = —=U(E +h,y) + —U(% - ah, ). (3.33)

Alternatively we could have interpolated in the y direction.

As (Collatz, 1933) has shown this method gives rise to an estimate of the truncation error
which is 0(#*) . The contribution to the truncation error arising from the points of C; is also

0(h*) . The following analysis again yields similar results.

Theorem 3. (Collatz): Let u(x,y) be the solution of (3.1) and U(x,y) the solution of (3.32)
and (3.33) . Then the truncation error e(P) = u(P) — U(P) satisfies

Myd?
lelu < M, + 22| (3.34)

Proof: For Q € C;
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leG, )| = lulx,y) — U(x, )|
= [u@y) - UE+h3) - —=UE - ah )| (3.35)

Using the triangle inequality,

a

le(%,7)| = ‘u(f,y)—CH_1(u(f+h,37)—e(f+h,37))—a+1u(f
—ah,;‘z)‘
< [u@y) - u@E+hy) - ——u® — ahy)| + =l . (3.36)

[ e(x — ah,y) = 0 as point is on boundary ]

Expanding this using Taylor series, and keeping in mind that 0 < a < 1, we obtain
|e(Q)] < Z2h* + ey . (3.37)

Combining with earlier results, we obtain

1 My | M,d?\ ;2
(@I < 5 lely + (2 +225) .

Then

1 M. Myd?\ , 2
lely = maxg, le@)] <5 lely + (52 +25) 17,

2
2lely < lely + (M +225) 2.
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Therefore,

el < (M, + M‘*dz) 2, (3.38)

48

3.2.3 The second order interpolation.
We can show an example of a finite difference analogue of (3.1) which fails to be of positive

type at points of C;.
Let U(P) satisfy the system

AU(P) = F(P), PER,,
U(P) = f(P), Pec,. (3.39)

At a point P of C; let U(P) lie on a parabola through value of U(P) at a neighboring point of
C, and two points of R, + C;; . All four points involved must of course be collinear. In addition
we require one of the points of R, + C; to be a neighbour of P and the other to be taken at a

distance 3/ from P. For example, for the point (%, y) in Figure (3.1).

UEY) = e {UE—ah7) +5(a+3)UE+hF) -5 (a+

3+a(a+4)

DU(E + 30,7} (3.40)

From Taylor’s formula it is easy to see that for a sufficiency smooth function U(P) in R we

have an inequality of the type

u(x,y) - 3+a(3a+4) {u()? —ahy) +%(a +3Dux +hy) _%(05 +

3
DU+ 307} < =52 (3.41)
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where (x,y) € C;, .In some cases the interpolation will be in the y direction.
Theorem 4. Let u(x, y) be the solution of (3.1) and U(x, y) the solution of (3.39) and (3.40).
Then the truncation error e(P) = u(P) — U(P) satisfies

dM“h + 2 Myh° (3.42)

lely <

Proof: The proof follows in a manner analogous to that of Theorem 3.

We have the inequality

le(e, V)| < [ulx,y) ———{u(x — ah, y) +%(a +Du(x +hy) —

3+a(a+4)

2 (@ + Dux + 34, 7)| + = lly. (3.43)
For the point (x, ¥) of Fig (1), it follows that
(@ < TMsh® +Zlely (3.44)

where Q € C;, .

The inequality follows,

7 1 d2M4 14M,
|5|M_§|5|M=§|€|MS 9 h2+ 3 n

d*m
le]y < 4h + 12 M3h3
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CHAPTER 4
HIGHER - ACCURATE SCHEMES

In this chapter we will consider two methods for the construction of sixth order approximation
for the Dirichlet problem for Poisson’s equation on rectangular domains. Moreover, we will
define Discrete Green’s function for the constructed sixth order difference operator to prove

the sixth order convergence theorem in the maximum norm.

4.1 The Dirichlet Poisson Problem on the Rectangle
The structure of difference schemes for the numerical solution of Poisson problem with
Dirichlet conditions on the rectangular sides is analyzed. We obtain the system of 9-point

difference equations by using the 5-point stencils.
Let
R={(xy):0<x<a0<y<b}

be an open rectangle y’/, j = 1,2,3,4 be the sides of this rectangle including the vertices. Let
the numbering be in counter clockwise direction starting from the side which lies on the x-
axis.

The Dirichlet Poisson equation on a rectangle is

2 2
Au=a—u+27bzt=f(x,y)onR, (4.1)

dx2

m

u=¢@m"ony™ , m=1234.
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4.2The First Method
Let us draw two systems as shown in Figure (4.1) of parallel lines on the plane:

X =xg+ih=x;,

y=Yot+tkh=y;. (4.2)
®
Ui k+1
@ ® @
Uji-1k Ui k Uitk
@
Ui re—1

Figure 4.1: 5-point stencil

Consider the node (i, k) of the net, and take the nodes closest to it which are (i + 1, k), (i, k +
1),G-1k),Gk=-1),(+1L,k+1),(+1,k—1),(i—-1k—1),(—1,k+1)as shown
in Figure (4.2), and expand them about the point u; ; using Taylor’s formula. The expressions

for the neighboring points of u;  are as follows :

Uibrh ~ Uik = My + otz + 7l + il + oo
2 3 it
Uimph Uik = —hy + otz = rUpa + s £ o
Uik+1 — Ui = huy + Zuyz + Euys + Zuy4 + ..
hZ h3 h4
Upg-1 — Uk = _huy + > Uy? + ;uys + o Uyt + .- 4.3)
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2 3

_h<a+a> +h2(6+6) +h3<6+6) N
Yirthrs = Wik = M\ G Ty )4 T2 ox Tay) ¥ T 3 ax Tay)
_h<a+a) +h2(6+62+h3 a+a3
Yimthers = Uik = ax T ay) " T 2\ ax 6y> “ 3!( dx ay) “
+..
_h< 0 a) h2< a 9\ +h3 a 09y
Yimthe-1— Uik ax ay) " T 2\ ax 6y> 3!( dx ay) “
+..
_ (9 0 Ko o 9)? Bra o a)3
U~ = (5= )u 5 (G- 5) v s -5) w49
Ui—1k+1 Ui k+1 Ui+1k+1
¢ ¢ ®
Ui1x @ ¢ ® Uik
Uj ke
¢ ¢ ®
Ui 1 k-1 U; o1 Uit k—1

Figure 4.2 : 9-point stencil

With the above differences we form the sums [ u; , and B u; , which gives
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2
D ui,k = ui+1’k + ui,k+1 + ui_ljk + ui,k_l — 4ui,k =2 [; (uxz + uyz) +

n* h°
Z(uxa; + uy4) + a(uxe + uys) + ] ) (4.5)
and

BHuik = Wivp e+ F Uimpper F Uim1 o1 Uirr -1 — Uik =
h? X
4[Z(ux2+uy2)+z(U4+6U22+u4)+ (u6+15u

1512y + 1ye) + . (4.6)

Finally we will look for the combination ¢; [Ju;, + ¢, HHu;, to get an approximate

expression for Au . There is no way to choose c; and c, such that the fourth order derivatives
will vanish, however by choosing c¢; = % and c, =6—22 the term with the fourth order

derivatives form an operator

0%u 0%u

94

u
AA —— 2
u ox + 0x20y2 = oy+’

which is known since Au = f(x,y) and AAu = Af(x,y) .

Therefore we get the high accurate scheme

2 (4 D g +E ) = mH_—N +—(A +Za£2A)+RM,

2h6[

30%u ]+m (4.7)

Rip = ax 4a
If we had expanded the equations (4.4) by Taylors formula with reminder term, by taking

derivatives of up to the seventh order at the point (i, k), and derivatives of the eighth order at
29



some mean points , including them in the reminder term of the formula , we obtain for R; ; an

expression of the following type :

R _ 5204°
bk ™ "3.g T8¢

(4.8)

Let u;, be the point in Figure (4.1) and we define A, to be the usual nine point operator there,

ie.
@, 1 4 8
Ah u, = W [4Zi=1 Uu; + Zi=5 u; — ZOuh] .
Hence
9 5204°
A7 — au| < 22 Mg . (4.9)

4.3 The Second Method
On the basis of the 5-point scheme, we can construct operators giving an error approximation
of 0(|n*|) or 0(|4°|) for a solution within the square (cube) grid.
Consider u = u(x) satisfiying the equation
P 62u

Aw =Yoo = —f () (4.10)
For P = 2 (2D case) we have

Au=(L;+L)u=Liu+Ll,u , Lu=— , a=12.

By appealing to the difference operator
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Au= N +A))u=AMutAu, Agu=ugz, , a=12.

Let u = u(x) possess all necessary derivatives. So that

h3 h3 4
Au—Lu = ZLiu + 2 Lu + o(|A*]). (4.11)
By the equation Lyu + L,u = —f(x) we find that
L%u = _Llf - Lleu y L%u = _sz - Lleu .

In order that

h3 h} s +h5 4
Au=Lu=2Lif =2 Lf == LiLu+ O(|r*]). (4.12)
7 2 6
4 4 4
0
3 @ ¢ L
h:
® g ®
8 hy 5

Figure 4.3 : 9-Point on Rectangle Domain
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We substitute here - f in place of Lu and change L,L,u by the difference operator,

o*u
0x20x3 "’

AlAZu = uflxlfzxz - LlLZu =
This operator is defined on the 9-point pattern given in figure and we have A;A,u, as
follows,
u(xq, X2 — hy) — 2u(xy, x3) + ulxy, x5 + hy)
h

AlAzu = Al

1
= %{U(M — hy,xp — hy) = 2u(xy, x, — hy) +u(xy + hy,x — hy) +

4u(xy, xz) — 2uxy — hy, xp) +ulxy — hy, x5 + hy) — 2u(xy, x5 + hy) —
2u(xy + hy,xy) +u(xy + by, x, + hy)} .

Is required within the estimation of the error of approximation to A;A,u — L;L,u through

advantage of the good-established expansion

Ar =gy = EEDTIEMED 10y, A=x+6h, |8]<1.  (413)

Suppose that r(x) € C?[x — h,x + h] , so that

2
Ar =t =r' () +=r®@@),  T=x+6h, |0°1<1,  (414)

r(x) € C*[x — h,x + 1] .
By taking x; to be fixed we have
hs 94r
Azr == Lzr(xl, xz) + Ea_xlzl_(xl, /12) y A’Z == xz + ezhz y |92| S 1 y
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A1 Au(xy, x3) = AqLu(xq, x3) + A1 oxt 2 (1, As)
Applying equation (4.14) with r = L,u and x = x; to the first summand yields

AqLyu(xy, x3) = LiLyu(xq, x5) + A1 9% (/11, x2), Al =2x,+67h; ,

;] < 1.

By the similar method for the second summand with respect to equation (4.12)
h% h%
ZA1a 7 (01, 1) = 2A1a 20x3 (A, 42), A =2x1+61h, 6] <1 .

What must be done is to bring together the outcomes acquired:

(A1Az = LiLy)u(xg, x3) = AqAyu(xy, xp) — LiLyu(xg, x3) = O(hi) +
0(h3) = o(|n|?) .

Substituting into equation (4.12) the difference operator A;A,u into place of L, L,u ,
LiLyu = AjAyu+ O(|A|?),

and - f(x) into place of Lu , we finally obtain

W2 + hs h2 h3
Au=Lu~— 112 ——2 Ay Aju— 1;L f—£L2f+0(|h4|)
=(r+2 L1f +2 sz) ’“*2”2 Ao+ O(|r%)). (4.15)
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Since, the equation

Ay=—¢, Ay=Ay+

h3+h3
12 ANy,

_ e n L]
¢ =f+2Lif +2L,f (4.16)
121 12 2/ '

provides an approximation of order 4 for a solution u = u(x) of Poisson’s equation (4.10). In

fact, equation (4.15) gives
Autdp=Au+tdp—Lu—f=0("), L=L +L,.

The operator A  formed using the nodes in Figure (4.3) (x; + myhy, X, + myhy) 5 my,m, =

—1,0,1, and used in (4.16) is represented by

5(1 + l)u— 1(3—%2)(11“1+u‘11)+%(3—h12)(u+12 +u'2) +
2 1

3\n2 w3 T T e \i? 2

% (% + %) (u(+11,+12) + u(—11,—12) + (u(—ll,—lz) + u(—11,+12) + . (417)

Here,

utt = u(ey 4 hy,x0) , w1 = u(eg — hy,xp) , w12 = u(xg +

hy, %5 — hy).

When the equidistant grid is considered in all directions (If 2, = h, = &) the equation is

obtained as :
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g-h%uh(x,y) = %(%) (uh(x +hy) + uw,(x — h,y)) +%(};iz) (u(x,y +h)+

u,(x,y — h)) + 1—12(;2) (uh(x +hy+h)+u,(x—hy— h)) +

(uh(x —hy—h+u,(x—hy+ h)) +o.

327(uh(x+h,y) +u,(x — hy) +w, (e, y + h) +w(x,y —h) +
#(u(x+h,y+h) +u,(x+hy—nh)+tu,(x—hy—h)+u,(x—hy+

h)) —%uh(x,y) +9=0.

Therefore,
4(uy +uy +us+uy) tus+ugtu;+ug 3,
(See Figure 4.1)

To avoid exhaustive computations, we put A, f in place of L;f and A,f in place of L,f into

the equation of ¢ and replace ¢ by 0(|4*|) ,as¥ = Au+ ¢ = 0(|r*]) , so that

B
¢—f+12 1f+12 of

4.4 Discrete Green’s Function for the Six Order Error Estimation

From the sections (4.2) and (4.3) follows:

5204°

|A,(19)u(x, y) — Au(x, y)| < e

M. (4.18)

For the Dirichlet problem for Poisson’s equation we have the following finite difference
problem
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AU Y) =F@y), (LY ER, |
Uxy)=fy),  (xy)€C,. (4.19)

Lemma 1. For any mesh function V(P) defined on R, + C,, if AEQ)V(P) > 0 for PeR,, then

V' (P) takes on its maximum on C,,.
From Lemma 1 follows that the solution of problem (4.19) exists and unique.

We define the Finite difference analogue of Green’s function G, (P, Q) as

ARGH(P,Q) = =6(P,Q)h™% . PeRy,
G,(P,Q)=6(P,Q) , PECG, (4.20)

for Q €R,+ (), and
, P
P

Q,
0. (4.21)

5.0 =1, p

J

Lemma 2. (Green’s Third Identity).
Let V(P) be any arbitrary mesh function defined on R, + C,, . Then forany P € R, + C,

V(P) = h* Toer, Gu(P, Q[-AVV(Q] + Zocc, Gi(P,QV(Q) . (4.22)
Proof: Let P € R;, and let
W(P) = h? Loer, Gr(P, Q) [~ V(Q)] + Zoec, Ga(P, QIV(Q).

We calculate
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AOW (P) = h*A,Gy(P, P)[APV (P)]
=h- (=) (-AV (P))
Let P € C, then W(P) = G,(P, P)V(P) = V(P).

Lemma 3. G,(P,Q) =0, QER,+C, . (4.23)

Proof: From (4.20), it follows that

A (=Gy(P,Q)) = 5(P,Q)h™2 =0 on Ry,
—G,(P,Q)=—-6(P,Q) <0 on C,.

By Lemma 1, the function G, (P, Q) can obtain its maximum on C, .

Hence
—G,(P,Q) <0, PER,,
or

G,(P,Q) =0

Lemma 4. If d is the diameter of the smallest circumscribed circle containing R then
2
1 Toer, Gi(P,Q)SS . PER+Cy . (4.24)

Proof: Let O be the center of the circumscribed circle about R of diameter d, and let for any

P = P(xl,xz) € Rh + Ch,
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x? + x2
w(p) =212,

Then

1
APw = [+ WP +xF o+ G+ )P (o =)+

+ (x; — 1)) + (g + h)? + (xy + B)? + (x, — h)?
+ (x + 1)+ (x; — h)? + (x; — h)? + (x4, + h)?
+ (x, — h)? = 20(x% + x2)]

1
=W[4(Xf+2x1h+h2+x§+xf+x§+2x2h+h2+xf—2x1h+h2

+x3 +xF +x3 = 20,0 + h%) + xF 4 2x0h + B+ X3
4 23,0 + hP + x2 = 2x0h + h® 4+ x2 + 23,0 + BE + X2
— 2x,h + B+ x% = 2x,h + B+ x2 + 2x0h + WP+ x3
— 2x,h + h? — 20(x? + x2)]

1
= W[wxf +16x3 + 16h° + 4x? + 4x2 + 8h* — 20(x? + x3)]

1
=@[24h2] =4.

So that
A(g) x]Z_ + x% _
L 4

Now define the mesh function
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{ORVEWACIL

QERy,

We see from (4.20) that

2
APV(P)=-1,PeR, (asAPV(P)=h Yoer, Gi(P,Q) = 1)
V(P) =0 . PEeC,

Hence

[APV(P)+ W] =0 For P€ER,
And

2 2 d/ 2
V) +wE) < E =TT g peg, .

By the maximum principle, since W = 0, it follows that

2
VIP)ST . PER+G,.

d2
hZZQERhGh(P,Q)SE , P€ER,+(,

Theorem 1. Let u(x,y) be the solution of (3.1) and U(x, y) the solution of (4.19). Then the

truncation error e(P) = u(P) — U(P) satisfies the inequality

ey < LMo o (4.25)

Proof: Since e(P) =0 , P € C, we see from Lemma 2 that
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e(P) =1 Y G(P,QI-8:(Q)].

QERy,

As
|-27£(0)] = 18,u(Q) - su(Q)],

since we have

5204°

9
B 3-8!

u(x,y) —Au(x, y)| < Mg .

Therefore,

(P =12 )" G(P,Q)[-A=(0)]

QERy,
12S 6o 520 h°Mg
PRI B
QERy
<d2 520 h°Mg
~16\ 3-8!
65d2M8 6
- 6-8! h

40



CHAPTER 5
CONCLUSION (RESULTYS)

In this thesis, we have discussed the finite-difference approximation of elliptic equations, and
we obtained some more estimates of the type suggested by Gershgorin. Here we take the
approaches to define a related finite difference Green’s function for various finite difference
analogues. The analogue of Green’s third identity is given in each case and used to obtain
estimates for the truncation error.

When the boundary value problem is defined on a rectangular domain by discrete Green’s
function method to obtain effective error estimations are analyzed.

In the case of problem on domains with curved boundaries by discrete Green’s function
method, when different type of interpolation formula on the irregular grids are used, the first
and the second order error estimations are obtained.

Furthermore, Bramble and Hubbard (1962), by constructing fourth order interpolation in
irregular grids and using 9-point approximation on square regular grids by using discrete
Green’s function method obtained 0 (#*) order of estimation.

In this thesis, when solution domain is a rectangle we have used the 9-point approximation on
square grid, and by applying Green’s function method we obtain O(4°) order of uniform
convergence of the approximate solution.

To extend this result for the problem on the domain with curved boundary in the irregular
grids higher order than Bramble and Hubbard’s (1962) formula is needed.
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