ABSTRACT

This thesis consists a compartmental epidemiologic SIR model which is one of the useful

method to understand the dynamics of the disease.

Firstly, two single models with an without vaccine are constructed. For each model two
equilibrium point which are disease free and endemic are found. Basic reproduction numbers
are found and using Lyapunov function stability analysis carried out. Numerical simulations
give the importance of the vaccine. These two models show that vaccine has an important role
for the disease.

In particular, we construct epidemic model with two strains and two vaccine. In this model we
assume each strain has vaccine. Our aim in this model to see the effect of vaccine for strain one
to the strain two and the vaccine to strain two to the strain one. The model consists of three
equilibrium points; disease free equilibrium, endemic with respect to strain 1, endemic with
respect to strain 2. Also, stability analysis carried out and two basic reproduction ratio R,and
R, are found. It is shown that there is no coexistence. However from the numerical simulations
coexistences of both strain are shown. Also it is shown that the vaccine for strain one has for

strain two and vaccine for strain two has negative effect for strain one.

In addition, a delayed epidemic model consisting of two strains with vaccine for each strain is
formulated. The model consists of three equilibrium points; disease free equilibrium, endemic
with respect to strain 1, endemic with respect to strain 2. Global stability analysis of the
equilibrium points was carried out through the use of Lyapunov functions. Two basic
reproduction ratios R,and R, are found, and we have shown that, if both are less than one, the
disease dies out, if one of the ratios is less than one, epidemic occurs with respect to the other.
It was also shown that, any strain with highest basic reproduction ratio will automatically
outperform the other strain, thereby eliminating it. Condition for the existence of endemic
equilibria was also given. Numerical simulations were carried out to support the analytic results
and to show the effect of vaccine for strain 1 against strain 2 and the vaccine for strain 2 against
strain 1. It is found that the population for infectives to strain 2 increases when vaccine for strain
1 is absent and vice versa. And one of aim in this model to see the effect of the latent period.

The latent periods 7, and t, have positive effect on the infection of strain 1 and strain 2. For



sufficiently large latent periods 7, and t,, R, and R, becomes less than 1 respectively for the

model which is given in last model.
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OZET

Bu tez, hastaligin dinamigini anlamak i¢in en ¢ok kullanilan gruplandirlmig SIR epdiemik

modeller icermektedir.

[1k olarak, asinin etkisini iyi anlayabilmek i¢in asili ve asis1z olmak iizere iki model gelistirildi.
Her bir model i¢in salginin olmadig1 ve salgimin oldugu iki denge noktasi ve her iki model i¢in
temel bulagsma oranlar1 Ry,ve Ry, bulundu. Lyapunov fonksiyonu kullanilarak Kararlilik
analizleri gosterildi. Ry, < 1 iken salgin olmadig1 ve salgin olmayan denge noktas: igin
asimptotik kararlhilik gozlemlendi. Ry ; > 1 iken toplumda salgmn oldugu ve salgin olan denge
noktas1 i¢in asimtotik kararlilik verildi. Analitik metodlar1 desteklemek igin sayisal
similasyonlar kullanildi. Bu iki modelde asinin salgini azaltmak i¢in dnemli bir etken oldugu

gozlemlenmistir.

Ozel olarak, temel iki tiir salgin boliime sahip SVIR model gelistirilmistir. Her bir tiiriin
astlarinin var oldugu kabul edilmistir. Bu modeldeki temel amag, 1. tiir salgin i¢in olan asinin
2. Tiire etkisi ve tam tersi olarak 2. tilir i¢in olan asinin 1. tlire olan etkilerini gézlemlemektir.
Model i¢in ii¢ tane denge noktas1 bulundu ve Lyapunov fonksiyonu ile kararlilik analizleri
verildi. R;ve R, olmak iizere iki tane temel iireme orani bulundu. Bunlara ek olarak sayisal
similasyon kullanilarak analitik sonu¢lar desteklendi. Burada asinin yanlis kullaniminin ters

etkide bulunabilecegi gézlemlendi.

Bir dnceki modele ek olarak gecikme periodu eklenerek model genisletildi. Salginin olmadigi,
1. tiir igin salginin var oldugu 2. tiir i¢in olmadig1 ve 2. tiir i¢in salginin var oldugu 1. tiir i¢in
olmadig1 denge noktalar1 olmak tizere ii¢ tane denge noktas1 bulundu. R,ve R, olmak lizere iKi
tane temel lireme orani bulundu. Her bir denge noktasi i¢in kararlilik analizleri Lyapunov
fonksiyonu kullanilarak verildi. Her iki temel iireme orani birden kiigiikken iki tiiriin de yok
oldugu ve salgimin olmadig1 denge noktasinin asimptotik kararli oldugu gosterildi. En biiyiik
temel lireme oran1 birden biiyiik olan tiirde hastaligin ¢iktig1 ve bu denge noktasinin asimptotik
kararli oldugu gosterildi. Analitik sonuglar1 desteklemek i¢in sayisal simiilasyonlar verildi.
Sayisal sonuglara gore toplumda salgin varsa bireylere farkli salgin tipi i¢in as1 verilir, bu as1

toplumda bulunan salgim artiracaktir. Modele gecikme siiresi eklendiginde salgin sayisinin



diismesi dolayisi ile bireylere bulagsma siiresini uzatilmasmin salgini azaltmak i¢in bir etken

olmasi da bu tezde verilebilecek ikinci bir sonugtur.

Anahtar Kelimeler: Kararlilik Analizi; iki tip; delay; asi, temel bulasma orani; Lyapunov

fonksiyon



DYNAMICS OF TWO STRAIN EPIDEMIC MODEL
WITH VACCINE AND DELAY

A THESIS SUBMITED TO THE GRADUATE
SCHOOL OF APPLIED SCIENCES
OF
NEAR EAST UNIVERSITY

By
BILGEN KAYMAKAMZADE

In Partial Fulfilment of the Requirements for the
Doctor of Philosophy
in

Mathematics

NICOSIA, 2017



Bilgen KAYMAKAMZADE : DYNAMICS OF TWO STRAIN EPIDEMIC MODELS
WITH VACCINE AND DELAY

Approval of Director of Graduate School of

Applied Sciences

Prof. Dr. Nadire CAVUS

We certify this thesis is satisfactory for the award of the degree of Doctor of

Philosophy in Mathematics

Examining Committee in Charge:

Prof. Dr. Adigiizel Dosiyev Commitee Chairman, Department of
Mathematics, NEU

Prof. Dr. Allaberen Ashyralyev Department of Mathematics, NEU
Prof. Dr. Agamirza Bashirov Department of Mathematics, EMU
Assoc. Prof. Dr. Evren Hincal Supervisor, Department of

Mathematics, NEU

Assoc. Prof. Dr. Deniz Agirseven Department of Mathematics, Trakya
University



| hereby declare that all information in this document has been obtained and presented in
accordance with academic rules and ethical conduct. | also declare that, as required by these

rules and cunduct, I have fully cited and refenced all material and results that are not orginal

to this work.

Name, Last name: Bilgen Kaymakamzade
Signature:

Date:



To my parents...



ACKNOWLEDGEMENTS

It is my genuine pleasure to express my deep sens of thanks and gratitude to my mentor,
supervisor and guide Assoc.Prof.Dr. Evren Hingal. His dedication and keen interest all his
overwhelming attitude to help his students had been solely and mainly responsible for
completing my work. His timely advice, meticulous scrutiny, scolarly advice and scientific

approach have helped me to a great extend to accompolish this task.

| owe deep of gratitude to Prof.Dr. Allaberen Ashyralyev for his keen interest on me at every
stage of my research. His prompt inspirations, timely suggestions with kindness, enthusiasm

and dynamism enabled me to complete my thesis.

I thank profusely Prof.Dr. Adigiizel Dosiyev for his kind help and co-operation throughout
my study period.

Special thanks to my colleagues from Near East University and all of my friends for their

supports and kindness.

It is my privilege to thanks my mother Figen Kaymakamzade my father Zeki Kaymakamzade
and my sister Mine Kaymakamzade for thier encouragement and understanding throughout
this stressful research period. Without their beliving this study would not have been

completed.



ABSTRACT

This thesis consists a compartmental epidemiologic SIR model which is one of the useful

method to understand the dynamics of the disease.

Firstly, two single models with an without vaccine are constructed. For each model two
equilibrium point which are disease free and endemic are found. Basic reproduction numbers
are found and using Lyapunov function stability analysis carried out. Numerical simulations
give the importance of the vaccine. These two models show that vaccine has an important role

for the disease.

In particular, we construct epidemic model with two strains and two vaccine. In this model we
assume each strain has vaccine. Our aim in this model to see the effect of vaccine for strain
one to the strain two and the vaccine to strain two to the strain one. The model consists of
three equilibrium points; disease free equilibrium, endemic with respect to strain 1, endemic
with respect to strain 2. Also, stability analysis carried out and two basic reproduction ratio
R;and R, are found. It is shown that there is no coexistence. However from the numerical
simulations coexistences of both strain are shown. Also it is shown that the vaccine for strain

one has for strain two and vaccine for strain two has negative effect for strain one.

In addition, a delayed epidemic model consisting of two strains with vaccine for each strain is
formulated. The model consists of three equilibrium points; disease free equilibrium, endemic
with respect to strain 1, endemic with respect to strain 2. Global stability analysis of the
equilibrium points was carried out through the use of Lyapunov functions. Two basic
reproduction ratios R,and R, are found, and we have shown that, if both are less than one, the
disease dies out, if one of the ratios is less than one, epidemic occurs with respect to the other.
It was also shown that, any strain with highest basic reproduction ratio will automatically
outperform the other strain, thereby eliminating it. Condition for the existence of endemic
equilibria was also given. Numerical simulations were carried out to support the analytic
results and to show the effect of vaccine for strain 1 against strain 2 and the vaccine for strain

2 against strain 1. It is found that the population for infectives to strain 2 increases when



vaccine for strain 1 is absent and vice versa. And one of aim in this model to see the effect of
the latent period. The latent periods 7; and t, have positive effect on the infection of strain 1
and strain 2. For sufficiently large latent periods 7; and 7,, R; and R, becomes less than 1

respectively for the model which is given in last model.

Keywords: Global stability analysis; two strain; delay; vaccine; basic reproduction ratios;
Lyapunov function



OZET

Bu tez, hastaligin dinamigini anlamak i¢in en ¢ok kullanilan gruplandirlmis SIR epdiemik

modeller igermektedir.

Ilk olarak, asinin etkisini iyi anlayabilmek igin asili ve asisiz olmak iizere iki model
gelistirildi. Her bir model i¢in salginin olmadigi ve salgmin oldugu iki denge noktasi ve her
iki model igin temel bulasma oranlar1 R, ;e R, bulundu. Lyapunov fonksiyonu kullanilarak
Kararlilik analizleri gosterildi. Rg; < 1 iken salgin olmadig1 ve salgin olmayan denge noktasi
i¢in asimptotik kararlilik gézlemlendi. Ry, > 1 iken toplumda salginin oldugu ve salgin olan
denge noktasi i¢in asimtotik kararlilik verildi. Analitik metodlar1 desteklemek i¢in sayisal
similasyonlar kullanildi. Bu iki modelde asinin salgin1 azaltmak i¢in 6nemli bir etken oldugu

gozlemlenmistir.

Ozel olarak, temel iki tiir salgin boliime sahip SVIR model gelistirilmistir. Her bir tiiriin
asilariin var oldugu kabul edilmistir. Bu modeldeki temel amag, 1. tiir salgin i¢in olan aginin
2. Tiire etkisi ve tam tersi olarak 2. tiir i¢in olan aginin 1. tiire olan etkilerini gézlemlemektir.
Model igin ii¢ tane denge noktasi bulundu ve Lyapunov fonksiyonu ile kararlilik analizleri
verildi. R;ve R, olmak iizere iki tane temel {ireme orani bulundu. Bunlara ek olarak sayisal
similasyon kullanilarak analitik sonuglar desteklendi. Burada asinin yanlis kullaniminin ters

etkide bulunabilecegi gozlemlendi.

Bir dnceki modele ek olarak gecikme periodu eklenerek model genisletildi. Salginin olmadigi,
1. tiir igin salginin var oldugu 2. tiir i¢in olmadig1 ve 2. tiir i¢in salginin var oldugu 1. tiir i¢in
olmadig1 denge noktalar1 olmak iizere {i¢ tane denge noktasi bulundu. R;ve R, olmak iizere
iki tane temel lireme oran1 bulundu. Her bir denge noktasi i¢in kararlilik analizleri Lyapunov
fonksiyonu kullanilarak verildi. Her iki temel {ireme orani birden kii¢likken iki tiiriin de yok
oldugu ve salgmin olmadigi denge noktasinin asimptotik kararli oldugu gosterildi. En biiyiik
temel ilireme orani birden biiyiikk olan tiirde hastaligin ¢iktigi ve bu denge noktasinin
asimptotik kararli oldugu gosterildi. Analitik sonuglar1 desteklemek i¢in sayisal simiilasyonlar

verildi. Sayisal sonuglara gore toplumda salgin varsa bireylere farkli salgin tipi i¢in as1 verilir,



bu as1 toplumda bulunan salgmi artiracaktir. Modele gecikme siiresi eklendiginde salgin
sayisinin diismesi dolayisi ile bireylere bulagsma siiresini uzatilmasinin salgin1 azaltmak icin

bir etken olmasi da bu tezde verilebilecek ikinci bir sonugtur.

Anahtar Kelimeler: Kararlilik Analizi; iki tip; delay; asi; temel bulasma orani; Lyapunov

fonksiyon



TABLE OF CONTENTS

ACKNOWLEDGEMENTS ... .ottt aae e eeanneas I
A B S T R A T ettt e et e e r e e e e e araeanres I
OZET ... e \Y
LIST OF FIGURES ..ottt sttt sttt sa e s viii
CHAPTER 1: INTRODUCTION. ...ttt 1
1.1 History of PANEMIC.......c.civiiiiie ettt ne e 1
1.2 MathematiCal MOGEL..........cooiiiie et nne e 3
1.3 Epidemic models With time delay ........c.ccoveiuiiiiiieii e 6
1.4 GUITE 10 the TRESIS....uiiieiiieiieite ettt bbbttt 7
CHAPTER 2: MATHEMATICAL PRELIMINARIES ..o 8
2.1 Ordinary Differential EQUAtIONS............ccueiiiiiiic e 8
2.1.1 EXIStENCe aNd UNIQUENESS ..ottt sttt 9
2.2 Delay Differential EQUALTON .........ccoiiiiiiiiiiiiiieee e 10
2.2.1 EXIStENCE AN UNIQUENESS ...ttt sttt st 11
2.3 STADIIITY ANAIYSIS......iiiiiiiiciee e 11
2.4 Basic Reproduction NUMDET ..o s 12
2.4.1 NexXt GENAration MAITX........ccoieiieieeiisie et ae e 12
CHAPTER 3: SIR MODEL WITH AND WITHOUT VACCINE .........ccoeiviiiiieieen, 16
3.1 Construction of the Delay SIR Model without VacCing ..........ccccccvevieiiieiie e 16
3.1.1 Equilibria points and Basic Reproduction Number............ccccceveiiiiieie e, 24
3.1.2 StabIItY @NAIYSIS......viiiie i 27
3.2 Construction of the Delay SIR Model With VacCine ...........ccocvvviiininienc e 31
3.2.1 Equilibrium points and basic reproduction ratio ............cc.coveveriieierenesese s 41
3.2.2 Global stability @nalySiS..........cccueiieiiiieiecie e 46
3.3 NUmerical SIMUIATIONS ........coiiiiiiieieere e 53

Vi



B CONCIUSTON ..o et e e ettt e e e e e e e e et e e e e e e e e e eeneeens 56

CHAPTER 4:TWO- STRAIN EPIDEMIC MODEL WITH TWO VACCINES.......... S7
4.1 Structure 0f the MOGEL.........ccoiiiiiee s 57
4.2 DiSEASE DYNAITHCS ...c.vveieiiieieeie ettt e et be et e e esbeeteasaenteebeaneesreenreenee e 60
4.3 Equilibrium and Stability ANAIYSIS ........ccoiiiiiiiiieee e 70
4.3.1 EqUIlibria of the SYSTEM ........cviiiiii e 70
4.3.2 Basic Reproduction NUMDET ...t 77
4.3.3 Global stability of equIlIDIIa..........cccoiiiiiiii s 78
4.4 NUMETICAl SIMUIALIONS .....ccviiiiiiiieieiee bbb 83
I O] Tod 111 o]  FO RSSO P PP 87

CHAPTER 5: TWO-STRAIN EPIDEMIC MODEL WITH TWO VACCINATIONS

AND TWO TIME DELAY ...ttt 89

5.1 Stracture Of MOGEL.........ccoiiiiiieee e e 89
5.2 Equilibrium and Stability ANAIYSIS.........c.ciiveiiiieiiece et 97
5.2.1 EQUITIDITUM POINES ...ttt 97
5.2.2 Basic Reproduction NUMDET ..........cceiieiiiie it 101
5.2.3 Global Stability ANAIYSIS........ccoiiiiiiiiiieee e 102
5.3 NUmerical SIMUIALION .......ooviiiiieceee e nes 107
ST o] 0] 01 [ o S 112
CHAPTER 6: CONCLUSION ..ottt 113
REFERENGES ... ..ottt sttt e s e e sabe e e snte e e eneeeenes 114

vii



LIST OF FIGURES

Figure 1. 1: Kermak and McKendric model.............ccoeiiiiiiieiiiie e 4
Figure 3. 1: Transfer diagram of the model.............cooiiiii 17

Figure 3.2: Disease free equilibrium for the model without vaccine, the parameters are,
A =200, =0.00003,y =0.07, 4 = 0.02,d0.2....coceneiriniiiiiieericneen 54

Figure 3. 3: Model without vaccine, the parameters are, A = 200, 8 = 0.0003, y = 0.07,
U=0.02,d = 0.2 e 54

Figure 3. 4: Model with vaccine, the parameters are, A = 200, 8 = 0.0003, y, = 0.07,
w=0.02,d =0.2,k =0.0001,7 = 0urcrrrrrirrrririiiiiiieriee e 55

Figure 3. 5: Model with vaccine, the parameters are, A = 200, 8 = 0.0003, y; = 0.07,
u=0.02,d=0.2k=0.0001,7 =04 e 55

Figure 4. 1: Transfer diagram of model (4.1)......c.coeoieiiiii i 59

Figure 4. 2: Disease Free equilibrium: both strain die out. Parameter values are,
B; = 0.00003, k; = 0.00001, k, = 0.00001,; = 0.3, 7, = 0.3, v; = 0.1,
v, = 0.1, y; = 0.07, ¥, = 0.09, u = 0.02, A = 200, R, = 0.2966 and
Ry = 0.2765 oottt 84

Figure 4. 3: Endemic for strain 2: Parameter values are §; = 0.00003, 8, = 0.00003
k, = 0.0001, k, = 0.00001,7; = 0.3, 7, = 0.3, v; = 0.1, v, = 0.1,
y1 = 0.07, ¥, = 0.09,u = 0.02, A = 200, R, = 0.2966 and

Figure 4. 4: Endemic for strain 1. Parameter values are 8; = 0.00003, 8, = 0.00003
k, = 0.00001, k, = 0.0001,; = 0.3, 7, = 0.3, v; = 0.1, v, = 0.1,
¥1 = 0.07, ¥, = 0.09, u = 0.02, A = 200,R, = 2.5979 and
Ry = 02765ttt ettt 85

Figure 4. 5: both endemic: Parameter values are 8, = 0.00003, $, = 0.00003,
k, = 0.0001, k, = 0.0001,, = 0.3,, = 0.3,v; = 0.1, v, = 0.1,

viii



Figure 4. 6:

Figure 4. 7:

Figure 5. 1:

Figure 5. 2:

Figure 5. 3:

Figure 5. 4:

Figure 5. 5:

y1 = 0.07, ¥, = 0.09,u = 0.02,A = 200, R, = 2.5979 and
Ry = 2.350Lcucuiveeeeeeeeeeeeeseeeseeeeseseessee e s eee s ees s ees e s ee s eee e ees e 85

both endemic: Parameter values are 8; = 0.00003, 8, = 0.00003,
k, = 0.0001, k, = 0.0001,; = 0.3, v; = 0.1, v, = 0.1, ¥; = 0.07,
Y2 = 0.09, 1 = 0.028N0 A = 200.......ciiiiiieiieeeieeeeeeseeeee s 86

both endemic: Parameter values are 8; = 0.00003, 8, = 0.00003,
k, = 0.0001, k, = 0.0001,r, = 0.3,v; = 0.1,v, = 0.1, y; = 0.07,
Y2 =0.09, 10 = 0.02800 A = 200.......comiiierieeieeeeeeeeeeeee s, 86

Disease Free: Parameter values are 5; = 0.00003, 8, = 0.00003,

k, =0.00001, k, = 0.00001,; = 0.3, 7, = 0.3,d; = 0.1,d, = 0.1,

¥1 = 0.07, 7, = 0.09 u = 0.02,A = 200, 7, = 7, = 4, R, = 0.2821

AN Ry = 0.2552.....ceice et 108
First strain endemic: Parameter values are 8; = 0.00003, 8, = 0.00003,

k, = 0.00001, k, = 0.0001,; = 0.3, 7, = 0.3,d; = 0.1, d, = 0.1,

¥1 =0.07, 7, = 0.09 4 = 0.02,A = 200, 7, = 7, = 4, R, = 2.3979
ANA Ry = 0,255 ettt 108
Second Strain endemic: Parameter values are 5; = 0.00003, 8, = 0.00003,

k, = 0.0001, k, = 0.00001,; = 0.3, 7, = 0.3,d; = 0.1, d, = 0.1,
¥1=0.07,y, =0.09 u = 0.02,A = 200, 7, = 7, = 4, R, = 0.2821

ANA Ry =2.1695.. ..t 109
Both endemic: Parameter values are 8; = 0.00003, 8, = 0.00003,

k, = 0.0001, k, = 0.0001, 7, = 0.3, 7, = 0.3,d; = 0.1, d, = 0.1,

¥1 =0.07, ¥, = 0.09 4 = 0.02,A = 200, 7, = 7, = 4, R, = 2.3979
ANA Ry = 21695 i 109
Both endemic: Parameter values are 8; = 0.00003, 8, = 0.00003,

k, = 0.0001, k, = 0.0001, 7, = 0.3,d, = 0.1, d, = 0.1, y, = 0.07,
¥y = 0.09, 1 =0.02and A = 200, Ty = Ty = Aeeveereerveererereeeeereseeereseeneesenn 110



Figure 5. 6: Both endemic: Parameter values are §; = 0.00003, 5, = 0.00003,
k, = 0.0001, k, = 0.0001, 7, = 0.3,d; = 0.1, d, = 0.1, y; = 0.07,
Y2 =0.09,1 =0.02and A = 200, Ty =Ty = 4ueeeeeeeeveeeeeeeeeeeeeeeeeeeeeees 110

Figure 5. 7: Both endemic: Parameter values are3; = 0.00003, 5, = 0.00003,
k, = 0.0001, k, = 0.0001,r, = 0.3, 7, = 0.3,d, = 0.1,d, = 0.1,
¥1=0.07,7; =0.09, 4 = 0.02, A =200, 7y =Ty = 15.cieicvercrceerrenn. 111

Figure 5.8: Both endemic: Parameter values aref3; = 0.00003, 8, = 0.00003,

k, = 0.0001, k, = 0.0001, 7, = 0.2, 7, = 0.3,d, = 0.1,d, = 0.1,

Y1 =0.07, 71 = 0.09, £ = 0.02, A = 200, Ty = 4rerreeeeeereereeeeeeeeeeeeeen. 112
Figure 5.9: Both endemic: Parameter values aref; = 0.00003, 8, = 0.00003,

k, = 0.0001, k, = 0.0001, 7, = 0.2, 7, = 0.3,d, = 0.1,d, = 0.1,

Y1 =0.07, ¥1 = 0.09, tt = 0.02, A =200, Ty = 4rreeveereeeeereereeeeeeerreernnes 112



CHAPTER 1
INTRODUCTION

1.1 History of Pandemic

Infectious disease has been known since 165-180 AD. These diseases were known as a
pandemic disease such as smallpax or measels. During this time for example in Mexico
more than 30 million people has been effected from smallpox (Brauer and Castillo-Chavez,
2011).

In history we have seen more serious cases than ever the infectious disease spread between
1346-1350 more than 10000 people died in Europe. Between 1665 and 1666 Black Death
(bubonic plague) affected one-sixth of the population in London. The spread of infectious
disease has never been controled by the human being. In 2006 according to World Health
Organization approximately 1.5 million people affected from Tubercloses. In the same
year an other infectious disease namely Maleria approximately affected 40% of the whole
world population. AIDS is any other disease which could Goverments should consider
seriously according the UNTIL statistics 25 million people effected from AIDS (Ma and
Li, 2009).

In the 20th century influenza pandemics were recorded. The ‘Spanish Flu’ (HIN1) is the
one of the most serious pandemic which spread in the world in a short time and affected
500 million people and caused over 30 million death in 1918-1919 (Shim et al., 2017). In
1957 and 1968 Asian Flu (H2N2) and Hong Kong Flu (H3N2) were recorded respectively.
The morality for these pandamics was estimated 69800 and 33800 respectively (Noble,
1982). Medical people can observe the vaccine response for endemic in many people by
the late 1957. Even though they were not devastating, they killed millions of people. After
these pandemics, an interesting development finding that the natural host of all influenza A

viruses are waterfowl. And there was a great mutation of viruses in birds than in human.



In 1977, epidemic of influenza spread out of North-Eastern China and the former Soviet
Union and it is called “Red Flu”. It was found that the effect of virus of Red Flu is nearly
identical to the HIN1 virus which gives that influenza A virus mutated rapidly as they
multiplied. And also it is detected that disease limited to people under the age of 25, it is
explained that older individuals had antibodies from the identical virus in 1958 (Cox and
Subbarao, 2000).

In 2009 next pandemic was arise from Mexico or the south- western USA, and it was again
a type of HIN1 viruses which was come directly from intensively farmed pigs so called
“swine Flu”. The virus had spread worldwide and in most countries there were infected
people. Although the symptoms of infection was similar to seasonal influenza, the swin Flu
was not as serious as had been feared. In 2009 vaccine introduced for the Swine flu but

there was not enough vaccine strain of the virus. (Rybicki and Russell , 2015).

Influenza viruses are segmented, negative- sense, enveloped RNA viruses of the
Orthomyxoviridae family (Zambon, 1999), and it is also called the “flu”, is a viral disease
that affects humans and many animals. Influenza is a disease caused by a virus that affects
mainly the nose, throat, bronchi and sometimes lungs. Through air by coughs, sneezes or
from infected surfaces, and by the direct contact to infected persons casued the virus

spread from person to person (Khanh, 2016).

There are three groups of influenza viruses, called type A, B, or C. Influenza A is the main
group which affect both human and animals and it has antigenic variability which allows to
escape neutralization from anti- bodies (Dawood, et al., 2012). Influenza B affect only
human and it also exhibits antigenic variability property, but less than that of A. However
this property is not common in influenza C, type C influenza causes weak infections (Bao
et al., 2016), hence influenza A is more serious than B, and then C (Ju, et.al., 2016).

Influenza A virus is divided into Hemagglutinin (HA) and Neuraminidase (NA) based on
the two proteins on the surface of the virus. Hemagglutinin are divided into 12 (H1- H12)
and neuraminidase into nine subtypes 9 (N1-N9) (WHO, 1980). It can also be divided into



different strains, most popular strains found in people are HIN1 and H3N2 viruses (Qiu
and Feng, 2010).

Antiviral treatment, Quarantine and vaccination are three important control measures for
the spread of influenza. For many years anti- influenza drugs that target influenza
neuraminidise have been used to prevent and treat influenza virus infectious. For example
for the HIN1 influenza virus Oseltamivir drug is the most known antiviral treatment also
known as Tamiflu (Ju et al., 2016). Because of the amino acid changing in neurominidase
give the drug resistant strain (Shim et al., 2017). Ju et al. proposed nalidixic acid and
dorzolamide which are use of drugs that are structurally similar to Oseltamivir as anti-

Oseltamivir resistant influenza drugs.

Because of the high risk of the influenza pandemic and large number of death associated
with influenza, understanding of spread of the influenza disease dynamics is important.
The important theoric approach is Epidemic Dynamics in order to investigate the

transmission dynamics of the disease.

1.2 Mathematical Model

Mathematical models play an important role to understand the dynamics of the disease.
Also it gives best strategy to control the disease for a long time (Murray J. D., 2002).

The first study of mathematical models is given for smallpox which was constructed by
Bernoulli in 1760 (Bernoulli, 1760). Subsequently, in 1906 Hamer formulated discrete
time model for the spread of measles. In 1911, with using ordinary differential equation,
the transmission of maleria betwen human and mosquitoes was given by Ross. Kermack
and McKendrick are the poineer of the compartmental models. They pointed first SIR
epidemic model in 1927 and they used a compartmental model with divided population
into tree compartments S, | and R where S denotes the number of individuals who are
Suspectible to the disease, | denotes the number of infected individuals, in this

compartment individuals assumed infectious and able to spread the disease by contact with



suspectible and R denotes the number of individuals who had been infected and were
removed. In their model they assumed that; There is no emigration nor imigration and
neither birth nor death in the population, the number of suspectibles who are infected by an
infected individual per unit of time, at a time t, is proportional to the total number of
suspectibles with the proportional coefficient (transmission rate) 3, so that the total number
of newly infectives, at time t, is BS(t)I(t); the number removed (recoverd) individuals
from the infected compartment per unit time is yI(t) at time t, where vy is the recovery rate
coefficient, and recovered individuals gain permanent immunity (Kermack and
McKendrick, 1927). Figure 1.1 shows the transfer diagram of the Kermack and
McKendrick model.

GO
Figure 1.1: Kermack and McKendrick model.

The model is given by ordinary differential equations as follows

ds

a = —BSI,

dI

o = BSI— 1, (L1)
dR

E = YI

The structure of the Kermack and McKandrick model has recovery after disease. It means
any individiual after recover from the disease never become suspectible. After this model
different kinds of compartmental epidemic model are introduced, depending on the
disease. For example, influenza, measles, and chicken pox, usually confer immunity
against reinfection therefore these kind of diseases has SIR type models (Tan et al., 2013;
Coburn et al., 2009; Yang and Hsu, 2012). HIV or AIDS have no recovery after infectious
than the structure of the model is Sl type (Kaymakamzade, et al., 2017; Sayanet et al.,
2017; Nelson and Perelson, 2002) and some diseases such as tuberculosis have no
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Immunity or have temporary immunity after recovery, which means individuals come back
to the suspectible classes after recovery from the disease. The structures of the models of
this kind of disease are SIS, SIRS, etc. (Bowong, 2010; Li et al., 1999; Zhanget et al.,
2013). In addition to the above models, some diseases have expose period therefore can be
added exposed compartment in the model which means all of the individuals have been
infected but have not yet infectious can also be added. Then the structure of the models
modified as SEI, SEIS, SEIRS, etc. (Korobeinikov and Maini, 2004; Li et al., 2006; Cheng
and Yang, 2012; Yuan and Yang, 2007).

Some diseases are in the form of two (or more general, multi) strain SIR models type
(Bichara et al., 2014; Muroya et al., 2016). Maleria and West Nile viruses are example for
the two strain models which are transmited vector (mosquitoes, insects, etc.) to human or
human to vector (Ullah, et al., 2016; Lord et al., 1996; Tchuenche et al., 2007). In addition
some disease have mutation and so model consist multi strain (Kaymakamzade et al.,
2016; Bianco et al., 2009). Since influenza viruses are of many forms, some researchs are

on multiple strain influenza virus (Zhao et al., 2013; Gao and Zhao, 2016).

There are some methods like quarantine, treatment and vaccination to control the spread of
disease. The first model with quarantine was given by Feng and Theime in 1995 and after
that Wu and Feng in 2000 and Nuno et al. in 2005. The compartment Q introduced and
assumed that all the infectives individuals go to the quarantine compartment before going
to the recovery compartment R or suspectible compartment S. In 2002 Hethcote et al.
considered a more realistic model where the part of infective individual are quarantined
where the others not, eithetr enter recovery compartment or go back to the suspectible
compartment. These models are given by SIQR, SIQS,SEIQR, etc. (Nufo et al., 1970).
Vaidya et al. study with the HIN1 quarantine model (Vaidya et al., 2014). Nuifio et al.
study two- strain influenza with isolation and partial cross- immunity (Nuifio et al., 2006).
In 2016 Kaymakamzade et al. study with Oseltamivir resistance and non-resistance two
strain model which is the one of most important influenza drug (Kaymakamzade et al.,
2016). More effective to control the disease is vaccine. Any individual who takes vaccine
can gain (temporary) immunity and directly can go to the recovery compartment. These
kind of models assumed that vaccines have full effect but for the reality, vaccines have not
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always full effect. These sort of models constructed as SIV, SVIR, SVEIR, SI etc.
(McLean et al., 2006; Reynolds et al., 2014; Zaman et al., 2008).

Many researches exist for influenza virus with vaccine and immunization for influenza
model (Zhao, et al., 2014; Yang and Wang, 2016; Towers and Feng, 2009).

1.3 Epidemic models with time delay

Some diseases may not be infectious until some time after becoming infected (Huang,
Takeuchi, Ma, & Wei, 2010). Time delay is one of the important method can be used in
epidemiology. More realistic approach includes some of the past history of the system in
the models. The best way to model such processes is by incorporating time delays into the
models. That is, system should be modeled by ordinary differential equation with time
delay (Kuang, 1993).

Time delay can be divided into two types as discrete delay (fixed delay) and continuous
(distributed) delay. In the fixed delay model the dynamic behaviour of the model at time t
depends also on state at time t—t, where T is constant. Time delay can be used to
describe;

Latent or incubation period: for some diseases, the number of infectives at time t also
depends on the number of infectives at a time t — t, where T represents the latent period.
Some SIR models with latent or incubation periods were studied in recent years (Takeuchi
et al., 2000; Enatsu et al., 2012; Liu, 2015; Ma et al., 2004; Wang et al., 2013). SVEIR
model with using delay for latent period which the vaccined class can be infected (Jiang et
al., 2009; Zhang et al., 2014; Wang et al., 2011).

Immunity period: After recovery from any disease has short or long immunity against re-
infectious naturally arise. This time T represents the immunity period and after t time later
individual lose the immuinty (Xu et al., 2010; Rihan and Anwar, 2012).



Mutation Period: Some disease chance its structure in a time. And gain immunity with
respect to treatement or vaccine. For these kinds of stuation delay can be represent the

mutation time (Fan et al., 2010).

Above delay periods can be mixed in a model, such as two delay for latency and temproary

immunity respectively (Cooke and Driessche, 1995).

1.4 Guide to the Thesis

In Chapter 2 some mathematical informations about existence and uniqueness of the
system for ordinary and delay differential equations, stability criteria and next generation

matrix methods are given.

In Chapter 3, two delayed modelled with and without vaccine are constructed. In
subsections of Chapter 3, equilibrium points for both two models are given. Then to
control the disease basic reproduction ratios for each models are found. By using
Lyapunov method global stability analysis are made. Finally, the models compared

numerically.

In Chapter 4, the effect of vaccine for strain 1 to the strain 2 and the effect of vaccine for
strain 2 to the strain 1 are discussed. We assume that any individual which has been
recovered from the infections gains immunity. That means recovered people never become
susceptible. Population divided in six compartment S, Vi, V2, l1, I2 and R. Stability

analysis and numerical simulations have been performed for the introduced model.

Chapter 5 is concerned with delay SIR model with two strains. The model in the previous
chapter is modified by adding time delay. Time delays represent the latent period for both
strain. For this model, four equilibria are found and basic repruduction ratios are given.

Global stabilities are studied and some simulations are given for delay model.

Chapter 6, gives the conclusion of the study.



CHAPTER 2
MATHEMATICAL PRELIMINARIES

In this chapter, some definitions and theorems are given for ordinary and delay differential
equations. It is given existence and uniqueness of solution for both ordinary and delay
differential equations. For the stability analysis the Lyapunov function is defined and
Lyapunov stability theorem is given. Finally, for the treshold conditions of the systems

next generation matrix method is given.

2.1 Ordinary Differential Equations

Consider the general ordinary differential equation (ODE)

x(t) = f(t,x(t) (2.1)

with initial condition, x(t,) = x, in the domain |t — t,| < a. Here a > 0 defines the size

of the region where it will be shown that a solution exist. Defining a closed rectangle
R={(t,x(®)): lx — x| < b, |t — to| < a},

centred upon the initial point (t,, x,). Integrating both sides of (2.1) with respect to t, gives

that
[y 2(s)ds = [ f(s,x(s))ds
or

x(8) = x(t) = [ (s, x(s))ds.



Hence
x(t) = x(to) + [, f(s,x(s))ds. (2.2)

Using the initial value and the successive approximations of the solution can be obtained as

Xpsl (D) = xp + ft’; Flx(s),s)ds, k=0123..., (2.3)

with the given x, of t.

2.1.1 Existence and uniqueness
Definition 2.1. (Murray and Miller, 2007). (Lipschitz Condition)
A function f (¢, x) is a real valued function then f is said to be satisfy a Lipschitz condition

if there exists a constant K such that for any pair of point (¢, x;) and (¢, x,) in R,

|f(t,x2) — f(t,x)| < Klx; —x4|,V ¢ (2.4)

Lemma 2.1. Suppose that f (¢, x) is continuously differentiable function with respect to x

on a closed region R. Then there exists a positive number K such that

|f(t,x2) — f(t,x)| < Klx; — xq] (2.9)

forall (¢, x,),(t,x;) €ER.
Lemma 2.2. (King et al., 2003). If @ = min (a, %) then the succesive approximations,
%0(8) = %o, %e1(8) = Xo + [ f(5,2()) ds

are well defined in the interval I = {t: |t — t,| < a} and on this interval

| (t) — x|l < M|t —ty| < b,



where |f]| < M.

Theorem 2.1. (Perko, 2000 ). (Existence)
If f and Z—ﬁ € C(R), then the succesive approximations x; (t) converge on I to a solution of

the differential equation x = f(t, x) that satisfies the initial conditions x(t,) = x,.

Lemma 2.3. (Cain and Reynolds, 2010). (Gronwall’s Inequality)
If f(t) and g(t) are nonnegative continuous functions on the interval « <t <, L is

nonnegative constant and

f®) <L+ [Lf(s)g(s)ds fort € [a, ],

then

f(t) < Lexp {f:g(s)ds} fort € [a,B]. (2.10)

Theorem 2.2 (King et al., 2003). (Uniqueness)
If f and Z—£ are continuously differentiable function on R, then the solution of the initial

value problem x(t) = f(t, x(t)) subject to x(t,) = x; iS unique on |t — t,| < «.

2.2 Delay Differential Equation

R™ is a n dimensional real Euclidean space with norm |. |, and when n = 1, it is denoted as
R. For a < b, we denote C([a, b], R™) the Banach space of continuous vector functions f
defined on [a, b] with values R™. For f € C([a, b], R™), the norm of f is defined as

IfIl = sup [f(D)],

ast<b
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where |.] is a norm in R™. When [a, b] = [—r, 0] where r is positive constant, generally
C([—r,0],R™) denoted by C. For c€R, 1>0, x€ C(lc —r,c+A,R™) and t €
[g,0 + A], we define x; € C as x,(0) = x(t + 0), 6 € [-r,0].

Assume 2 is a subset of R x C, f:£2 — R™ is a given function, then delay differential

equation (DDE)

{Jk:f(t,xt) t>o,

x®)=¢t) -r<t<0 (2.12)

can be defined.

2.2.1 Existence and uniqueness

For each delay there exists unique solution. The existence and uniqueness theorems for

constant delay are given with following theorems.

Theorem 2.3. (Kuang, 1993). (Existence)
In (2.12), suppose {2 is an open subset in R x € and f is continuous on Q2. If (o, ¢) € 2,

then there is a solution of (2.12) passing through (o, ).

Theorem 2.4 (Arino et al., 2002). (Uniqueness)
Suppose 2 is an open subset in RXC,f:2 - R™ is continuous, and f(t,¢) is
Lipschitzian with respect to ¢ in each compact set in 2. If (g,¢) € 2, then there is a

unique solution of equation (2.12) through (o, ¢).

2.3 Stability Analysis
Definition 2.2. (Verhulst , 1985 ). An equilibrium point x* of system (2.1) is said

to be;

1. stable if, for all € > 0 there exists § > 0 such that, for each x with ||x, — x*|| < &

we have ||x(t) — x*|| < € foreveryt > 0.
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2. x™is asymptotically stable if it is stable and ||x(t) — x*|| > 0ast — oo.

3. We say that the equilibrium x* is unstable if it is not stable.

Theorem 2.5. (Wiggins, 2003). (Liapunov Function)

Let E be an open subset of R™ containing equilibrium point (x*). Suppose V is a function
suchtat f € C(E) satisfying V(x*) = 0 and V(x) > 0 when x # x*. Then,

1. IfVv <o0forall x € E — {x*}, x* is stable.

2. IfV <o0forall x € E—{x*}, x* is asymptotically stable.

In other words, an equilibrium is stable if all solutions close to it at the initial moment will
not depart too far from it later on. If, additionally, all solutions initially close the
equilibrium will tend to it, then we have a stronger property, called asymptotic.

2.4 Basic Reproduction Number

The basic reproduction number R, is the most important quantity in infectious disease
epidemiology (Diekmann et al., 2009). It is the avarage number of secondary cases
generated by a single infected individual during its entire period of infectiousness when
introduced in to a completely suspectible population.

Alternative technique for the finding basic reproduction number is next generation matrix

method which is given by Diekmann and Hesterbeek in 1990.

2.4.1 Next Genaration Matrix

To calculate R, to the equations of the ODE system Diekmann and Hetereebek consider
the Next generating matrix method (Diekmann et al., 2009). Because of next genaration
matrix method is sometimes easier then the traditional approach, it is a useful alternating

method to find the basic reproduction number.

Any non-linear system of ordinary differential equation can be described as a
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x;(x) = fi(x) = Fi(x) — Vi(x) (2.17)
and V; can be written
Vi = Vl-_ - Vi+,

where F; is represents the rate of appearence of new infections in to compartment i, V;
represent the rate of transfer output of the i" compartment and V;* represent the rate of
transfer input of the i*® compartment. It is assumed that all functions are continuously

differentiable at least twice. Defined x be the set of all disease free states such that
x;={x>0:x;,=0,i =1,2,...,m}

assuming that first m compartments correspond to infected individuals.

With the above assumption following conditions hold;

1. If x = 0, then all F;, V;*, V; are non-negative for all i.

2. V7 =0, when x; = 0, which means that there is no any transfer of individuals of out of
the compartment when the number of individuals in each compartment is equal to zero.
In Particular, V;” =0 when x; € xg, fori = 1,2,...,m.

3. Fi=0,wheni>m

4, If x; € x;. Then F; = 0 and V;* =0, fori = 1,2,...,m.
This condition provided that the disease free subspace is invariant.

5. Let x, be a locally asymptotically stable disease free equilibbrium point in x,, and
Df (x,) is defind as the derivative % evaluated at the disease free equilibrium, x, (i.e.,

Jacobian matrix). The linearized equations for the disease free compartments x are

decoupled from the remaining equations and can be written as
x = Df (xo)(x — xp).

Therefore, if F;(x) is set to zero, then all eigenvalues of Df (x,) have negative real parts.
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Under the above conditions, the following lemma can be given.

Lemma 2.4 (Driessche & Watmough, 2002): If x, is a disease free equilibrium of (2.17)
and f;(x) satisfies the above conditions 1-5, then the derivatives DF (x,) and DV (x,) are

partitioned as
_(F 0O _(V 0)
DF() = o)rDV(xo) = (,3 1)
Here F and V are the m X m matrices defined by

F

a L a i . .

The derivation of the basic reproduction number is based on the linearization of the ODE

model about a disease-free equilibrium.

The number of secondary infections produced by a single infected individual in a
population at a disease free. It can be expressed as the product of the expected duration of
the infectious period and the rate at which secondary infections occur. Let ¢;(0) be the
initial number of infected individual in each compartment i and ¢(t) be the solution of the
system

% = [F; = Vi]x;. (2.18)
Then the expected time spends in each compartment is given by the integral

I e@at.
With F;(x) = 0 and initial condition ¢;(0) implies

x; = =V x;, x;(0) = 9;(0). (2.19)
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The solution of (2.19) is
x;(t) = e "i*¢;(0).

Thus the expected value of new infections produced by the initially infected individuals is

given by
Iy Fe™9i(0) = FV9,(0),

where (i,j) entry of F is the rate at which infected individuals in compartment j produce
new infections in compartment i. Diekmann and Heesterbeek (2000), called K= FV~1 is
the next generation matrix. The (i, j) entry of K is the number of secondary infections in
compartment i produced by individuals initially in compartment j. In other words, the
elements FV 1 represent the generational output of compartment i by compartment j

(Hurford, Cownden, & Day, 2009). Therefore the basic reproduction ratio is given by
Ry = p(FV™Y),

where p(K) is denoted by spectral radius of a matrix K, which is the maximum of the

modulus of the eigenvalues of K.
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CHAPTER 3

SIR MODEL WITH AND WITHOUT VACCINE

In this chapter we define and constract a single strain delay model with and without
vaccine to see the effect of the vaccine for the disease. The models which are constructed
in this chapter modified by Chauhan models with adding delay for incubation period.
Chauhan et al. studied with two model with and without vaccine models and they showed
the effect of the vaccine (Chauhan et al., 2014).

In Section 3.1 the SIR model with delay is constructed, then equilibrium points, basic
reproduction number and stability analysis are given for this model. In Section 3.2 the SIR
model is constructed with delay and vaccine. Similarly with the previous section,
equilibrium points, basic reproduction number and stability analysis are also given. In

Section 3.3, numerical simulations are given for both model.

3.1 Construction of the Delay SIR Model without Vaccine

The assumptions for the model are

i. The population is fixed.

ii. The natural birth and death rates are included in the model.

iii.  All birth are into suspectible class only.

The population N(t) is divided tree compartment S(t),I(t), and R(t) which are
susceptible, infected and recovery compartments respectively. The model which is
constructed in this section assumed that individuals infected at time t —t become
infectious 7 time later. To be a more realsitic it can be assumed that not all those infected
will survive after T times later, because of this reason survival term e#* is introduced. The

transfer diagram of the model is given in the following Table.
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Figure 3.1: Transfer diagram of the model.

The variables and parameters are positive and their meanings are also given in

Table 3.1.

Table 3.1: Variables and parameter

Parameter Description

A Recruitment of individulas

ﬁ Avarage time of life expectance

B Transmission coefficient of susceptible individuals to
the infected compartment

‘—1( Avarage infection period

d Death rate from the disease

T Incubation period

e Mt Probability that an individual in the incubation period

has survived

Under the above assumptions the model is given by a system of ordinary differential

equations
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as(t) _
at

A—(BI(t) + wS(t),

2O = emwps(t — DIt — 1) = (v + p + d)1, (3.1)

dR(t
L8 = yI(t) - uR(D),

with the initial conditions

s(0) >0,1(0) =0,R(0) =0.
Note that, using

N() =S() +1(t) +R(t)

we can obtain R(t) by N(t) — S(t) — I(t). Therefore, we will study with the

following system

as(t) _
ac

A= (BI(®) + WS,

YO = e wpS(t DIt — 1) = (7 + 1 + DI(D). (3.2)

The following theorem establishes the feasible region of the system (3.2).

Theorem 3.1. The solution ¢ € C, of the system (3.2) is unique, nonnegative and

bounded and the positive invariant region is

0 ={(S),1(1)) € C3: H = 5(t) + e*I(t +1) < %} (3.3)
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Proof. For nonnegativity of solution of the system (3.2), it is needed to show solution of

each equation of the system is nonnegative.

First, taking the first equation of the system (3.2), we get

% =A— (BI() + WS(t) = —(BI®) + wWS(t)
or
S+ (BI) + S 2 0. (34)

The integrating factor p(t) of the equation (3.4)
p(t) = eloBraO+w) au,
Therefore from (3.4), it follows
efot(ﬁl(u)ﬂt) du% + efot(Bl(u)w) wRI(E) + p)S(t) = 0
or
%[S(t)efot(ﬁl(u)w) du] > 0.
Taking integral with respect to s from 0 to ¢, we get
fot% [S(s)efg(ﬁl(“)Jr“) du] dt >0

or

t
S(Deh®@rwau| 5 o
0
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or

S(t)efot(ﬁl(u)w) du _ S0)=0

or

S(H) = S(0)e~ o BI+wau 5 o

From the second equation of the system (3.2), it follows that

L0 = e mps(t— DIt — ) =y +u+ I = —(y + p+ DI(E)

(3.5

or

di(t)

—— T +Hu+dI) 20, (3.6)

The integrating factor p(t) of (3.6) is
p(t) = efot(y+u+d) du _ ,(y+u+d)t
Therefore from (3.6) it follows
er+urayt d;—(:) +eUritdt (y 4+ d)I(t) > 0.

or
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% [e¥mtat ()] = 0.
Taking the integral with respect ot s from 0 to ¢, we get
I(t) = 1(0)e~+utdt >
Hence the solution of the system (3.2) is nonnegative.
For the proof of boundedness of the system (3.2), let us define a function
H=S(t)+ e I(t + 7).
Therefore
H=5t)+e*i(t+1)
= A— (BI(D) + WS + e [e™*BSMOIM) — (v + p + dDI(t + 7)]
=A—puSlt) —e* " (y+u+d)I(t+1)
< A—puS(t) —e*ul(t+ 1)
= A — pH(b).
So we have
H < A — pH(%).
Since 0 < H, we get

0<H<A-pH®
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or
0 < A— pH(D). (3.7)

Therefore, from (3.7) and for large enough t, it follows

A
H(t) <-.
© <=
Hence, the positive invariant region is obtained that

0

{(S(t),z(t)) €C2N =S(t) +e™I(t +71) < %}

Finally, we will show the uniqueness solution of the system (3.2), we define a vector

function f as follows

_ file(®) _ (910
fle®,pt-1) = <f2((p(t),(p(t - T))>’ vt = (<pz(t)>'

where fi(o(t)) = A= (B, (8) + We1(t) and fr(¢(t)) = e # Bo1(t — D)@, (t — 1)
—(y + u+ d)p,(t) are continuous. In order to say the system (3.2) has a unique solution
it is sufficient to show that the Lipschitz condition for f(@(t), @(t — 1)) with respect to
@(t) holds.

For ¢ = (¢4, p,) and Y = (14, Y-), and assuming that
1Y =@l = 12 — @2l + [¥h1 — @4l (3.8)

We have that

1f1(0(®)) = AW = [(A = (Be2(t) + W1 (1)) — (A
—(B2(t) + w1 ()]

< BlY1 (P2 (D) — 91 (D@2 ()] + |1 (D) — @1(D]
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where

= BlY1(OY2 (1) — P1(E)P2(8) + Y1 (D) P2(8) — @1 (D@2 (D]
+ulp () — @1(8)]

< Bl (O2(0) — @20 + Blo (D11 (®) — 1 (D] + ulip1 ()
—@1(D)]

< K ([1(®) — o1 (O] + [¥2(8) — 02(OD = K[ (@) — (@O, (3.9)

Ky = max{u + Blo,|, B}

from the invariant set, ¢, < % @ < % it follows

A

Furthermore, one can derive that

where

I f2(p(®), p(t — 1)) — [LQp(O), Yt — DI = e Bp,(t — Dpo(t
)= +pu+de(t) — (PPt —DP(t—1)— (¥ +u
+d), (1))

S+ u+ DP(0) — ()]

< Kl (@) — @), (3.10)

Ky=y+u+d.

Applying (3.9) and (3.10), we get
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1f (D), ot — 1) = fFW@, Yt =)l = lIfi(e®) = LGOI
+Hf2(e®), 0t — 1) = L@@, Y — DIl < (K1 + KDY — ol

where
K1+K2=y+d+2u+ﬁ£.

3.1.1 Equilibria points and Basic Reproduction Number

In this section, it will be found the equilibrium points of the system and it will be found the

basic reproduction number which is the treshold condition for the system.

Theorem 3.2.
i. The system (3.2) has always disease free equilibrium E, = (S,,I,), where

A

e—u‘[Aﬂ - ags - * *
> =
Grdin 2 1 then system (3.2) has the endemic equilibrium E; = (S*,I*), where

e!T(u+d+y) " e HTA u
———and [* = .
B (utd+y) B

S =
Proof. Equailizing the each equation of the system (3.2) to the zero, it is obtained that

A—(BI() +wS(t) =0,
e MBRS(t—DI(t—1)— (y+u+d)(t) =0. (3.11)

Assume that I(t) = 0, then the disease free equilibrium is obtained in the first equation of

(3.11) as
A
S(t) = e
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then the disease free equilibrium is
Ey = (é,o). (3.12)

Now assume that, I(t) # 0, from the first equation of the system (3.11), it

follows
A

S(t) = T (3.13)
Putting S(t) in the second equation of the system (3.11), we get

e MBSt—DIt—1)— (y+u+d)I(t)

= e HT A —_ —_ =

e ,Bﬁl(t)_#l(t T)—(+u+d)I() =0.
Since I(t) # 0, then
—ut A _

e Bm(t)_# y+u+d)=0
or

e HPA-(y+u+dpIE) - +p+dp=0,
then

I(t) =< 2A B (3.14)

T ytptd B

Under (3.11) and (3.14), we get
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A _ Ay +u+d) _ (y+u+d)eh®

e HTA Wy, Be HTA—p(y+ut+d)+uly+u+d)
Grmap) P p(y+ptd)+uly+p+d) B

S(t) =

Hence the endemic equilibrium is

_ (et (ut+d+y) e HTA K
El_( B " (utd+y) B)'

. Bt (u+d+
Since §* = £ Wtra+y)

3 > 0, then E; is biologically meaningfull, when

. _ e HA

_k
T (utd+y) B 0.

v

or
e HTAB
(utd+ydu —

Basic reproduction number R, is the number of secondary infections caused by one
infectious individual in a whole susceptible population. With using the second equation of

the system (3.1) the basic reproduction number is given by,

e MBRS(t—DIt—1)—(y+u+d)I(t) <0

or

e HTBRS(t—1)
(y+u+d)

<1
The basic reproduction ratio is given at the disease free equilibrium point,

__eTHIBS, e HIAB
(y+u+d)  ply+p+d)

RO,l
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3.1.2 Stability analysis
In this section the stability analysis for both disease free and endemic equilibria are given

with the method of Lyapunov function.

Theorem 3.3. The disease free equilibrium E, is globally asymptotically stable when

Roq < 1.
Proof. The Lyapunov function is constructed as
V() = e I(t) + [__ASwI(Wdu.

Since V is nonnegative, to show that disease free equilibrium point E, is globally

asymptotically stable, we only need to show that V negative definite. Actually,
V(t) = e*i(t) + LS()I(t) — BS(t — T)I(t — 1)

= el e ™™BSt—DIt—1) — Y+ u+dDI®)] +BSE)I(t)
—BS(t — DIt — 1)

=BSWI() — (v +pn+ detI(t). (3.15)
According form (3.3), we have S(t) < /ﬁ replacing this in (3.15), it is obtained
V() = BSOIE) — (v + p + d)e* 1 (D)
< ,B%I(t) — (r +p+ Der ).
Therefore, V(t) < 0, when

BRI = (v +p + d)ekI(t) < 0.
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Since I(t) > 0, then

BA e HT
uly+u+d)

(3.16)

The left hand side of (3.16) is the basic reproduction ratio. Hence, E, is globally
asymptotically stable when R ; < 1.

Theorem 3.4. The endemic equilibrium E; is globaly asymptotically stable when Ry; > 1

Proof. The Lyapunov function is constructed as

V@) = S*g (S(t)) t ekl (I(t)) +psI [l g(s<u)1<u)) du,

S*I*
where g(x) defined as

gx)=x—1—-Inx.

BA e HT
T )>1 then V(t) is

nonnegative, to show that disease free equilibrium point E; is globally asymptotically

Since g(x) is nonnegative function, and I* > 0 when

stable, we only need to show that V negative definite. Actually,

S0 — ox (SO S® pr s (1) I® « [SOI®)
V(t) =S (S* S(t)) +ettr (1* I(t))+ﬁ$ I [ S*r* 1

“In (S(t)l(t)) _ S(t-1)I(t—-T1)

S*r* S*r* +1+In (w)]

S*r*

= (1-25) (A= (BI) + WS®) + e#7 (1 = =) (€St — DIt
—1) = (y + u+ DID) + BSOI(E) = BS(E — DIt =)

—ps°1* (1n (X29) — 1 (221D))

28




S*
s(t)

= A(1 - ) — BI(D)S(E) — uS(t) + BI(S™ + uS™ + BS(t — DI(t
BS(t—-DI(t—-T)

- —e!(y+p+d)I(t) - )

I'+e"(y+u+dr

+BS()I(t) — St —1)I(t —1) —BS* " In (( S®I(t) )

t—7)I(t—-7)

= A(l - S—) —uS() + S+ (BS* — e¥*(y + p+ d)I(t)

s(t)
_x BS(t-DI(t—-1) _ UT * T S()I1(t)
e o e’ (y+p+d) + £S*I*In (—(H)I (H))]. (3.17)

From the second equation of (3.11), we have
(BS*—e* (y+p+d)I" =0
since I* # 0, then
BS* —et*(y+u+d)=0 (3.18)

which implies that

et (y+pu+d) = BS". (3.19)
. T (¥ (utdty) eTHTA
From the endemic equilibrium is ( 5 G dey) ﬁ), we get
« e HA K
© (u+d+y) B
then
ut
A= I*e‘”(u+d+y)+w
o)
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A=Te*"(u+d+y)+us* (3.20)
replacing (3.19) in to (3.20), we get
A= BS'I" 4+ uS” (3.21)

using the (3.18), (3.19) and (3.21), system (3.17) can be regarded as

V(e) = (BS°I" +us™) (1 - 5—*) +5u(1- @) + (Bs*

s(t) S*
. [BS(t=DI(t-1) . s SOI()

—pHUT — —_— —_—

e (y+pu+d)ID) —1 [ = BS* + BS*I*In ((t_m(t_ﬂ)]
7% * *i * * _ s* _S(t) _prxcx|_ S(t—-D)I(t-1)
= I'BS" = BS” 251" + kS (2 = S*) BI*S [ 142500

SOOI
+1In ((t—r)l(t—‘r))]
_ (oS _5® vor [y _ ST SEOIED _  SOI®)
= U (2 5@ s*)+ﬁ1 J [2 s 105" lnS(t—t)I(t—t)]'
(3.22)
Since
s* S-DI¢t-1)\ _ §* . 5*  sE-DI(t-1)
g(s(t)) ( 105" )_s(t) InZ5+ =05 1
S(t—-)I(t—71)
—1In 1(t)S*
_ s* . SE-DI(t-1) NORERI(GN
- 2+s(t)+ 1(t)s* +1n s* S(t-1)I(t-7)
_ s* . SE-DI(t-1) S)I(t)
=-2 +S(t)+ 05 + In ST >0 (3.23)
and
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2- =W - _(sr—swm)’ <o (3.24)

-
Hence, because of the fact that (3.23) and (3.24), the equation (3.22) yields

; = * __*__ _ xox [ S* S(t—)I(t—1)
V(1) = us* (2 = O) - prese ( 24254 LUy

S®)I(t)
o2 Ss) <0

which completes the proof.

3.2 Construction of the Delay SIR Model With Vaccine

In this section delay SIR model is constructed with a vaccine. Addition to the previous
model vaccine compartment V(t) is added and the population N(t) is divided to four
compartment. The variables and parameters are positive and their meanings are also given
in Table 3.2.

Under these assumptions the model is given by a system of ordinary differential equations

as(t) _

e A—(BIt) + 7+ w)S(D),

av(e)

——==71S(O) —kV(DI() = (u+ 1=KV (1),

L0 = e [pS(t — 1) + kV(t = DIt — ) — (v + 1 + DI(D), (3.25)

dR(t) _
at

(1 =k)V (@) +yI(t) — uR(),

with the initial conditions
5(0)=0,V(0) = 0,1(0) = 0,R(0)=0.
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Table 3.2: Variables and parameters

Parameter Description

A Recruitment of individulas

%1 Avarage time of life expectance

B Transmission coefficient of susceptible individuals
to the Infected compartment

$ Avarage infection period

d Infection induced death rate

T Incubation period

e Mt Probability that an individual in the incubation period
has survived

r Rate of vaccination

k Transmission coefficient of vaccinated individuals V to |

Using

N(t) =S@t)+V(t)+1(t) +R(t)
we can obtain R(t) by
N(t) —S(t) =V (t) —I(t).

Therefore, it is sufficient to study with the following system

di—i” = A— (BI(t) + DS(t),
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ZO = 15(6) + kV (1) — (u+ 1 - DV (),

ar(e)

——=e M[BS(t—1) +kV(t —D]I(t — 1) — al(t),

dt

(3.26)

where A=r+u and a =y +u+d. Similary with the previous section, following

theorem establishes the feasible region of the system (3.26).

Theorem 3.5. The solution of the system (3.26) exists, unique, nonnegative and bounded

with the feasible region

2 ={(S(),V(D),1(D) € C3: H=S{E) +V(t) + eIt +1) < ﬁ}

Proof. For nonnegativity of solution of the system (3.26), it is needed to show that the

solution of each equation of the system is nonnegative.

First, taking the first equation of the system (3.2), we get

as

. = A= (BIO +DS®) =2 =(BI(X) + D)S()
or

=+ (BIE®) + DS() 2 0.
The integrating factor p(t) of the equation (3.27)

p(t) = eloBI+D) du

Therefore, from (3.27) it follows
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eloBIEOTD @ 8 4 o [ipICORD a1 (1) + 2)S(t) 2 0

or
4 [y (BIGn)+2) du
ARG | =o0.
Taking the integral with respect to s from 0 to t, we get
t
S(t)efo(b’l(u)M) aut >

or

S(D)eh BN A _ g0y > g

or

S = 5(o)e—f§(ﬁl(u)+/1) au

From the second equation of the system (3.26), it follows that

O = rS(0) + kV (DI = (u+ 1=KV 2 —(u+1 - V(D)

or

av(t)
dt

>—(u+1-KV()
or

av(t)
dt

+(e+1—kVE) = o0. (3.28)
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The integrating factor p(t) of (3.28) is
p(t) = elo®r1-R au _ guri-kot
Therefore, from (3.28) it follows
el 1=t 2B 4 (11t (3 4y 1 A)V (2) 2 0.

or

d

L [+ ()] > 0.

Taking the integral with respect to s from 0 to t, we get
eWH1=Rsy(]f =0

or

V(t) = V(0)e~W+1-it

Finally, from the third equation of the system (3.26), we get

LD = emrr[pS(t —7) + kV (t — DUt — 1) — al(t) = —al (1)

or
2O > —al(t) (3.29)
dt
or
L8 a1 2 0. (3.30)
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The integrating factor p(t) of (3.30) is

p(t) = eloadu — pat
Therefore from (3.30) it follows

pat 4O

alt) at
L Te al(t) = 0.

or

%[e“tl(t)] > 0.

Taking integral with respect to s from 0 to t, we get
I1(t) = 1(0)e
which is nonnegative. Hence the solution of the system (3.26) is nonnegative.
For the proof of boundedness of the system (3.26), let us define a function
H=S(t)+V(t)+e*I(t + 7).
Therefore
H=St)+V(®)+ei(t+1)
=A—BIE)+)SE) +rSE) + kV()I(E) — (u+1—-k)V(L)

+eHlT[e M [BS(t) + kV(£)]I(t) — al(t + 1)]
=A—uSt)—(u+1-k)V(t) —e*al(t+ 1)
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< A—uS(t) —uV(t) —e* ul(t+1)
= A — uH(t).
Hence, the solution of the system, is obtained from
H<A—uH(b). (3.31)
The integrating factor p(t) of (3.31) is
p(t) = ett.
Therefore, from (3.31) it follows
eMH(t) + e*uH(t) < etA
or
= [eHH(D)] < eMA.

Taking the integral with respect to s from 0 to ¢, we get

us t A yst
eMH(t)|g = L€

or

eMt H () — H(0) < %e”t - %

or

H(t) < e ™H(0) + 3(1 — e Ht) < H(0)e M +§
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or
A —ut
H(t) S;+H(O)e e,

Then

A A
i < 1i - —ut) =2
tll_glo H(t) < th_glo (“ + H(0)e ) "

The positive invariant region is obtained that
2 ={(S(), V(D) 1()) € C}: H = S() + V(t) + e I(t +7) < %}

Finally, we will show the uniqueness solution of the system (3.26), we define a vector

function f as follows
file(®) 0, ()
flo®,pt—1)) = f2(e@®) , o) = (q)z(t)),
fa(@(®), 9t — 1)) @2 (1)
where  fi(@(®) = A= Bes(®) + D1 (D), f(@(®) = re; (D) + ko, (Des(D) — (1
+1-K)p,(© and f3(@)) = e " [Be,(t — 1) + ko, (t — D] (t — ) — agps(t) are

continuous. In order to say the system (3.26) has a unique solution it is sufficient to show

that the Lipschitz condition for f(¢(t), ¢(t — 1)), with respect to ¢(t).

For ¢ = (1, @2, @3) and Y = (Y4, Y5, P3), and assuming that

Y — oll = 13 — o3| + [P, — @] + [P — @4l (3.32)

We have that
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where

1f1(e(®)) = i)l = [(A = (Bes(t) + D1 (1)) — (A
(=B () + D1 (D)

< Bl (OP3(1) = 91 (D@3 (O] + Al (1) — @1 ()]

= Bl1 (Y3 (D) — Y1 (D @3(t) + P1(D@3(t) — @1 (D P3(D)]
AP, () — @1(O)]

< Bl (O3 () — @3(O)] + Bloz(OI1(t) — @1 (O] + Al (£)
-1 (0|

< K1 ([1 () — @1 (O] + [$p3(t) — @3 (D) < K;[(t) — (DI,

K; = max{A + Blosl, Bl (D)1}

From the invariant set ¢; < % V3 s% it follows

K, =7\+[3%. (3.33)

Furthermore, one can derive that

1f2(0(®), p(t — 1)) = (0, Y(t = DI = Ire1 () + k2 (H)@3()
—(H+1=K)p,(t) =1 () — ki, (OY3 (D) + (n + 1 = K, (D]

< 1oy (8) = P1(O] + klo (D3 (8) — P (OPs(O)] + (n+1
—K) 12 (t) — @2(8)]
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where

< rle.(t) — Y1 (O] + klo2(£) @3 () — (D) P3(t) + @, (D) P3(t)
=P, (O Y3 (O] + (n+ 1 = K) [P, (8) — @2 (D]

< rle1(t) — Y1 (O] + klo(O)]l@3() — 3] + k|3 ()| @2(t)
=, (O1+ (L+ 1 =B P2 (8) — (D) < K [9(8) — @(D)],

K, = max{r, k|3 ()| + (n + 1 = K), k[, ()]}.

From the invariant set ¢, < % 3 S% it follows

K2=k§+(u+1—k). (3.34)

Finally, using the third equation of the system (3.26), we get

where

Ifs(@(®), p(t — 7)) = LA, Yt — DI = |e ¥ (Beps(t — D5t
—1) + ko, (t — st —1)) — aps(t) — (e7# (B, (t — DPs(t
—1) + ki, (t — D3t —1)) — aps(D)]

< alyps(t) — o3 (O] < K3|Y(t) — (D), (3.35)

K3=a.

Applying (3.33), (3.34) and (3.35), we get

I (0(®), ot — D)) = F(W(@®), ¥t — )| = ||file®) - £(w©®)|
+|£(e®) — L@O)| + ||:(e®), ot — D) — H(W®, (& — 1)
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< (K1 + K, + K3l — ol

where
K1+K2+K3=(k+ﬁ)£+u+1—k+7\+ a

which completes the proof of Theorem 3.5.

3.2.1 Equilibrium points and basic reproduction ratio

With equalizing the each equation of the system (3.26) to the zero, then system

(3.6) is recomposed as
A— (BI(t) + 1)S(t) =0,
rS(t) + kV()I(t) — (u+ 1 -k)V(t) = 0, (3.36)
e M[BS(t—1) +kV(t—1D]I(t—1) —al =0.

The equilibrium points are given with the following theorem.

Theorem 3.6.

i. The system (3.26) has always disease free equilibrium E, = (S,, V,, I,), where

E, = (ﬁwi—’l‘_k)o)

ii. When e:ZA([>’+ s )21 the system (3.26) has endemic equilibrium

u+1-k

E, = (8", V*,I"), where
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1= (ﬁli\H\' [k1*+(u+1A—rk)](/31*+A) ’ I*)'
I* is the solution of the following equation
AI* +BI* +C = 0,
when

A = akfe?",B = ae* [kA+B(u+1—-k)]—BAk,C= A(u+1
—k)ae!t —krA—AB(u+k—1).

Proof. For the disease free equilibrium, I, = 0, then the system (3.36) can be regarded as
A—2AS(t) =0,
rS(t) — (u+1-k)V() = 0. (3.37)
From the first equation of the system (3.36), S, is obtained as
So=3. (3.38)
Replacing (3.38) into the second equation of the system (3.37), we get
re =+ 11—V =0

or

_ rA
T A(ut1-k)

v, (3.39)

42



In conclusion, from (3.38) and (3.39), the disease free equilibrium of the system (3.26) is

obtained as

(ﬁ'ﬁ?_k)'o)-

Now, assuming that I # 0, from the first and second equation of the system (3.36), it is

easy to obtained that

and V* = Ar

S T kP +(ut1-K)](BI*+A)

= B
Using S*and V* and the third equation of the system (3.36), we get

A kAr

—UuT —_ =
€ [B BI*+A T [kI*+(u+1-K)](BI*+1) ] a 0

or
BA[KI* + (u+ 1 — k)] + Akr — ae" [kI* + (u+ 1 — k)] (BI*
+0) =0
or
afke" I** + [ae* (B(u + 1 — k) + Ak) — BAKk]I*
+A(u+1—k)ae"™ —Akr —AB(u+1—-k)=0.
Let

A = afke*", B = aet*"[Ak+ B(u + 1 — k)] — ABk,

C=ANu+1-k)ae"" —krA—AL(u+k—1).
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Then, I'*is the solution of

Al +BI"+C = 0. (3.40)

Finally, we need to show that (3. 40) has a unique positive solution. First assume that
C = 0, then

aA(u+1—-k)e*  —krhA—AB(u+k—-1)=>0
or
ad(p+1—k)eF* = krA+AB(u+k—1)

or

krA+AB(u+k—1) _ ¢

A+ 110 (341)

When C > 0, the equation (3.40) has positive solution if B < 0. Otherwise (if B > 0) the

equation (3.49) has no positive root. But when B < 0, we get
aetT Ak +B(u+1—-k)|-ABk <0

or
aet Ak + B(u+1—k)] < kBA

or

kfNAe HT
a < B

= Bl (3.42)
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From (3.41) and (3.42), it follows that

kBAeHT S 4 > KrAHAB(uAk—1) _up
[Ak+B(u+1-Kk)] — - A(u+1-k)

or
kBAA(u+1—k) = [krA+AB(u+k —D][Ak +B(u+1—k)]

or
KBAA(u + 1 — k) = k2rAd + krAB(u+ k — 1) + ABAk(u + k
—1) + AB*(u+ k — 1)?

or

k2rAd + krAB(u+k— 1)+ AB*(u+ k—1)2<0.

Since the u + k — 1 > 0, therefore the left side of the above inequality always positive
which is a contradiction. Hence, when C > 0 the equation (3.40) has no positive solution.

Therefore C must be less than zero. Then we get
al(u+1—k)et" —krA—AB(u+k—-1)<0
which means that

al(u+1-k)eh?
krA+AB(u+k—1) )

al(u+1-k)eh?

Hence, if krA+AB(u+k—1)

< 1 is satisfied, then the system (3.26) has unique endemic

equilibrium

A Ar %
E, = (31*+A’[k1*+(u+1—k)](31*+x)’1 )
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Here I* is the solution of the following equation

Al + BI" + C = 0,

where

A = akfe**,B = ae* [kA+ B(u+ 1 — k)] — BAk,

C=Au+1—k)ae** —krA—AL(u+ Kk —1).

We define the basic reproduction ratio when I < 0 at the disease free equilibrium.

For I < 0, we have that

e MBSt —1)+kV(t—D)]I(t—1)—al <0

or

e HTA[BS(t—T)+kV (t—T1)]
(y+u+d)

<0. (3.43)

Substituting the disease free equilibrium into (3.43), the basic reproduction is

obtained as

3.2.2 Global stability analysis
In this section, we study the global properties of the equilibria. We use Lyapunov

function to show the global stabilities.
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Theorem 3.7. The Disease free equilibrium E, is globally asymptotically stable if R,
<1

Proof. Consider the Lyapunov function

V=50 (52) +v0g (52) + ¥ 1(0) + [ [B1w)S(w)

+kI(w)V (w)]du.

Here, g(x) = x — 1 — Inx. Since g(x) is positive function on R,. Taking the

derivative of V, we get

v=(1- %) S+(1- %) V+ ekTi(e) + (kV(E) + BS(D)I(E)

—(kV(t — 1) + BS(t — ))I(t — 1)

0

S0 V
= (1 — %> (A— (BI(t) + V)S(Y) ) + (1 — m) (rS(t) — kV(D)I(t)

—(u+1-KV(@®) +e* (e™™BS(t—1) + kV(t—D]I(t — T)

—al (t)) + (kV(£) + BS(D))1(t) — (kV(t — 7) + BS(t — ))I(t — T)
=A— A% — (BI(Y) + )S(t) + (BI() + 1)S° + rS(t) — kV(DI(Y)
~(u+ 1= V() = rS() g + (KI(O) + (u + 1 = )V

+[BS(t— ) + kV(t — D]t — ©) — al (t)e#* + (kV(¢) + BS())I(L)
—(kV(t — 1) + BS(t — T))I(t - 1)

=n(1- %) —AS(D) + (BI(Y) + 1)S® + rS(t) — (u+ 1 — K)V(L)
—rS(0) o + (KI(O + (+ 1= RV + —ad (D)ek™. (3.44)

Since A =r + p and from the disease free equilibrium point, we have

A
SO_X
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or

A= (r+mwsp

and

_ rA
T A(u+1-K)

Vo
or
rA
(Ll +1- k) = A_Vo'
Replacing (3.45) in to (3.46), we get

(W+1—k)=-—5,.

Vo

Using the (3.44) and (3.45), (3.47) can be regarded as

V= (r+ WS, (1 - %) — (r+ WS + (BIO) + (r + 1)S,

VO
F 180 — - SV () ~ SO 75 + (ki) + Vioso) VO — al(t)eHr

_ _ So _ S0\ _ _
_u50(1 S(t))+rs‘0(1 S(t)) rS(t) — uS() + Sy + 1S,

0
+BI(D)S, + 1S(E) — —S,V(t) — rS(t) — + kI(OVO + = 5,V°
Vo V(t) Vo
—al(t)eH”

(3.45)

(3.46)

(3.47)

0
=uSo (2 - 22— 22) + 75, (3 —5—0—@—&?"—) + 1) (kVO

% So
+BSy — aet?).

Since we have that
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So _S® _ _ (S-5®)*

“50 s S50 <0. (3.49)

We will prove that

3_S YO SOV (3.50)

So . VO _
S(t)_x’ Vo

. 11
meaning of x, y and vt we have

0
@V——ll, from the arithmetic and geometric

We assume =
So V(t) Xy

y, then

From the fact that (3.49) and (3.50), to satisfied VV < 0, we need to satisfied

KV + BS, — aet* <0
or

ky?©
\4 +BSOe—y‘[ — RO <1

Hence E| is globally asymptotically stable iff R, < 1.

Theorem 3.8. The endemic equilibrium E; is globaly asymptotically stable when Ry, > 1.

Proof. The Lyapunov function is constructed as
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V() =S"g (S(t)) + Vg (V(t)) +ektlrg (I(t))

+ftt_f (ﬁS*I*g (s<u)1<u)) +kVT'g (V(u)z(u))> du,

S*I* V*I*
where g(x) defined as
gx)=x—1—-Inx.

Since, g(x) is nonnegative function, V(t) is nonnegative, to show that disease
free equilibrium point E; is globally asymptotically stable, we only need to show

that V negative definite. Actually,

v =5 (-5 v (5 -ie) + e (P - 0)

a0 () D 1122

[ 1 (218) D ()

= (1-25) - IO +050) + (1 - 55) (S®O — VDI

—(L+1-KV(D) + e (1 - 1<T>> (e M [BS(t — 1) + kV (t — D]I(t

—0) —al(t) ) + BSOI(t) = BS(t — DIt — 1) + kV(D)I(t)
—kV(t = DI(t — 1) = 5°1" (In (ZE2) — 1 (L2

S*r* S*I*

= A(1-25) ~ BIOS® =25 + BIOS” +15"+ 150 (1~ 75)

—KVOI®) — (u+ 1 — V() + KOV — (u+ 1 — K)V*

+BS(t— DIt — 1) + kV(t — DI(t— 1) — eXal (t) — BS(t_Tg(t_)’

_ kV(t-DI(t—1)

0 I" + etTal* + BS(O)I(t) + kV(O)I(t) — BS(t — T)I(t
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- NOUG)
—10) —kV(t —D)I(t —1) — BS*I*In (m)

V()I(t) )
V(t-1)I(t-T)

—kV*I* ln(

= A (1 - %) —AS(E) + AS* (1) + 7S(t) — (u+ 1 — V(D)

—rS(t) VV(Z) + L+ 1=KV + (BS* + kV* — aetD)I(t)
e [BSCE=DIE-D | KVE-DIE-T) p . SOOI
I [ I(t) + I(t) e +ﬁS I"In ((t—r)l(t—r))
T S®I(E)

From the second equation of (3.30) it follows

e MTBS* + KV*|I* — al* = 0.

Since I* # 0, then

BS* + KV — et = 0 (3.52)

which implies that

ety = BS* + kU™, (3.53)

From the endemic equilibrium we have ( A Ar I*), and from

BI*+A° [kI*+(u+1-Kk)](BI*+2)’

A =1+ pitfollows

S = m{}+A =>A=S"(BI" +10) = A=S"(BI" +1+ ) (3.54)

and

. _ Ar L rS*
V= [kI*+(u+1—k)](BI*+)) Sput+tl—k= v+

— kI’ (3.55)

o1



According (3.54) and (3.55), formula (3.51) can be regarded as

V() =S*(BI" +r+ 1) ( ) + (r+ s ( S(t)) +7S(t)

s(t)

V(t) + +(BS* +kV

« [BSE=DI(t—1) | kV(t—-DI(t-1) * *
—aetD)(t) - I [ R T — (BST 4 KV

¥ S(OI(t) .. S()I(t)
+BS I"In (S(t—‘r)l(t—‘r)) T ﬁS ["In ((t—r)l(t—r))]

= I'BS* — BS*%I* +us™(2- %—%) +15° (2 —(—;)
) (o (13 g 4 S

+In (2 gres)| — Ve |-+ T n (e )

st (g S SWY L (3 S VO s v
=uS (2 s(®) s )+ rs (3 s(® v+ S* V(t))

i sy SEDIE-D SOI(E)
—BI's [ 2+55 S(t) os T In ((t—r)l(t—‘r))]

" v* V(it-1)I(t—1) V()I(t)
—kI'V [ 2475 V() + 1(OV* +1n (V(t—r)l(t—r))]' (3.56)

From, (3.20) and (3.21) it follows

S* S(t)

st st =0.
We will study
S* . S(t-DI({t—1) S@IL)
—2+35 S(t) + 1(t)S* +1n ((t—‘r)l(t—r)) > 0.
It can be written as
v* VE-DIE-D) _ V.V v(EDIt-T)
9 (V(t)) ( 1(OV* ) TV 1-In V() + 1)V* 1
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v(Ee-DIt-1) _ v* o V(EE-DI(t-T) v  1@vr

—In v 2+ V() T 1tv* +1n V' vE-DI(t-1)
_ v* V(t-DI(t-T) V()I(t)
=-2+ %0 1OV* V(t-D)I(t-T) = 0. (3.57)

Hence, because of the fact that (3.20) and (3.21), and (3.57) the equation (3.56) yields

) = us* (2 — 5 _SOY 4 g+ (3 S _ VO _s® v
V(©) =us (2 s(t) S*)+r5 (3 s(t)  v* s* v(c))

_pI's® [_2 LSy SEolD | ( S@I) )]

S(t) 1(t)S* (t-D)I(t-T7)

e[ V', VEDI-1) HONO)
—kI'V [ A NG A (V(t—r)l(t—r))] <0

Therefore, the endemic equilibrium E; is globaly asymptotically stable.

3.3 Numerical Simulations

In this section, the results of both models are discussed with numerically. The parameters

of the model was evaluated by (Kaymakamzade and Hingal, 2017) and some of the

parameters are estimated. Figure 3.2 and Figure 3.3 are given for the first model which has

no vaccine. Figure 3.2 shows the disease free equilibrium with the parameters A =

200, = 0.00003, y =0.07,4 = 0.02, d = 0.2, and 7 =4 then Ry; = 0.01909896.

Figure 3.3 shows the endemic equilibrium with the parameters A = 200, = 0.00003,

y =0.07,4=0.02, d = 0.2, and 7 =4 then the basic reproduction number is Ry, =

9.5494794 which shows that endemic occure. In addition to these parameters it is assume
that r = 0.1 and k = 0.0001 for Figure 3.4, and r = 0.4 and k = 0.0001 for Figure 3.5.

which are for the second model then the basic reproduction ratios are found Ry, =

1.6435974 and Ry, = 0.5141857 respectively.
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model without vaccine for 7 = 4.
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0 20 40 60 80 100 120 140 160 180 200
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Figure 3.2: Disease free equilibrium for the model without vaccine, the parameters are,

A =200, = 0.00003,y = 0.07,u = 0.02,d = 0.2, Ry, = 0.01909896

model without vaccine for 7 = 4.
T T T T T T
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Figure 3.3: Model without vaccine, the parameters are, A = 200, 8 = 0.0003,
Yy =0.07,u=0.02,d = 0.2,Ry; = 9.5494794
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Model with vaccine for 7= 4.
1200 T T T T T

1000 - *

800 [, —

600 |

Population

400 -

200 |

0 20 40 60 80 100 120 140 160 180 200

Figure 3.4: Model with vaccine, the parameters are, A = 200, 5 = 0.0003,
y1 = 0.07,1 = 0.02,d = 0.2,k = 0.0001,7 = 0.1,Ry, = 1.6435974.

Model with vaccine for 7= 4.
600 T T T T

500 A

Population
w
o
o
T
1

200 [ -

100 - 4

Figure 3.5: Model with vaccine, the parameters are, A = 200, 8 = 0.0003,
¥1 = 0.07,u = 0.02, d = 0.2,k = 0.0001,r = 0.4,Ry, = 0.5141857 .
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3.4 Conclusion

In this chapter, two models with and without vaccine are constucted. Two equilibria which
are disease free and endemic equilibriums are found and with using Lyapunov function it is
shown that the global stabilities of each equilibria for both model. For the first model it is
found that disease free equilibrium E|, is globally asymptotically stable when R, ; < 1 and
endemic equilibrium E; is always asymptotically stable. With using similar method it is
shown that E, is asymptotically stable when R,, <1 and E; is always global
asymptotically stable for model 2. In last section numerical simulations are given for both
models. The transmission rate taken the same for both models to see the effect of the
vaccine and from the Figure 3.2 and Figure 3.4 it can be seen that when individuals take
vaccine enough the infected population decrease. Therefore vaccine play an important role

for control the disease.
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CHAPTER 4

TWO- STRAIN EPIDEMIC MODEL WITH TWO VACCINES

In this chapter, we consider two strain influenza model with two vaccination in which
strain 2 is the mutation of strain 1. A mutation is the sudden change in the genetic makeup
that occurs either due to mistakes when DNA is copied or as a result of environmental
factors. Here strain 2 was assumed to be as a result of changes in the proteins that made up
strain 1. Proper vaccine administration is a critical component of a successful influenza
control program. It is a key part of ensuring that vaccination is as safe and effective as
possible. Unfortunately, it is easy to make vaccine administration error. Although some
improperly administered vaccines may be valid, sometimes such errors open the possibility
of patients being unprotected against the disease. In this paper we want to study the effects
of administering vaccine for strain 1 (V/;) against strain 2, and administering vaccine for

strain 2 (V/,) against strain 1.

This chapter is organized as follows: In Section 4.1 we formulate the two strain influenza
model with vaccination compartments with respect to strainl and strain 2. In Section 4.2,
all possible equilibria, basic reproduction ratios and the global stabilities for the
equilibrium points are determined. In Section 4.3, Numerical Simulations are given to

support the analytic results. Finally, in Section 4.4, conclusions and discussions are given.

4.1. Structure of the Model

The population N is divided into six compartments by modifying the model of (Rahman
and Zou, 2011). The compartments are S,V;,V,,1;,1, and R, which denotes the sizes of
suspectible, immunized with the vaccination for strain 1, immunized with the vaccination
for strain 2, infected with strain 1, infected with strain 2 and recovered compartments

respectively.
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Table 4.1: Variables and Parameters

Parameter Description

A Recruitment of individulas

% Avarage time of life expectance

7 Rate of vaccination with strain 1

T, Rate of vaccination with strain 1

k4 Transmission coefficient of vaccinated individuals

V; to strain 2
k, Transmission coefficient of vaccinated individuals

V, to strain 1

B1 Transmission coefficient of susceptible individuals
to strain 1

B> Transmission coefficient of susceptible individuals
to strain 2

V_11 Average infection period for strain 1

— Average infection period for strain 2

2 Infection induced death rate of strain 1

v, Infection induced death rate of strain

In the model it is assumed that there is a constant recruitment into susceptible class through
birth and immigration, and it is assumed that there is no double infection. The variables
and parameters are positive and their meanings are given in Table 4.1, also the transfer

diagram of the model is given in Figure 4.1.
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@ lel u ) :

Figure 4.1: Transfer diagram of model (4.1).

With these assumptions the model is given by a system of ordinary differential equations

dz(tt) A — (B, (1) + By, (8) + DS (D),

dvd;ft) =1S(t) — (ki () + )V, (0),

dV;t@ = 1,5(t) — (k11 (t) + WV, (0), @
O _ (1,1,(6) + £SO (0) — ey (0,

20 = (kyVa(8) + BoS (D) (£) — atala(t),

dR(f)

= Y111 () + v212(t) — pR(2),

wherel=r, +nr,+u,a; =u+v; +y;and a, = u + v, + y,, With the initial values
S(0) = ¢y, V1(0) = by, V2(0) = &3, 1,(0) = 4, 15(0) = ds and R(0) = .
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Since  S(t) + Vi (t) + Vo (t) + I,(t) + I,(t) + R(t) = N(t), the system (4.1) can be

rewritten as

as(t) _
at

A — (B 11(8) + B2 1 (8) + DS(D),

dvd;t(t) =11S(t) — (ke Lo (8) + V1 (8),

P20 = 1,5(8) — (koo () + WVa (D), (42)

B0 = (kaVa () + BSO)L(E) — anly(8),

22O _ (1, (6) + BSOa(6) — @y (0)

4.2 Disease Dynamics

Theorem 4.1. The solution (S(t),V,(¢t),V,(¢t),1,(t),I,(t),R(t)) of the system is

nonnegative and bounded and the feasible region of the system (4.1) is

n= {(S(t) + Vi (0) + Vo (t) + I, (t) + L (t) + R(t)): S(t) > 0,V (¢t)
> 0,1,(t) > 0,I,(t) > 0,R(t) > 0,5(6) + Vy() + Vo () + L, (£)

L(t) +R(t) < %}

Proof. First, it is shown that the the solution of the system nonnegative, from the first

equation of the system (4.1), we have

BE = A= (B, (0) + Bola (6) + DS(E) = —(Buls () + B, L (8)

+)S()
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or

ds(t)
dt

+ (B (t) + B, (t) + 1)S(t) = 0. (4.3)
The integrating factor p(t) of the equation (4.3)
p(t) = efot(ﬁ111(u)+5212(u)+/1) du

Therefore, from (4.3) it follows

e Sy (Baly W)+ B2 (w)+2) du di_(tt) + ef(f(ﬁlll(u)+[>’zlz(u)+/1) g I (t)

+B,L,(t) + 1)S(t) =0
or
a [efot(ﬁ1l1(u)+ﬁzlz(u)+/1) wus(t)] 2 0
dt -
Taking the integral with respect to s from 0 to t, we get
¢ t
elo(Bri+f2la )+ D dug oy >
0
or
Jo (Bl (W+B2 12 (W) +2) du S(t) — S(0) = 0.

Therefore the solution of (4.3) is obtain as

S() = (1)16_f()t(ﬁlll(u)+ﬁ212(u)+/1) du > (.,
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Form the second equation of the system, we get

T8 = 1S(1) = (ka0 + VA () = — (ki Lo (6) + V3 (6)
or
dvd;ft) + (ki (0) + Vi (1) 2 0 (4.4)

The integrating factor p(t) of the equation (4.4)

Jo tal W+ du
Therefore, from (4.4) it follows

efot(kllz(u)+u)dudVd;t(t) n efot(kllz(u)+u)du(k112 () + WVi(t) = 0
or

% [eft)t(k“Z(u)‘L“)duVl(t)] > 0.

Taking the integral with respect to s from 0 to t, we get
t t
efo(kllZ(u)+H)duV1(S) 2 0
0

or

efot(kllz(u)+u)du[/1(t) —V,(0)=>0

or
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Vi) = d)ze_fot(kllz(u)w)du >0

with using third equation of the system (4.1), similarly with V; the solution of V,

can be found as
Vz(t) > (1)3efot(k211(u)+lt)du >0.

The forth equation gives that

dl;(t) _
ac

(k2Vo () + B1S(E)(8) — a1 () = —aq14 (1)
or

dli(t)
dt

+a.l;(t) =0

then the solution is obtained as

L(t) = de "t > 0.

From the fifth and the last equation of the system, the solutions of I, and R are obtained,

I, > dse %t > 0and R > dpge Ht > 0 respectively. Hence, all of the solutions of the

system (4.1) are positive.

Now, it is shown that the system is bounded. Since

N(t) =S8) +Vi(t) + Vo(t) + () + I,(t) + R(t)

taking derivative of both sides of the system, we get
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N(t) = S(t) + Vi(t) + Vo(t) + [,(t) + L, (t) + R(t).
It follows that

N =A—p(SE) + Vi) + Vo (t) + (1) + L() + R(D))
=111 () — Va1 (t)

or
N(t) = A — pN(t) — v11;(t) — v, 1, ().
Since I;(t) = 0 and I,(t) = 0, then
N(t) < A — uN(t). (4.5)
Since 0 < N(t), we have
0 < A—puN(t)
or

N(t) <

1>

Hence, for sufficient large t, the feasible region is obtain as

2= 5{(15), Vi), V2(0), 1 (1), L (8), R() € C2: N = S(t) + V4 (t)

+V,(0) + () + L) + R(?) < %}
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Theorem 4.2. There exists a unique solution of system (4.2).

Proof. System (4.2) can be written as

f1(@(1)) @1(t)
fz(‘P(t))\ <P2(t)\‘
, () = ,

fle@®) = | f3(e(®) ¢3(6)
falp(®) P4(t)
fs(@(1) @s(t)

where

file®) = A= (Biga(t) + Bo0s(t) + Dy, f0(t) = 1194 (t)
—(k195(8) + WP (0), f30(8) = 1201 (t) — (kz11(8)

+W @3 (1), fo(@(®) = (k203 (t) + B191(8))a(t)
—a1904(8), f5(p(0)) = (k12 (1) + B2p1(£)) s (1) — a2 p5(L)

are continuous. In order to say the system (4.2) has a unique solution it is sufficient to

show that the Lipschitz condition for f (¢ (t)) with respect to ¢(t) holds.

For ¢(t) = (@1(1), 92(8), @3(£), 94 (1), @5(1)) and P(t) = (1(6), P2(1), Y3 () Pha(®),
Y5 (1)), and assuming that

Y — ol = X211 — oil. (4.6)

Then

If1 (@ () — FL DD = [A = (B19a(t) + B2s (1) + V1 ()
—(A = (B4 (0) + B2s (1) + Vp1 (D)

A AGEEAGIAGIEN I AGAGER A G3]
+AP1(8) — @1 (D]
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where

= Bl (OY1 (D) = Y1 () Pa(t) + Y1 () @a(t) — @4(D) @1 (D]
+B21Ws (P11 (D) — Y1 (D @s(E) + Y1 (D @s(E) — ps(D) @1 ()]
A1 () — @1 (O]

< Bel1OIPa (@) — @a(®] + B1loa @1 (1) — @1 (D]
+B21P1O1Ys () — s +B2les (@1 (1) — @1 ()]
AP, () — @1 (O]

= (Bala(®] + B2los (O] + D11 (8) = @1(O)] + B1 |11 (D[ (D)
—a(O)] + B2l (D@5 (1) — s (D] < Ky [$(8) — @ (D), (4.7)

K1 = max{B |4 ()| + B2l@s (O] + A, B1 |1 ()], B2 11 (D[}

From the invariant set, ¢, (t) < % P4(t) < %and ps(t) < % , it follows

Ky = (B +Bo); + A

Furthermore, one can derive that

If2(@ () = DI = [r191(t) = (kis(t) + W2 (£)
—(r1p1 (1) = (ka5 (8) + W2 (D)]

S 111 () = Y1 (O] + wl2(8) = @2(O1 + Ky [hs (O ()
—ps(D)g2(0)]

< 11le1(®) = Y1 (O] + w2 () — @2(O1 + ke [hs (O [92(2)

=20 + k1l (D5 () — @5(0)]

=11l () =1 (O + (k+ ki[5 (O DIY2(1) — @2 (D]

+k1lp2 (O[5 (1) — s ()| < K (8) — @ ()], (4.8)
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where
K, = max{ry, (n + k|95 (0)), kel ()]}

From the invariant set, ¢, (t) < % P,(t) < %and ps(t) < % , it follows
K, = pu+ky %
For the fourth equation of the system (4.2), we have
If3((8)) = f3(WW (DI = Ir2901(8) — (K24 (t) + W3 (t)
— (21 (1) — (kaha () + W3 (1)
< 121 (0) = 1O + pls (@) — @3] + ke |Pps (D)3 (6)

—@4(£)p3(0)]

< 12|@1(8) — Y1 (D] + w3 (D) — @3] + K [a (O3 (8)
—@3 (D] + Kz |3 (D14 () — 04 (D)

= 12]l1 (1) = Y1 (O] + (n+ K [a (O DIY3(1) — @3(D)]
o |3 (D 11a(t) — a(O)] < K3| () — @(0)], (4.9)

where,
K3 = max{r,, (U + k [4 (D)), k2|35 (D)}

From the invariant set, ¢, (t) < % P3(t) < %and P,(t) < % , it follows

A
K3 :|.l+k2;
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The forth equation gives that

where

(A ESACIGIIE |(k2<P3 (t) + B1<P1(t))</)4(t) — oy P4 (1)
—((kap3(6) + Bath1 () (t) — 0(11[}4(t))|

< ap|Pa(®) — @ (O] + B1lo1 () @a(t) — Y1 ()P4 ()]
ko |3 () @a(t) — Y3 (D) Pa (D)

< 014 (t) — (O] + B1l1 (O] @a(8) — Yu (O] + B1lpa (O 11 (8)

— 1O + k2l (Oll@a (D) — Pa(®)] + Kl (O) @3 () — Y3 (0]

= B1la(OIlo1(6) — Y1 (O] + k2 [Y2(O1lp3(t) — Y3(8)]

+(0q + B1lo1 (O] + k2|3 (D) DI@a () — Ya(O)] < Kulth(8) — 0 (O],
(4.10)

Ky = max{B |, (t) |, ka2 [Ya(B)], o1 + B1lo1 (O] + ka3 (D)1}

Therefore

Finally,

A
Ky = oy + (B1 +kp) P

If5(@(©) = fs WD = |(ka @2 (1) + B2gp1 (1)) 95 (£) — 05 (1)
—((kﬂl’z () + B2 () Ps(t) — a2¢5(t))|

< |5 () — s (O] + B2l (D @s () — Y1 (D5 (D)
+k, |‘P2(t)<P5(t) —Yoy¥s (t)l
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< 2[5 (8) = @5 (O] + B2l (D@5 (1) = s (O] + B2lws ()91 (D)
=10 + kilo2(Dl@s () = Y5 (O] + ke [hs (D) [92(t) — P2 (D)

= B2ls (91 (8) = Y1 (O] + ke [ps (O [92() — P2 ()] +

(az + B2l (O] + kel (D) DIs(t) — Ys(O)] < Ks|(£) — ()],
(4.11)

where

Ks = max{B,[¥s (D), k1 [¥s (@), oz + B2lo1 (D) + ke |@2 (D)1}

From the invariant set, it follows that
Ks = a, + (B, +k1)%.
Applying (4.7), (4.8), (4.9, (4.10) and (4.11), we get
1o (©)) = FQP DI = lIf1(@(©) — H W + [If2(0 (1)

=) + If5(@ @) — @EDI + [Ifa(@() — LGOI
+Hfs (@) — s (I < (Ky + Ky + K3 + Ky + Ks) [(2) — (0)],

where

K1+K2+K3+K4+K5=(281+262+2k1+2k2)£+k+2u

+O(1 + .

Hence the system (4.2) has a unique solution.
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4.3 Equilibrium and Stability Analysis

4.3.1 Equilibria of the system
Theorem 4.3.

1. System (4.2) has a disease free equilibrium E, = (AA%% 0,0).

2. When (kzr2 + ﬁ)% > 1 then the system (4.2) has the single strain (strain 1) infectious

au aq

equilibrium E; = (S,V,,V,,1;,0), where

— A — A — A =
S = 1 V1 = y V2 = ,11 = 0
B1l1+2 u(B1l1+4) (B11I1+D) (u+k211)

3. When, (klr1 + &);—\ > 1, the system (4.2) has the single strain (strain 2) infectious

azu [4%)

equilibrium E, = ($,V,,7,,0, I,), where

A 17 _ TlA 7 TzA i _ 0
Balz+1’ 1 (B2l + D) (u+k413)’ 2 u(B2l+2)’ 1 '

S =
4. System (4.2) has no double strain infection equilibrium.
Proof. Setting the each equation in (4.2) equal to zero, we get
A— (BI; + B2, +1)S =0,
r;S — (kI + WV, =0,
r,S — (kyl; + WV, = 0, (4.12)
(k,Vy + B1S); — oyl = 0,

(kVi + B2S)I; — ayl, = 0.

1. Since, I; = 0 and I, = 0, then we obtain
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I‘ls - uVl = 0, (413)
I‘ZS - HVZ = O

From the first equation of the system (4.13), it follows that

Using the value of S and second equation of system (4.13), then V; is obtained that

_IiA
Vl_M.

Finally, using the value of S and the third equation of the sysem (4.13), it is given that

Therefore, the disease free equilibrium is

Eo = (7.25,25,00).

Since all the coordinates of E,, are positive, then it is biologically meaningful.

2. For the Strain 2 disease free equilibrium (strain 1 infection equilibrium) E;, I, = 0 and

I, # 0. Then with using the system (4.9) we have
A— (B +0)S =0,

rls - IJV1 = 0,
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I‘ZS - (kZIl + I.l)VZ = 0, (414)
(kpVy + B4S) —a; = 0.

The first three equations of system (4.14), gives that

__A _nS _
5_13111+/1’ V= ﬂ,ande—

7'25
k211+ﬂ

or

A 1 A 1Y) A

= ==—17"V, = .
Bili+1’ 1 i B+ 2 koli+u B1I1+4

Putting S, and V, in the fourth equation of the system (4.14), we get

(kz k21r12+u [31111+7L + B [31111+7x> =0
or

Akary + ABy(kply + ) — oy (kply + W)(Bily +2) =0
or

(0(1B1k2)lf + (a koA + o B — AB1k2)I1 + (oyAp — Ak,r,
—AB; ) = 0. (4.15)

ChOOS|ng, A= alﬁlkz,B = alkzl + alﬁ]_‘u - Aﬁlkz, and C = al/l,u - Akzrz - Aﬁl#

System (4.12) can be written as
AI? +BI, +C = 0. (4.16)
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Since S, V; and ¥/, are all positive, in order to check the biologically meaningfulness of E;
we need to show that the equation (4.16) has only one positive root. To prove it, first we

assume that, € > 0 (in this case B < 0) then

a A — koryA— B Au =0

or

ay(ry + 1 + = koA + BiAu

or

kory A+ B A
a > 212 A+ Ii.
(ri+r+wu

(4.17)

When C > 0, B must be less than zero otherwise (if B > 0) equation (4.16) has no positive

root. However, when B < 0, we have

ayfipt — ki A+ agdk, <0

or

‘1’1(31.“ + Ak;) < kB A
or

1 Baput(atntk,

ay k2B1A
ko B1A
< ) .
M= B r (ry+ra 0k, (4.18)

From (4.14) and (4.15), we get,

karaA+B1AU < < k2B1A
27l < g, <
(ry+ra+up Biut+(ri+r+ks
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or

koo A+BiAp Brut+(ri+ry+u)k;
< .
(ri+r+p k2B1A =1 (4 19)

or
ABikorou + BEAU? + k5o A(ry + 1y + 1) + ABykou(ry + 1 + 1)
< ABikou(ry + 1, + )

or
(koro A+ BiuA)Byp + (ry + 15 + k3, A < 0. (4.20)

It is a contradiction, since all coefficients in equation (4.20) are positive. Hence when

C > 0, B must be greater than zero, it means there is no positive solution of equation

(4.13) and so E; is meaningless when C = 0.
It can be seen that, when C < 0 we have
a’ll,u - kzrzA - ﬁlA‘u < O

SO

()

apu ay

> >
\%
(U

Therefore, the equation has a unique positive solution I; when C < 0. Hence Ejis

biologically meaningfull iff

(24 2)22 1

apu ay

3. For the Strain 1 disease free equilibrium (strain 2 infection equilibrium) E,, [; = 0 and

I, # 0. Again using the system (4.11) we have
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A— (B, +)S =0,

r;S — (kyl; + Vi =0,

I‘ZS - I.lVZ = O, (421)

(k1V1 + BzS) — 0y = 0

From the first three equations of system (4.21), we obtained that

S = A V., = nS = ﬁ
Bl +2 1 kilp+p' 2 w'
then
S = A V. = T A — ) A
Bili+1’ L7 kyl+u Balp+A’ 2 i Bolp+ A

Putting S, and V/; in the fourth equation of the system (4.21), we get

r1 A A ) _
(kl Kilp+H Balz+A + B, B1l;+A a =0

or
ARy + ABy(kqIp + 1) — ap(kyly + (B2l +2) =0
or

(02B2k )15 + (kA + apBap — AB2k)I, + (cpAp — Akyry
—AB, W) = 0. (4.22)

Let, A= azﬁzkl, B = azkll’{ + azﬁzﬂ - Aﬁzkl, and C = azllu. - Ale‘l - Aﬁz# y then the

system (4.19) can be written as
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Al? + BI, + C = 0. (4.23)

Since S, 7, and V, are all positive, in order to check the biologically meaningfulness of E,
we need to show that the equation (4.23) has only one positive root. As in the previous

case E,is biologically meaningfull, when

(bn y £2)0 5y

azu [4%)

4. From the first three equations of the system (4.11) it can be obtained that

A * rlA * ] A

S= Bili+Bal+A " L T (Byly+Bala+ ) (ks L) V2 = (Bil1+B212+ ) (u+kz1q)

Replacing them into the last two equation of the system (4.11), it will be obtained the

following system

all% + bllllZ + Clll + dllZ + 61 = 0,
azl% + bZIllZ + CZII + dzlz + ez = O
where,
a; = —ayB1ky, by = —ayBrky, ¢ = BiAk,; — ayAky; — ay By,
dy = —oyBau, €1 = Korp A+ BiApu — oq Ay, a; = —ayBqky,
b, = —a;B1ky, €z = —azBq, dy = BaAKy — azAky — azBau,

e, = kyriA + BoAp — oA

Therefore analytically there is no co-existence of the disease.
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4.3.2 Basic Reproduction Number

Basic reproduction ratio (Ro) is the number of secondary infections caused by one
infectious individual in a whole susceptible population. To find the basic reproduction ratio
we use the next genaration matrix method whics is given in the Chapter 2.

_ (k,Vz + B1S)];
(k1Vi + B9)LF

agly

F azl;

and Vz[

taking the partial derivatives of F and V at the equilibrium point, follows that

B:1S° + k,V,° 0

F(E,) =
(Eo) l 0 B,S° + k,V,°

a; O
laV(Eo): -

matrix F is nonnegative and is responsible for new infections, while V is invertible and is
reffered to as the transmission matrix for the model (4.2). It follows that the inverse matrix
of V'is

1

o 0
VY E)=|"
0

1 )

4%]

then the multiplication of Fand V=1 is

B1S°+k,V,° 0
— a1
FV-1 = .
B2S°+kV;°
0 fe- - -
a2

The Jacobian matrix of FV~1! is obtained as

B1S%+k,1,°

ay

77



it follows that

A2 — (6150+k2V20 + BZS°+k1V10))\ + B1S+k, V50 B2S0+k,V,° =0
a1 a2 RS o2

o 1 (¢4}

)\1:

Since the dominant eigenvalue is the basic reproduction ratio, therefore the basic
reprodiction ratio is
Ry = max{Ry, R,},

where

ka1

A A k rA
Rl :&_‘l‘___, R2 = &_‘l‘ 11 .
a A agu i a, A azul

4.3.3 Global stability of equilibria

In this section, the global properties of the equilibria are studied. Lyapunov function is

used to show the global stabilities.
Theorem 4.3. The DFE E, is globally asymptotically stable if R, < 1.

Proof. Consider the Lyapunov function

VSV Vo) = g (55) + 9 (55) + 9 (55) + 1 + Lo, (4.24)

where g(x) = x —1 —Inx, which is positive function in R,. And since I; >0 and

I, > 0, therefore V. > 0 and

VSOV VE 18,19 = g (55) + 9 (15) + 9 (555) + 19 + 18 = 0.
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To show that E, is globally asymptotically stable, it is sufficient to show that V is negative

definite. Taking the derivative of equation (4.24), it is obtained that

or

I'/=(1—SS—O)S'+( —VVL;) V1+(1—VVL:) V,+ I, + I

= (1 - Ss—o) (A= (B1y + Bol, + 1)S) + ( - VVL:) (1S — (k11

0
+uwvy) + (1 - %) (1S — (koI + Vo) + (kVy + B1S) — aqly

+((k1V1 + B9, — azlz)

0
= A= (Bl + Boly + DS = A+ (Bl + Boly + DS + 1,8
v 0
— (keI + WVy — T1SVL1 + (koI + M)V10 + 1,8 = (k1 + WV,
172 0
_7"25%2 + (kyly + WV2° + ((koVo + B — aqly) + ((kyVy

+B25)1; — axlp)+(kVy + B1S) —ayly + ((k1V1 + [25)1; — 05212)-
(4.25)

From the disease free equilibrium, we have

s° s°
A=2S% p= Ly and p = r2y5 k,1,°.

Putting them in (4.25), we get

. 0
V= /150 (2 - S?) + 11(_a1 + szZO + ,3150) + 12(_a2 + k1V10
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+B,5%) — uS + u(Vi° = Vi) + u(v.° = v,) - 7”15_ — 1S v,

_ 0fo_S_  c_ (k21,0 , B1co
= +r,+us (2 5) us a111<1 (ale +a15 ))

0 0
—a,l, <1 - (Z_:Vlo + 5—250)> + %(Vlo -V + %(Vzo -7,)

_ 0y _S°_ 5 0(a_S°_Wn_swn
=K (2 s )+r15 (3 s o sﬂvl)
S0 1% S V.
+T‘250 (3 _?_EZO_S_O z )+a111(R1 - 1) +a212(R2 - 1)

Therefore V < 0 if R; < 1and R, < 1. Hence E, is globally asymptotically stable if
R, < 1.

Theorem 4.4. E; is globally asymptotically stable if R, < 1.

Proof: Consider the Lyapunov function

VSV Vo) =g (3)+9(3) +9 (%) +9(3) +1

where, g(x) = x — 1 —Inx, which is positive function. And since I; > 0, therefore

V > 0. We need to show that V is negative definite.
V= (1—§)$+(1—Z—1)V1+(1——) v, + (1——) iy + I
= (1 - g) (A = (Bily + BoI; + )S) + (1 - —) (S — (kodz + V)
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+ (1 - E) (1S — (ko Iy + WV,) + (1 - 1—1) ((kpVo + 1Sy — asly)

Vz 11

+(k Vi + B2, — ayl,

=A— (Bl + B2l + 1)S — A§ + (Bily + Bol, + DS + 1S
—(kedy + )V — 7'15% + (kyI, + WV, + 1,8 — (kyIy + WV, — rzsz_z

+(ko 1y + Ii)vz + (kVy + B1S) — agly — (kV; + 315)1_1 + a11_1

+(k Vi + B2, — ayl,

—p3f(1_S5S_S 5(r_S _ 7(1_"

= piSL (1-3-3) +25(2=3) + (n +71)S — 25 + 7, 1 vl)
= Vv v V. — _

+ﬂV2 (1 - V—z) - Tlsv—i - Tzsv_j - 11(_a1 + k2V2 + ﬁls)

Vi

+h(—ay + ky Vi 4 BoS) —puS + u(Vy = V) + u(V, = V) — 7”1SV_1

_TZS% - kZVZI_I - (lll_l

+31§) + L(—a; + k1l72 + 325)-

Since —k,V, — ;S + a; = 0, then we have

V—,31511(2_5_%)"‘#5(2————_)+T1§(3—§_—;—1—%Z—i)
S (3-3-2-52) + LR~ D

From the relation between arithmetic and geometric means, it follows

2-5_5c02-5_S<oand3-3-2_Sh o
S S S S S

Therefore V < 0 if R, < 1. Hence E, is globally asymptotically stable if R, < 1.
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Theorem 4.5. E, is globally asymptotically stable if R; < 1.

Proof. Consider the Lyapunov function

VSV Vo) = g(3)+9 (%) +9 (%) +h+9(2),

where, g(x) =x — 1 —Inx, which is positive function. And since I; > 0, therefore

V > 0. We need to show that V is negative definite.

(1——)5+(1——)V1 (1——) V, ++ 1, + (1—%) I

) (A= (B]y + B2I; + 1)S) + (1 - _) (1S — (ke + V1)

14

) (128 — (koly + Vo) + (kVo + 1S — aq ]y

AA/\

) ((k1V1 + B8, — azlz)

=A— (Bily + Bl + DS — A% + (B + Bol, + DS + 1S
v 7 v
—(kedy + WV — T1SV_1 + (kidy + WVy + 1,8 — (ko + WV, — Tzsv_z

+(k211 + M)VZ + (kZVZ + ﬁls)ll - alll + (k1V1 + ﬁZS)IZ —_ aZIZ
—(kaVy + B + ayly

&7 S s A $ R V.
=32511(1—§—§)+AS(2——)+(r1+r2)S—AS+uV1(1—V—1)

]
+u?, (1 - ;—2) - rlS - rzS— — Ii(—ay + ko7, + B1S)

oy (—ay + kVy + ByS) — uS + u(Vy = Vi) + u(V, = v,) — 1.8 ;1
—TZS‘% — kyVihy — ay,
RIS R R
+7,8 (3 . -—) + L(—ay + ko Vs + B1S) + I (—ay + k V3
+,8) — L (=kyVy — BoS + a3).
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Since —k,V; — B,$ + a, = 0, then we have

S s S S S v SV
2—-—--<0,2—-=>-=<0,3->==-2—-=-ZX<0and

s S s S s 7 Sw
3_3_k_sh_g

s Vv SV

Therefore V < 0 if R; < 1. Hence E, is globally asymptotically stable if R; < 1.

4.4. Numerical Simulations

This section is carried out of the numerical simulations of the model (4.2) with using ode45
suite in Matlab which use the Runge-Kutta numerical method to support the analytic
results. The parameters were calculated by the previous study (Rahman & Zou, 2011) and

some of the parameter estimated.

In Fig 4.1 both strains (I1 and I2) die out, this is because the basic reproduction ratios for
the strains are both less than one (R; = 0.2966 and R, = 0.2765). In Fig 4.2 strainl (l1)
dies out and strain2 (I.) persists (R; = 0.2966 and R, = 2.350), and in Fig 4.3 strain2 (I2)
dies out and strainl (l1) persists (R; = 2.5979 and R, = 0.2765). Lastly in Fig 4.4 both
the two strains (I2 and 1) persist, this is because the basic reproduction ratios are both
greater than one (R, = 2.5979 and R, = 2.3501).
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Figure 4. 2: Disease Free equilibrium: both strain die out. Parameter values are,
B, = 0.00003, B, = 0.00003, k; = 0.00001, k, = 0.00001,
rn=037r=03v=01v,=0.1,y; =0.07,y, =0.09,
u=0.02, A =200, R, = 0.2966 and R, = 0.2765.
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Figure 4.3: Endemic for strain 2: Parameter values are 5, = 0.00003,
B, = 0.00003, k; = 0.0001, k, = 0.00001, 7, = 0.3,
n,=03v,=01v,=0.1,y; =0.07,y, = 0.09,u = 0.02,
A =200, R; =0.2966 and R, = 2.350.
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Figure 4.4: Endemic for strain 1: Parameter values are 8, = 0.00003,
B2 = 0.00003, k; = 0.00001, k, = 0.0001, ; = 0.3, 7, = 0.3,
vy =0.1,v, = 0.1, y; = 0.07, ¥, = 0.09, u = 0.02, A = 200,
R, = 2.5979 and R, = 0.2765.
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Figure 4. 5: both endemic: Parameter values are f; = 0.00003, 8, = 0.00003,
k, = 0.0001, k, = 0.0001, 7, = 0.3, 7, = 0.3, v; = 0.1, v, = 0.1,
¥1 = 0.07, ¥, = 0.09,u = 0.02,A = 200, R, = 2.5979 and
R, = 2.3501.
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To show the effect of vaccine for strainl against strain 2 and the vaccine for strain 2

against strainl, we carried out the following numerical simulations as can be seen in Figure
4.5 and Figure 4.6.

e—v 6000 T
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Figure 4.6: both endemic: Parameter values are 5; = 0.00003, 8, = 0.00003,
k, = 0.0001, k, = 0.0001, 7, = 0.3, v; = 0.1, v, = 0.1, y; = 0.07,
¥, = 0.09,u = 0.02 and A = 200.
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Figure 4.7: both endemic: Parameter values are 5; = 0.00003, 8, = 0.00003,
k, = 0.0001, k, = 0.0001, 7, = 0.3,v; = 0.1, v, = 0.1, y; = 0.07,
Y2 = 0.09,u = 0.02 and A = 200.
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4.5 Conclusion

In this chapter, we have studied the dynamics of a two strain epidemic model with two
vaccinations. The associated reproduction ratio for each strain is obtained. Moreover, we
show that if the reproductions of both strains are less than one, the disease free equilibrium
is globally asymptotically stable, and so the disease dies out. Otherwise there exist a
unique strain 1 only or strain 2 only boundary equilibrium. The global stability of each
boundary equilibrium point is also derived under some threshold conditions. We also
stated some conditions that ensure the existence of endemic equilibrium. Several numerical

simulations were carried out to support the analytic results

The basic reproduction ratios are R; and R, which are the threshold quantities of the

population dynamics are determined as

It can be seen that the global stabilities of each equilibrium point depend on their
magnitude. However, to avoid epidemics it sufficient to reduce the magnitude of the basic
reproduction ratio below the threshold value (one). This can be achieved simply by

reducing the incidence or recruitment rate.

Numerical simulations were carried out to support the analytic results and to show the
effect of vaccine for strain 1 against strain 2 and the vaccine for strain 2 against strainl.
We have also shown that the population for infectives to strain 2 increases when vaccine

for strain 1 is absent and vice versa.

In figure 4.5 it was shown that when vaccine for strain 2 is absent strain 1 dies out, but
when there is 30% vaccine for strain 2, strain persists. This shows that wvaccine 2 has
negative effect on strain 1. Similarly in figure 4.6 it was shown that vaccine 1 has negative

effect on strain 2.
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Chauhan proposed two models and showed effective of vaccine to the population. In their
results disease can be controlled with vaccine (Chauhan et al., 2014). In 2010 Rahman and
Zou constructed two strain model with one vaccine for strain one and they study the
dynamics of strain two. In our study we add vaccine for strain 2 and we studied with two
strain and two vaccine. We observed that vaccine for strain 1 has negative effect to vaccine
2.

88



CHAPTER 5

TWO-STRAIN EPIDEMIC MODEL WITH TWO VACCINATIONS
AND TWO TIME DELAY

In this chapter, in addition to the previous chapter, it is added incubation time period for
both strains which makes the model more realistic and constructed two strain influenza

model with two vaccines in which the strain 2 is the mutation of strain 1.

Time between infection of strain 1 (or 2) produce a new virus. So study with the effect of
time delay on vaccine-induced immunity is crucial. In this chapter, we present a
mathematical model to describe the dynamics of a two-strain flu model with two
delays.We targeted on the effects of vaccine for strain one opposed to strain 2 and the

vaccine for strain 2 opposed to strain 1.

This chapter organized as follows: In Section 5.1 formulated a two strain influenza model
with delay and vaccination compartments regarding to strain 1 and strain 2. In Section 5.2
all possible equilibria and basic reproduction ratios are given, and using Lyapunov
functional global stabilities are studied for each equilibrium. In Section 5.3, some
Numerical Simulations are given to reinforcement the theoretical results. Finally, in

Section 5.4, conclusions and discussions are given.

5.1 Stracture of Model

The epidemic model which is constructed in this chapter consists of two strains and two
vaccines with two delays (t; and t,). Similarly to the previous chapter the population N(t)
is divided into suspectible, immunized with the vaccination for strain 1, immunized with
the vaccination for strain 2, infected with strain 1, infected with strain 2 and recovered

compartments with S, V;, V5, I;, [,and R, respectively.

Assuming that infected at time t — 7, and t — 7, become infectious 7, and 7, times later

respectively. To be a more realistic it can be assumed that not all of those infected will
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survive after 7, (t,) times later, because of this reason survival term e#% (i = 1,2) is
introduced.

Here it is assumed that there is a constant recruitment into susceptible class through birth
and immigration and there is no double infection. The average life expectancy is u and

d;(i = 1,2) are infection death rates of strainl and 2 respectively. The avarage time spent
in class I; and I, become recovery yi and yi respectively. The suspectible individuals are
1 2

vaccined with constant rate r; for strain 1 and r, for strain 2. The vaccinated individual V;
can also be infected by strain 2 at a rate k, and the vaccinated individual V, can also be
infected by strain 1 at a rate k,. f; and [3, are transmission coefficients of susceptible
individuals to strain 1 and strain 2 respectively. The variables and parameters are positive.

With these assumptions the model is given by a system of 6 ordinary differential equations

di—(f) = A — (B (1) + BoL, (1) + DS(D),

PO = 1S(t) — (b (®) + V()

20 = 1,5() = (e () + Vo (D), (1)
dn( _

dt e~ (kyVy (t — 71) + ByS(t — 7)) (t — 1) — a4 (D),

al(t) _

dt e K2 (k1V1(t —13) + BS(t - TZ))IZ(t —T2) — axx(8),

dR(t
"0 = 1L () + v21() — HR(L),

wehere A=r +nr,+u,a, =u+v; +y;and a, = u + v, + y,, with the condition

S+V; +V,+1; +1, + R=N. Since R does not appear in the equations for di—(tt), dvd;t(t),
ava(t) dii(t) dix(¢)

dt '’ dt dt
sufficient.

analizing the behaviour of solutions of the following system is

)
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ds(t)

—— = A= (B (D) + Bo1 (1) + DS(D),

dvd;t(t) =1S(t) = (ka2 (8) + V1 (D),

20 = 1,S(6) = (ko la () + WV (D), (5.2)

aly(t)

T e M (ko Vo (t — T1) + B1S(E — T (t — 71) — aq 1 (D),

d —
I;Et) = e M2 (I Vi (t = T2) + BoS(t — 1)) L (t — 75) — a1, (b).

The initial conditions of system (2) is given as

S(0) = $1(0),V1(0) = $2(0),V2(0) = d3(6),1,(0) = $4(6),
12(9) = cl)S(H) 19 € [—T, 0]' cl)l(o) > 0, cl)l(e) € C-E([_T' O]I]Ri);
i=1,..,571=max{t,,1,}.

Here C = C([—1, 0]; R) denotes the Banach space with norm
1Pl = sup_r<o<01$(0)| for ¢ € C.

The nonnegative cone for C is defined by C, = C([—7, 0], R,), where R, = [0, o).

Theorem 5.1. The feasible region of the model (5.2) with above initial conditions is given
by

2= {S(t),Vl(t),Vz(t),ll(t),lz(t),R(t) € C3:S() +V1(6) + V2 (D)

+el (t+ 1) + e*2L(t + 1,) < %}
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Proof. To find the feasible region, define

H=S50)+ V() +Vy(t) + e * 1L (t +11) + e #2(t + 73),

then
H(t) = S(t) + Vi (t) + Vo (b) + e L (t + 1) + e 2L, (t + 1,)
=A— (B111(t) + Bo1 (1) + D)S(E) + 11 S(t) — (kq1x(8) + V4 (0)
+7,5(8) = (ko1 () + Vo (8) + (k2 Vo (8) + B1S()) 11 (1)
—elfrg i (t+ 1) + (k1V1(t) + ,st(t))lz(t) —e Moy (t + 1)
=A—uS(t) — uV (&) —uVo(t) — et (u+yy +d) (D)
—e H2(u+ vy, +dy)L(t)
< A—p(S@ +Vi(6) + Vo (0) + L (8) + e #%21,(8)) = A— uH

or
0<H<A-uH.

Thus

limsup;,, H <

1>

Hence H(t) is bounded. Therefore all compartments of S, V;,V,, I;, I, are bounded with ﬁ

Theorem 5.2. There exists a unique solution of system (5.2).
Proof. System (5.2) can be written as
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f1(e(®) @1(1)
f2(e(1)) \ <P2(t)\‘
@) = :

flo@®), ot —1)) = f3(p(0) P3(t)
falo(®), @t — 1)) @4(t)
fs(e(®), p(t — 1)) @s(t)

where

f1(<ﬂ(t)) = A= (B19a(t) + B29s(t) + Dy, fL0(t) = 1101 (t) — (k15(2)

+) 2 (8), fs0(8) = 1291(8) — Uea11(8)  +1)3(0), fu(@(8), 0(t — 1))

= (ky@3(t =) + Bro1 (t = D) palt  —17) — a194(t — 1), f5(0(1), (t

—1)) = (k1 (t = 1) + L1 (t  —T7))ps(t — 1) — ay@s(t — T) are continuous.
In order to say the system (4.2) has a unique solution it is sufficient to show that
the Lipschitz condition for f(¢@(t), @ (t — t)) with respect to ¢(t) holds.

For ¢(t) = (@1(8), @2(t), @3(t), @4 (), s (1)) and P(t) = P1(6), Y2(t), P3(6).Pa(®),
Ps(t)), and assuming that

Y — ol =Z1Y - oil. (5.3)

Then

If1 (@ () — fL DD = [A = (B1pa(t) + B2s(t) + V1 ()
—(A = (B4 () + B2 (1) + V1 ()|

< Bela (D Y1 (1) — @2 @1 (D] + B2 s (D)1 (t) — @5 () @4 (D)
+AP1 () — @1 (O]

= B1lPa(®)Y1 (1) — Y1 (D) Pa(t) + P1(B)Pa(t) — Pa(t) @1 (D]

+B2[Ws () P1(t) — Y1 (D @s(t) + P1(D@s(t) — @s(B) @1 (D]
+AP1(8) — @1 (D]
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< Bel1 s (@) — @a(®] + Brloa @1 (1) — @1 (D]
+B2 11 O1Ys (@) — s +B2les (@1 () — @1(D)]
A1 () — @1 (O]

= (B1[a (O] + B2los(| + DNP1(®) — @1 (O] + B1lp1 (D[P (@)
=4O + B2 |1 (DIDs5(8) — ps (D] < K1 |[Yp(8) — (D), (5.4)

where
K1 = max{B; |4 (0)] + B2l@s (O] + A, B1 |1 ()], B2 11 (D)1}

From the invariant set, o, () < % 0.(t) < %and Ps() < % , it follows

A
Ky =B+ Bz);"‘)\-
Furthermore, one can derive that

1200 (1) = (PO = [r191(£) = (k195(8) + 1) @2 (1)
(1 (1) = (ks (t) + WY (D)]

< 1ile1(®) — P11 + wlp2(t) — 2O + k1|5 (P2 (2)
—@s(O) @2 (D]

< nile1(®) — P11 + w2 () — 2O + k1|5 (D)2 (0)

—@2(O] + k1l (D15 (8) — @5(0)]

=11l (0) — P11+ (1 + ke [Ps @) D12 () — @2 (D]
+kilo2 (O Ys (D) — os (O] < K|y (t) — @), (5.5)

where
K, = max{r;, (u + kq[Ps(O)]), k1l (D)}
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from the invariant set , ¢, (t) < % @, (t) < %and ps(t) < % , it follows
A
KZ =u + kl ;

For the fourth equation of the system (5.2), we have

Ifs(@(®)) — Bl = [r201(t) — (Kaa(t) + 3 (t)

—(r31 () — (Kapa (1) + Wp3(0)|

S 12l () =1 (O] + plps (@) — @3] + K2 |Ps (O3 (0)

— 4 (D)3 (D)

S 12l (®) = 1O + plps (@) — @3(O)] + K2 o (D113 (2)

—3()| + Kzl @3 (D) |14 () — a(®)]

=12l (0) = Y1 (O + (L + K2 [Pa () DI3(8) — @3(D)]

+k2 |z ()14 (6) — 02O < K3|9p() — @(B)], (5.6)

where,
K3 = max{ry, (U + ka[a (D)), k2 |3 () [}

From the invariant set, ¢, (t) < % p3(t) < %and P.(t) < % , it follows
A
K; = k,—.
3= Ut K p

The forth equation gives that

12(p(0), p(t — 1) — fa (@), (& — DIl = |(k23(t — T)
+B101(t — D) @a(t — ) — a1 94(t) — (ks (t — ) + Bapa (¢
—D))Pa(t — 1) — a1¢4(t))|
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where

Finally,

where

< aq|1h4(8) — @a(D)] = Ku[p(8) — (D)1, (5.7)

Ifs(@(0), ot — D) — s @), Yt — DIl = |(kypo(t — T)
+B201(t — ) s (t — 1) — az05() — (ko (t — T) + Borpa (¢
—D))Ps(t — 1) — azPs (t))|

< @[5 (0) — @s(O] < Ks|p(t) — ()], (5.8)

KS = as.

Applying (5.4), (5.5), (5.6), (5.7) and (5.8), we get

where

1f (@) = fFAEDI = [Ifi(e®) = fLAEDI + [ f2(e(®)
— @)+ If3(@(®) = QDI + Ifale®)) = fa@ @)
+Hfs(@ () = @I < (Ky + K + K3 + Ky + Ks) [Y(8) — 9(0)],

K1+K2+K3+K4+K5=(ﬁl+,82+k1+k2)%+l+2u+a1+a2.

Hence the system (5.2) has a unique solution.
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5.2 Equilibrium and Stability Analysis
5.2.1 Equilibrium points
Theorem 5.3.

1. System (5.2) has a disease free equilibrium E, = (%%% 0,0).

2. When (kﬂz + ﬁ)%e‘“fl > 1 then the system (5.2) has strain 1 endemic (strain 2

au aq

disease free) equilibrium E; = (S, V,, V5, 1;,0), where

A = A = oA =
1 2 I =0

S= BIi+2’ 1= w(B1l1+2)’ 2 = (B1li+) (u+kz1)’ 2

and I, is the root of
A} + BI; + C =0,

Where A= a’lﬂlkz e“Tl, B = al(ﬁlﬂ + ﬂkz)e“‘[l - kzﬁlA, C = all’lﬂeurl - (kzrzA
+B1Aw).

3. When, (@ + &)%e"”z > 1, the system (5.2) has the single strain 2 endemic (strain

au az

1 disease free) equilibrium E, = (S,V,,7,,0,1,), where

A -~ A - A S
1 2 I _O

SA = —, V., = —_— = —, =
Balp+2’ T T (Balp+ D) (utkily)’ 2 T p(Baly+d)’ L

and I, is the root of
AIZ+BL,+C =0

Where A= afzﬁzkl e”rz, B = az(ﬁzﬂ + Akl)e’”z - klﬂzA, C = azlﬂeﬂrz
—(k1r A + BaAp).

4. System (5.2) has no double strain infection equilibrium.
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Proof. Setting the each equation in (5.2) equals to zero, it follows

A - (’8111 + lez + /‘{)S = 0,

1S — (kyly + )V = 0,

728 — (koI + )V, = 0, (5.9)

e M (k,Vy + B1S) — aql; = 0,

e_#rz (k1V1 + ﬁZS)IZ - azlz == 0

1. Since, I; =0 and I, = 0, then from the first three equations of the system (5.9), it is
obtained that

A _r17\
poA

_I2A
VZ_M.

Therefore, the disease free equilibrium is

_ A T]_/‘L T'2/1 )
EO_(A’uA’uA'O’O '

Since all the coordinates of E,, are positive, then it is biologically meaningful.

2. For the Strain 2 disease free equilibrium (strain 1 infection equilibrium) E;, I, = 0 and

I, # 0. Then with using the system (5.3) we have
A— (B +0)S =0,

rls - IJV1 = 0,
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I‘ZS - (kzll + IJ)VZ = 0, (510)

e_‘url(k2V2 + Bls) - (Xl = 0

The first three equations of system (5.10), gives that

A 1 S T2 S

- Bl +2 1= 71 z- kapli+u

or

_ A _ T1 A _ T2 A
= -, Vi == y Vz = .
B1l1+A U il +4 koli+u B1I1+4

Putting S, and V, in the fourth equation of the system (5.10), we get

A

T A
k, —= ) —etlig, =0
( 2 kol +u ﬂ111+/’l + ﬁl B111+A 1

or

Akyry + ARy (ko dy + ) — ay(kply + )(Bii +4) =0

or

e (ay Brk) I + (eH™raykyAd + ey By — APrky)
+(e*"ra;Au — Akyry — ARy ) = 0. (5.11)

ChOOSIﬂg, A = eurlalﬁlkz,B = e”rl(alkzﬂ. + alﬁlﬂ) - Aﬁlkz, and C = 8””10(1/1/,{
Ak,r, — ABiu, system (5.11) can be rewritten as

AI} +BL+C=0 (5.12)
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Since S, V; and ¥/, are all positive, in order to check the biologically meaningfulness of E;
we need to show that the equation (5.12) has only one positive root. Following with

equation (4.16), we can see that (5.12) has only one positive root when

Ae~HT1 kzrz)
= 1.

3. For the strain 1 disease free equilibrium (strain 2 infection equilibrium) E,, I; = 0 and

I, # 0 Again using the system (5.10), it can be obtained

A >y rlA >y rzA s

o 1 T G’ 2 T a1 =0

S =

and
AI? + Bl, + C = 0, (5.13)

Where A = eurzazﬁzkl, B = e“Tz (azklll + azﬁzﬂ) - Aﬁzkl and C = eurzazl‘lﬂ

—Ak,r; — AB,u. (5.13) has a unique positive solution when

Ae HT2

az (ﬂ2 + m) z 1.

u

4. From the equations of the system (5.10) it can be obtained

A * A * A

- Bili+B2l+A 1= (B1I1+ P21+ ) (u+kq17) ’VZ B (Bil1+B2I2+ ) (u+kz11)

S*

when they are replaced into the last two equation of the system (5.10), it will obtained the

following system

a1112 + b1]1[2 + C1]1 + d1]2 + e = 0,
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a2122 + b21112 + C211 + dzlz + e, = 0, (514)
where

ay = —ay1f1k,, by = —a Bk, ¢ = e HB Ak, — aydk, — i,

dy = —a1fou, e = e #i(kyrA+ BiAp) — ayAp, a; = —afkq,

b, = —ayBiky, C; = =B, dy = e H2ByAky — azdky — axfap,
e, = e_ﬂrz (klrlA + ﬁzAﬂ) - azl‘u

However, (5.8) has no solution.

5.2.2 Basic Reproduction Number

Basic reproduction ratio (Ro) is the number of secondary infections which is caused by one
infectious individual in a wholly susceptible population. We use the next generation matrix

F= (ﬂ150 + szZO)e_“Tl 0 l A 0]
0 (B2S° + kyV,%)eHe2 | 0 af

the matrix F is non-negative and is responsible for new infections, while V is invertible and

is reffered to as the transmission matrix for the model (2), It follows that

(ﬁ150+k2V20)€_#T1

0
-1 _ a1
FV — O (BZSO_I_lelO)e—u‘EZ
az

then the basic reproduction ratio

RO = maX{Rl, Rz},

where
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_ Ae_l'l'Tl kzrz) _ Ae_’”z ( klrl)
Ry = il (/31'1‘ v ) R, = ") B, + . )

5.2.3 Global Stability Analysis

In this section, we study the global properties of the equilibria. Lyapunov function is used

to show the global stabilities.
Theorem 5.4. The DFE E, is globally asymptotically stable if Ry < 1.

Proof: Consider the Lyapunov function

V=5 (F) + 09 (BF) + 10 (2F) + e* 1 (©)

+ [ B hWS@) + ey 1, () V()] du + 4% 1y (8)

+ [ B2 LaDS@) + ky L) V;(w)]du

V= (1 - %) S+ (1 - V‘:E:)) v, + (1 - Vzvz:)) V, + et (t)

+(k2V2(t) + ﬁ15(t))11(t) - (kzvz(t —11) + B1S(t — TZ))Il(t —71)
+ehT2, (t) + (k1V1(t) + ﬁzs(t))lz(t) - (k1V1(t —T3) + B,S(t
1)), (t — 73)

= (1 — %) (A= (Bil; + BoI, + 1)S) + (1 — Vl"—z:)) (1S

v,°
V()

— (keI + V) + (1 - ) (S = (ka1y + )V3)

et (e7h7 (kpV(t — 71) + FuS(t — 1)1y (t = 1) — a1 (1))

+ (ko Vo (6) + SO (1) — (koVo(t — 1) + B1S(t — )1 (¢ — T)
+ehTz[e H%2 (I Vi (t — T2) + B2S(t — 73)) L (t — 12) — a1, (1)]
+(ky Vi (8) + B2S (), (t) — (kyVi(t — T3) + B2S(t — T5)) 1 (t — 73)
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. . e . . 50 s°
making some simplification and using u = ry A andu=rn, ~or We have
1 2

V= yso(z—%—%)Jrrlso@—i—i—@"—lo)

+ L (B82S + ky V,° — aze“TZ)
then, V < 0 when R, < 1.

Theorem 5.5. The First strain endemic equilibrium E; is globally asymptotically stable if
R, < 1.

Proof. Consider the Lyapunov function

V=S (%) + g (52) + g (F52) + etr1g (42)
15, [iiSg (PUE9) 4k, Vg (M) du + e 1,0

+ [ B2 LaDS@) + ky L, w) Vy (w)]du

Where g(x) = x — 1 — Inx. Since g(x) is positive function. And since I, > 0 and I, > 0,

therefore V7 > 0. We need to show that V is negative definite.

V= (1-55) A= Bl + Bl + DS + (1= 355) (S

—(kilp + V) + ( 7 (t)) (1S = (koly + V)

Heth ( I (t)) (e™ 1(kZVZ t—11) + B S(t - T1))I1 t—1q)

—a;1,(t)) + 1 1,S [11(t)5(t) In (I1(_t)§(t)) _ L(t=T)S(t-11)

LS LS
11 (t—11)S(t-74) = [ 1.(t) v2(t) 1:(t) V,
+ln( ns )]+k211V2[ L, ln(T1172 )

L (E-T) V2 (E-74) +1n (11(f—‘l'1) Vo (t—74)

UT2[ o —UT _
A )| EEG RS CVACRS
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+B25(t — 1)) L(t — 12) — axl(1)] + (k1V1(t) + ﬁzs(t))lz (t)
_(k1V1(t —T3) + B S(t — Tz))lz(t — T2).

After some simplifications we get

T?=u§(2—%—5§g)+r1§(3—%—%—%%) +r2§(3

_S é — @ﬁ) + 311_1§(2 _S _ 11 (t—71)S(t—-71)

S(t) S S(t) 1;(£)S
I (t-71)S(t-74) Iy _ v _ I; (t—71) Vo (t—71)
+ ln( L (DS )) + kL V; (2 Vo () LV,

— In (Ll Valem) 3 5 _
ln( 1,.(6) Vo (t) )) + L(BS + ko Vo —aqel™) + L(B,S

+ky Vy — azeh2)

S S()

=ﬂ5_(2—%—?)+F1§(3—%—%—%%)+r2§(3—%

_n_SOR)_,7c S 1, (t—71)S(t—74)
7, 5 vz) SUR <g (S(t)) +g( L35 )>

T 7 11(t—71) Vo(t-71) A
k211 V2 (g (Vz(t)) + g ( 11(t)V2 )) + 12 (ﬁz ,811_14'/1

A
1 u(B1I;+2)

+k - azel”z)

= S S(t) = S Vi s = S
<uS (2—%—?)+r15(3—%—7—1—?71)+r25<3—%

VZ S(t) ‘72 - § Il(t—Tl)S(t—Tl)

%5 y) TS <g (o) +o (* 5o ))

L T i V2 L (t—71) Vo(t-71) ut, (AeHT2
ol 7 (8(25) + 0 () ) 4 e (22 g,

+ %)—1).

Since
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and ﬁls + kz VZ - (X1€“T1 ES O

Therefore, V < 0 when R, < 1.

Theorem 5.6. The second strain endemic equilibrium E, is globally asymptotically stable
if R, < 1.

Proof. Consider the Lyapunov function

1%

3 t Vit Vy(t

Sg (S( )) + Vg ( L )) + Vg (%) + e#™1 [ (¢t)

+ft AN k, I V. d utz o (120
t-7, 101 wS(w) + ky L(w) Vo(w)]du + e g(—i )

+ ftt_rz [ﬁzfzfg (Iz(tf)f(u)) + k1T2 Vig (Iz(u) Vl(u))] du,

1,8 L,

where g(x) = x — 1 — Inx. Since g(x) is positive function. And since I; > 0 and I, > 0,

therefore VV > 0. We need to show that V is negative definite. Actually,

V= (1-55) (A= Buly + Baly + 09) + (1 - 555) (S
=kl + WVy) + ( v, (t)) (r2S — (kaly + V3)

+elh [9_”T1 (klvz (t — 1) + B1S(t - T1))I1(t —T1) — 0‘111(t)]
+(k2V2 () + Bls(t))ll(t) - (kzvz(t —17¢) + B4S(t - T1))I1(t —Tq)

I

ermz (1 12) (772 (I Vit = 72) + BoS(t = 1)) (= 7)

~ [ I, ({®)S(t I, (t)S(t) I, (t—12)S(t—T3)
—azlz(t)) + B,1,S [ZTS()_ ln( e ) — 2T T

IS s
I (t—72)S(t—13) L(t) V() L(t)Vy
+ln( i, $ )]+k1 [ i, 7, ln(izvl)

_ Iz(t—T%) Y1(t—T2) +1n (Iz(t—T%) Y1(t—T2))].
i, 7 i, 7y

After some simplifiction we get

105



V=uS(2- -9 4rS(3- - n s0h

1) + 1,8 (3

g V2 S(t) VZ & A § Iz(t—Tz)S(t—Tz)
2) + Bal; (

Ts® S s© 7

sy 7, S v S(t) I,(t)S
I (t=72)S(t—73) s _ 141 . I (t—12) V1 (t—73)
+ ln( L®)SE) )) tk (2 V1(0) L7,

—In (M)) + L(BiS +ky Vo —aget™) + L(B,S

L) (8

+k, V, — aze’”z)

—uS(2- = -0) 1 rS(3-S-a Wh

)-I—r
1

)

0 S s S

Vv, S 7, ~ A S L (t—1)S(t-15)
v, TVZ) — B2 oS (g (%) tg ( 103

—k, 0, 7y (g (Vlr?t)) +g9 (—IZ(t_;Z()t;/l‘;f_TZ))> + I (ﬁl

A
8N ur
k2 Balgth) 1€ 1)

s _s©

Suﬁ(z—% §>+F15A(3—?;)—?1—T%1

v, St 7 FON S Iy (t-71)S(t-74)
5o ) ~AhS (g (s0) 9 (T

A7 7, I (t—741) Vo(t-11) pry (Ae”H1
kaly V; (g (Vz(t)) T g( I, (O, )) + Loaget™ ( ')
k2) _
+2)-1)
Since,
2—i—@<0 3_i_ﬁ_ﬂﬁ<0 3_i_ﬁ_@&
S(t) $ ' sty 7 S n ' s 7 A

Therefore, V < 0 when R; < 1.
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5.3 Numerical Simulation

Numerical simulations were carried out to support the analytic results. In Figure 5.1 it is
shown that if R; < 1 and R, < 1, both the two strains die out. If R, < 1, strain 1 persists
and the second dies out (Figure 5.2), whereas if R; < 1, strain 2 persists and the first dies
out (Fig 5.3). In figure 5.4 it was shown that if R; > 1 and R, > 1, then the two strains

persist. To see the effect of incubation perod we give
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Figure 5. 1: Disease Free: Parameter values are §; = 0.00003, $, = 0.00003,
k, = 0.00001, k, = 0.00001,, = 0.3, , = 0.3,d; = 0.1,d, = 0.1,
y1 = 0.07,y, = 0.09 u = 0.02,A = 200, 7; =7, = 4, R; = 0.2821

and R, = 0.2552.
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Figure 5.2: First strain endemic: Parameter values are $; = 0.00003, 5, = 0.00003,
k, = 0.00001, k, = 0.0001,, = 0.3, 7, = 0.3,d; = 0.1, d, = 0.1,
v1 =0.07,y, = 0.09 4 = 0.02,A =200, 7, = 1, = 4, R; = 2.3979

and R, = 0.2552.
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Figure 5.3: Second Strain endemic: Parameter values are $; = 0.00003, 5, = 0.00003,
k, = 0.0001, k, = 0.00001, 7, = 0.3, 7, = 0.3,d; = 0.1, d, = 0.1,
y1 = 0.07,y, = 0.09 u = 0.02,A = 200, 7, = 7, = 4, R; = 0.2821

and R, =2.1695.
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Figure 5.4: Both endemic: Parameter values are §; = 0.00003, 5, = 0.00003,
k, = 0.0001, k, = 0.0001, 7, = 0.3, 7, = 0.3,d; = 0.1, d, = 0.1,
v1 =0.07,y, = 0.09 4 = 0.02,A = 200, 7, = 1, = 4, R; = 2.3979
and R, = 2.1695.

To show the effect of vaccine for strainl against strain 2 and the vaccine for strain 2
against strainl, we carried out the following numerical simulations as can be seen in Figure
5.5 and Figure 5.6.
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Figure 5.5: Both endemic: Parameter values are §; = 0.00003, 5, = 0.00003,
k, = 0.0001, k, = 0.0001, r, = 0.3, d; = 0.1, d, = 0.1, y; = 0.07,
Y2 = 0.09,1 = 0.02and A = 200, 7, = 7, = 4.
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Figure 5.6: Both endemic: Parameter values are 8, = 0.00003, 5, = 0.00003,
k; = 0.0001, k, = 0.0001, 7, =0.3,d, = 0.1,d, = 0.1, y; = 0.07,
¥, =0.09,u =0.02and A = 200, 7, =7, = 4

In Figure 5.7, it is given the effect of the incubation period. We assume the incubation
period of both strain increase from 4 to 15 and we see that disease decrease. In Figure 5.8
and 5.9 given the effect of vaccine for both strains seperately. Firstly, incubation period

increased 15 then 30.
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Figure 5.7: Both endemic: Parameter values are 8, = 0.00003, $, = 0.00003,
k, = 0.0001, k, = 0.0001, 7, = 0.3,7, = 0.3,d, = 0.1, d, = 0.1,
¥1 = 0.07,y; = 0.09, u = 0.02, A = 200, 7; = 7, = 15.
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Figure 5.8: Both endemic: Parameter values are 8, = 0.00003, 8, = 0.00003,
k; = 0.0001, k, = 0.0001,, = 0.2, =0.3,d; = 0.1,d, = 0.1,
¥1 = 0.07,y, = 0.09, u = 0.02, A = 200, 7; = 4.
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Figure 5.9: Both endemic: Parameter values are ; = 0.00003, 8, = 0.00003,
k, = 0.0001, k, = 0.0001, 7, = 0.3, = 0.2,d, = 0.1, d, = 0.1,
y1 = 0.07,y, = 0.09, u = 0.02, A = 200, 7, = 4.
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5.4 Conclusion

In this chapter, we study an epidemic model with two vaccine and two time delay. We
have studied equilibrium points and under some threshold conditions the global stability of
each boundary equilibrium point is derived. The global stability analysis of each equilibria
are established by constructing Lyapunov functionals and using Lyapunov- Laselle
invariance principle. We found two basic reproduction ratios R; and R,. When both R; <
1 and R, < 1 then the disease free equilibrium exists and globally asymptotically stable
and disease dies out. Moreover when R;>1 then strain one endemic equilibrium E;exists
and under the condition R, < 1 it is globally asymptotically stable. Furhermore when R, >
1, strain two endemic equilibrium E, exists and it is globally asymptotically stable

provided that R; < 1.

R; is a decreasing function on time delay 7, then the latent period 7, has positive effect on
the infection of strain 1 and sufficiently large latent period 7,, R, becomes less than one
(assuming all other parameters are fixed). Similarly, R, is a decreasing function on time
delay 7, then the latent period 7, has positive effect on the infection of strain 1 and
sufficiently large latent period ,, R, becomes less than 1 (assuming all other parameters
are fixed). The numerical sumulations give the adoption of vaccination 1 does influence
the disease dynamics of strain 2 and similarly vactination for strain 2 dose influence the
disease dynamics of strain 1. As we can see figure5.6 and 5.7 the vaccine for strain 1
caused by endemic for strain 2 and similarly vaccine 2 caused endemic for strain 1. Figure
5.8 and Figure 5.9 shows the effect of latent (incubation) period. As we can see in Figure
5.8 when incubation period increse to 15 for strain 2, disease decrease and when it increase

30 then disease can be diese out. Similary for strainl.

If, T, =17, = 0, then this becomes the previous model which is studied in Chapter 4.
Therefore, all theorems which are given in this chapter consists the theorems which are
given in Chapter 4. Thus this chapter is generalization of Chapter 4.
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CHAPTER 6
CONCLUSION

This thesis consists single strain and two strain models which the second strain is the
mutation of the first strain. First two SIR model with and without vaccintion. Some
analytical and numerical method used to see the effect of the vaccine. Basic reproduction
ratios are found for both model. Stability analysis with using Lyapunov’s idea are given for
disease free and endemic equilibria points for each model. And in the last section some
numerical results are given to support the analytical part. As it can be seen from the figures
when the rate of the vaccinated individuals increase then the disease starts to die out. In the

result of this chapter, the importance of vaccine arrise.

In Chapter 4 and 5 two strain SIR models are constructed, the model which is given in
Chapter 5 is more realistic and extention of the model in Chapter 4. Three equilibriums are
found for both models and Stability analysis are studied. Several numerical simulations
were carried out to support the analytic results. In analytically there is no co-existence
equilibrium point. However from the numerical simulations we have shown the
coexistence. In detailed analytic stability remains a challenging problem to us. In
summary, the two vaccines not only can have effects on the stability of the boundary

equilibria, but can also allow the existence of the coexistence equilibrium.

Numerical simulations were carried out to support the analytic results and to show the
effect of vaccine for strainl against strain 2 and the vaccine for strain 2 against strainl. We
have also shown that the population for infectives to strain 2 increases when vaccine for
strain 1 is absent and vice versa. And it is observed that when there is no incubation for
disease then infection individual increase therefore if incubation (latent) period can be

increased then disease can dies out.
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