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ABSTRACT

In the present study, a system of partial differential equations for observing epidemic models
is investigated. Using tools of classical approach we are enabled to obtain the solution of the
several system of partial differential equations for observing epidemic models. Furthermore,
difference schemes for the numerical solution of the system of partial differential equations
for observing epidemic models are presented. Then, these difference schemes are tested on

an example and some numerical results are presented.

Keywords System of partial differential equations; Fourier series method; Laplace

transform method; Fourier transform method; difference schemes; epidemic models



OZET

Bu ¢aligmada, epidemik modelleri gozlemlemek i¢in bir kismi diferansiyel denklem sistemi
arastirtlmistir. Klasik yaklasim araglarini kullanarak epidemik modelleri gdzlemlemek igin
birka¢ kismi diferansiyel denklem sisteminin ¢oziimiinii elde etmeyi basardik. Ayrica,
epidemik modelleri goézlemlemek igin kismi diferansiyel denklemler sisteminin sayisal
¢Ozlimii i¢in fark semalar1 sunulmustur. Daha sonra, bu fark semalar1 bir 6rnek tizerinde test

edilipve bazi niimerik sonuglar Verilmistir.

Anahtar Kelimeler Kismi diferansiyel denklem sistemleri; Fourier serileri yontemi;

Laplace doniistimii yontemi; Fourier dontisiimii yontemi; fark semalari; salgin modeller
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CHAPTER 1
INTRODUCTION

System of partial differential equations take an important place in applied sciences and

engineering applications and have been studied by many authors.

Direct and inverse boundary value problems for system of partial differential equations for
observing epidemic models have been a major research area in many branches of science

and engineering particularly in applied mathematics.

The mechanism of transmission is usually qualitatively known for most diseases from
epidemiological point of view. For modeling the spread process of infectious diseases
mathematically and quantitatively, many classical epidemic models have been proposed and
studied, such as SIR, SIS, SEIR, and SIRS models (Li & liu, 2014; Samarskii, 2001; Lotfi
et al., 2014; Chalub & Souza, 2011; Elkadry, 2013). Modeling infectious diseases can be
classified as some basic deterministic models, simple stochastic models and spatial models.
An important role of modelling is that they can inform us to the disadvantages in our present
consideration of the epidemiology of different infectious diseases, and advise compelling
questions for research and data that need to be collected. The rate at which susceptible
individuals become infected is called the transmission rate. It is important to know this rate
in order to study the spread and the effect of an infectious disease in a population. This study
aims at providing an understanding of estimating the transmission rate from mathematical
models representing the population dynamics of an infectious diseases using solution of

these models.

An important advantage of using models is that the mathematical representation of biological
processes enables transparency and accuracy regarding the epidemiological assumptions,
thus enabling us to test our understanding of the disease epidemiology by comparing model
results and observed patterns (Jun-Jie et al., 2010). A model can also assist in decision-
making by making projections regarding important issues such as intervention-induced
changes in the spread of disease. A point that deserves emphasis is that transmission models
are based on the current understanding of the natural history of infection and immunity. In
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cases where such knowledge is lacking, assumptions can be made regarding these processes.
However, in such cases there can be several possible mechanisms, and therefore several
different models, which can lead to similar observed patterns, so that it is not always possible
to learn about underlying mechanisms by comparing model outcomes. One must then be
very cautious regarding model predictions, because different models that lead to similar
outcomes in one context may fail to do so in another. In such instances, it is best to conduct
further epidemiological and experimental studies in order to discriminate among the
different possible mechanisms. Thus, an important role of modelling enterprises is that they
can alert us to the deficiencies in our current understanding of the epidemiology of various
infectious diseases, and suggest crucial questions for investigation and data that need to be
collected. Therefore, when models fail to predict, this failure can provide us with important
clues for further research. Our aim is first to understand the causes of a biological problem
or epidemics, then to predict its course, and finally to develop ways of controlling it,
including comparisons of different possible approaches. The first step is obtaining and
analyzing observed data (Lotfi et al, 2014; Elkadry, 2013).

Various initial-boundary-value problems for the system of partial differential equations can
be reduced to the initial-value problem for the system of ordinary differential equations

(

%‘“’ + Eut b+ AuYb: ¥R

duz\?tb_i_GJz\'tpr) 1\ 2\ER - £2\
m ? Giu b+ cAu Yb: f YR

3.
S L+ HAP? Hut b+ eAUYP: YR (1.1)

4. . . . . ,
dudt\rtb +du ¥b? d,u’¥b? d,u’ b+ IAU P YR

09t9 T,u™O0b: f™m: 1,2,3,4

\
In a Hilbert space H with a self-adjoint positive definite operator A. In the paper
Ashyralyev et al, (2018) stability of initial-boundary value problem (1.1) for the system of
2



partial differential equations for observing HIV mother to child transmission epidemic
models is studied. Applying operator approach, theorems on stability of this problem and of
difference schemes for approximate solutions of this problem are established. The generality
of the approach considered in this paper, however, allows for treating a wider class of

multidimensional problems. Numerical results are provided.

In the present thesis, we will consider the application of classical methods of solution of
problem (1.1) and of difference scheme for the approximate solution of problem (1.1).

This thesis is organized as follows. Chapter 1 is introduction. In chapter 2, the solution of
system of partial differential equations for observing epidemic models is obtained by using
tools of classical approach. In chapter3, numerical results are provided by using finite
difference method for the solution of system of partial differential equations. In appendix

matlab programming that is used for finding numerical results is given.



CHAPTER 2
METHODS FOR SOLUTION OF SYSTEM OF PARTIAL
DIFFERENTIAL EQUATIONS

It is known that system of partial differential equations can be solved analytically by Fourier
series, Laplace transform and Fourier transform methods. Now, let us illustrate these three

different analytical methods by examples.
2.1. Fourier Series Method

Example 1: Obtain the Fourier series solution of the initial-boundary-value problem

Y - 211 .
’”/“t'xp + F UM, xp? 20t ‘j:;xp . Fe?™tsin2x,

HLE + GV, XP? GLuY, xP? 2222 NG G Re™tsin 2,

OE + J Wi, XP? Jyutt, xb? 20 0 N0 2 J; e™sin 2x,

. ) , , ~
/z)tt,XD +d 2%, xp? d; WX, xP? d, V¥, xp? 2 j\f(;xb

p ) (2.1)
: M ?d; ?d,Ee?tsin 2x,

09t9T,09x9 Z
uN0, xbP: vYO,xb: wYO,xb: 2Y0,xP: sin2x,02 x 2 Z

uM,0b: V¥, 0P: w¥,0b: 2¥,0p: 0,02 t2 T,

L uM,Zb: Vv¥,Zb: wM,Zb: Z¥,Zb: 0,02 t2 T

for the system of parabolic equations.



Solution: In order to solve this problem, we consider the Sturm-Liouville problem

2 U™&P? RUXP: 0,09 x 9 Z uYb: u¥Zpb: 0

Generated by the space operator of problem (2.1). It is easy to see that the solution of this

Sturm- Liouville problem is

Rc: ?k,u &b sinkxk: 1,2,....

Then, we will obtain the Fourier series solution of problem (2.1) by formula

4 K
uxt, xb: > A MBsinkx,
ki1
s K s
VY, xP: > B Mbsinkx,
ki1 (22)
<
- K Vs
WY, xP: > C Mbsinkx,
ki1
- K s
Y, xp: > D Mbsinkx.
L ki1

Here A (t), B.(t),C.(t) and D,(t) are unknown functions. Applying these formula to

the system of equations and initial conditions, we get



A

-

N~

N

¢ K K K
> AYBsinkx + F> A MRsinkx + > k2 A hsinkx :

ki1 ki1 kil

K K K
> BIYBsinkx + G> B Ybsinkx 2 G, > A, Mbsinkx
ki1 ki1 ki1

K
+> k2B Mbsinkx : YG? G, e?tsin2x,
ki1

K K K
> CLMbsinkx +J> C Mhsinkx ? J; > A Mbsinkx
k: 1 ki1 ki1

K
+> k2C, ¥tbsinkx : Y3 ? J,e?tsin2x,
ki1

K K K
> ka\?tbsinkx +d> D Ybsinkx ? d; > C, Ybsinkx
ki1 ki1 ki1

F e?*tsin2x,

K K
?d, > Bk\,tpSinkX +> kszY'tbSinkX 2 d; ?2d, he?4t sin2x,

ki1 ki1
09t9T,09x9Z

K
uY0, xb: > AOBsinkx : sin2x,
ki1

K
vYO,xP: > B,YObsinkx : sin2x,
ki1

K
wY0,xb: > C,Y0bsinkx : sin2x,
ki1

K
20, xb: > D Obsinkx : sin2x,
k: 1

02 x2 Z



Equating coefficients sinkx k =1,... to zero, we get

- . . .
ALXEP+ FA P+ 4A, P Fe?™,

B, b+ GB, XP? G A, b+ 4B, Xb: YG? G ™,

A

CL¥MP+ JC, XP? J; Ao b+ 4C, P: Y3 2 Jy Re™,

D}, YtP+ dD, ¥tP? d; C, XP? d, B, b+ 4D, XP: Yd 2 d; ? dy k™,

L 09t9 T,AYP: B,YOP: C,Y0p: D,YOb: 1
And fork 2

[ ALYB+ FAEP+ K2ANP: O,
BLYtP+ B, XP? G AP+ k2B, Xb: 0,
CL b+ JC MP? J; AP+ K2CXP: 0,
DLYtP+ d D XP? d; C XP? d, B b+ k2D XtP: 0,

09t9T,

ANOP: BOP: C,Ob: D OP: 0.
We will obtain A (t), B, (t), C,(t) and D,(t) for k, 2. Firstly, we consider the
problem

AP+ YF + k2EAMP: 0,091t 9 T,AN0P: 0.

We have that

ANP: e (F)a Yop: 0.



Secondly, applying A (t) =0, we get the following problem

BLYP+ YG+ k2B MP: 0,091t 9 T,BNP: 0.
Therefore,
BMbP: e?(¢)BYopP: 0.
Thirdly, applying A (t) =0, we get the following problem
CiL ¥+ YJ +k?FC XP: 0,09t 9 T,C,0P: 0.
Therefore,
C b e c,Yop: 0.
Fourthly, using BcYP: 0 and C¥P: 0, we get the following problem
DLYP+ Y + k2D YP: 0,09t 9 T,D,Y0P: 0.
Therefore,
DMP: (D, YoP: 0.

Thus, AMP: BXMP: CXP: DYP: 0 forany t5 ®,Ta
Now, we obtain A, (t), B,(t), C,(t) andD,(t). Firstly, we consider the problem

ALNEP+ YF + 4B XP: Fe™, 09t 9 T, A,Y0P: 1.
We have that

t
A, b e FHRA, b+ Ke?FHapizsiEgasqg
0

t
- @R | o?FHR )(:erdS - @?FHH 4 ?FHRNEFt 9 b @24t

0

Secondly, applying A2XP: €, we get the following problem



B, YXP+ YG+ 4B, Mb: Ge™,091t 9 T,B,Y0b: 1.

We have that

t
B,Xb: e”'CHRB, )b+ Xo?Crptshga?dsys
0

t

0

Thirdly, applying A, (t) =€ *, we get the following problem

CLMb+YJ +4EC,Xb: Je™, 091t 9 T,C,0P: 1.

We have that

t
C,Xb: e’V+RrC,\0b+ We?0+4pt2spya?4sdg
0

— o ()t 4 o (e (eat i 1) _—

Fourthly, using B,(t)=e™ and C,(t)=€e*, we get

DL YP+ Y + 4D, ¥P: de™, 09t 9 T,D,0b: 1.

We have that

t
D, \,t p: e?\ﬁ+4 R D, \b b+ )@?\UM bﬁ?sbde?4sds
0

e?\’d+4n + e?\'d+4|:t\'édt 21b: et
Thus, A2XP: B XtP: C)MP: D XP: € for any t5 M, Ta Applying formulas

obtained for A (t), B, (t), C,(t) and D,(t),k =1,..., we can obtain the exact solution of

9



problem (2.1) by formulas

oL _ .
uM, xb: A, Mbsin2x ;. e?tsin2x,
VY, xP: B,¥bsin2x : e?tsin2x,

WY, xP: C,¥bsin2x : e?tsin2x,

L 2¥,xb: D,¥hsin2x : e™tsin2x.

Note that using similar procedure one can obtain the solution of the following initial

boundary value problem

10



v . n 2.\ .
’“;‘t'xp + FuYt,xp? > F, 000 “fx" . Ff Y, xB
X
r1 r

) ) i n 20N . .
"’ft’xp + GV¥, xb? G U, xb? > F,/ 7:2’XD P YG? G H Y, XR
r:1 '

. n Y
/W\f,Xp + J WY'f,Xp') JluY,f’XID? > FI’ /ZW\LXD Y,] 7 Jlﬁ?)\,t’XI:?

/t 2
r:1 Ixi

2.3
122%,xp ( )

2
I Xf

Y n
/z)tt,xp +d 2, xbP? d; WX, xb? d; v, xP? > F,

< r:1

. \’d’) dl ?dgl:f4y’t,X|:?

X: ¥q,...,.XnP5E,09t9T,
uN0, xb: f %BVY0,xP: bYXbwY,xP: UKRZY0,xP: R%B

X: ¥q1,...,XnP5 E,

UM, xb: VY, xP: wY,xb: Z2¥,xP: 0,x5S02t2 T

For the multidimensional system of partial differential equations. Assume that a, >a >0

and fk(t,x),k:1,2,3,4(tl' (0,T), xi \7\/),/ (X (x).x(%),7 (x) (xl' \7\/) are given smooth

functions. Here and in future E is the unit open cube in the N ? dimensional Euclidean

space R"(0<x, <1,1¢k ¢ n) with the boundary S, W=WGCS.

However Fourier series method described in solving (2.3) can be used only in the case when

(2.3) has constant coefficients.

11



Example 2: Obtain the Fourier series solution of the initial-boundary-value problem

(

Y, xb ¢ 2%, xP
’”/\ft'x + F u¥t, xp? “jj;’x . Fe™cosx,

LU + GV, XP? GLuY, xb? 2222 1 \G? G e cosx,

. . - 20M -
LLE + 3w, xP? Jput, xp? 2028 g 2 9, e cosix,

’tht’xp +d 2%, xb? d; w¥,xb? d, Vv, xP?

[22%,xb
/ 2

< v (2.4)
M ?d; ?d,Eecosx,

09t9T,09x9 Z
uYo, xb: vYO,xP: wYO,xP: 2Y0,xP: cosx,02 x 2 Z,

u X, 0P: vy X, 0P Wy X, 0P: zX,0p: 0,02 t2 T,

L U, ZP: Vi, ZP: Wi, Zb: z X, ZP: 0,02 t2 T

for the system of parabolic equations.

Solution: In order to solve this problem, we consider the Sturm-Liouville problem

2 U™&P? RU%P: 0,0 9 x 9 Z u,YOP: u¥Zb: 0

Generated by the space operator of problem (2.4). It is easy to see that the solution of this

Sturm-Liouville problem is
R : ?k2,u kb: coskxk: 0,1,....

12



Then, we will obtain the Fourier series solution of problem (2.4) by formula

e K
u¥t, xp: > A MEcoskx,
k: 0
- K s
VY, xP: > ByMbcoskx,
k: 0
<
- K s
WX, xP: > CyMkcoskx,
k: 0
- K -
2, xb: > Dy Mbcoskx.
q k: 0

Here A (t), B.(t),C.(t) and D,(t) are unknown functions. Applying these formula to

the system of equations and initial conditions, we get

13



K K K
> Al Ybcoskx + F> AMbcoskx + > k2Abcoskx @ F e cosx,
k: 0 k: 0 k: 0

K K K
> Bl Mthcoskx + G> BYkcoskx ? G, > A, Mbcoskx
k: 0 k: 0 k: 0

K
+> k2B, Ykcoskx : YG? G e cosx,
k: 0

K K K
> ClMFcoskx +J> CyMicoskx ? J; > A Mbcoskx
k: 0 k: 0 k: 0

K
+> k2C Mkcoskx : YI? J, e cosx,
k: 0

K K K
> DiMkcoskx +d> Dy Yhcoskx ? d; > CiMbcoskx
k: 0 k: 0 k: 0

K K
?2d, > B, Ykcoskx + > k2D, Ytbcoskx : Y ? d; ? d,Fe? cosx,
k: 0 k: 0

\09t9T,09X92,

14



K
uYo, xP: > A NOPcoskx : cosX,
k: 0

K
vY0,xP: > B,YOkcoskx : cosX,
k: 0

K
< wY0,xb: > C,Y0bcoskx : cosx,
k: 0

K
2Y0,xP: > D YOkcoskx : cosx,
k: 0

02 x2 Z
\

Equating coefficients coskx k =0,... to zero, we get

( AP+ FA P+ A YP: Fe™,

B, Yb+ GB, XP? G A; b+ B, XtP: YG? G k&7,
< Co¥tb+JC,MP? J,A b+ CoXb: Y02 3, ke,

D! Ytb+ dD; ¥tp? d; C; ¥b? d,B; b+ D, YtP: Yd? d; ? d k™,

L 09t9 TA0P: B,YOP: C;YOP: D;Y0b: 1

Andfork 1

15



[ ALYB+ FAEP+ K2ANP: O,
BLYtP+ B, XP? G AP+ k2B, P 0,
CL P+ JC MP? J; AP+ K2C XP: 0,
DLYtP+ d Dy XP? d; C XP? d, B b+ k2D XtP: 0,

09t9T,

ANOP: BNOP: C,0b: D OP: 0.
We will obtain A (t), B.(t), C,(t) and D,(t) for k, 1. Firstly, we consider the
problem

AP+ Y+ K2FANMP: 0,09t 9 T,ANP: 0.
We have that

ANXDP: e?(F)taN0P: 0.
Secondly, applying A (t) =0, we get the following problem

BLYP+ YG+ k2B MP: 0,091t 9 T,BNOP: 0.

Therefore,

B P: (¢)tB Yop: 0.

Thirdly, applying A, (t) =0, we get the following problem

CiXP+ Y + K2 EC, XP: 0,09t 9 T,C0b: 0.

Therefore,
CXb: ?(*)tc,Yop: 0.

16



Fourthly, using B, (t) =0 and C,(t) =0, we get the following problem

DLYP+ Y0 + k2D MP: 0,09t 9 T,D,YOP: 0.

Therefore,
D Xb: e’ (¢)ip Yop: 0.

Thus, AMP: BXP: CXP: DMP: 0 forany ti [0,T].

Now, we obtain  A(t), B(t), C,(t) andD,(t). Firstly, we consider the problem

AP+ Y+ 1R P Fe”, 09t 9 T, A)YOP: 1.
We have that

t
A Yb: e?\?F+1 H A YOb+ )@?\}Fﬂ Dét?stl':e’?sd s
0

t
- @ F+LR 4 o?FHIR )(:erdS . @R 4 ?FHIHNEFt 2 1p: @7t
0

Secondly, applying A(t) =€ "', we get the following problem

BI Yb+ G+ 1M, XtbP: Ge*,09t 9 T,B,Y0P: 1.
We have that

t
B Xb: e”C1RB \0b+ Yoo Pl sds
0

t

. @?GHR 4 o?GHR WpB(g: ?GHR 4 @?GHREE 9 1p: et

0

Thirdly, applying A(t) = e, we get the following problem
CI M+ YJ + 1EC; Mb: Je™, 091t 9 T,C;Y0b: 1.

17



We have that

t
Ci¥tP: e79RC \Op+ X701 Ps)e?sds
0

e?\ZJ+ll:t + e?Y]+1I:t\'éJt 21pb: e,
Fourthly, using B/(t)=e' and C,(t)=¢e", we get

D! ¥b+ Y + 1D, ¥tb: de™, 09t 9 T,D;0P: 1.
We have that
t
Dy ¥P: e?91rD, O+ X +1Pshe?sds
0
: e?\ﬂ+1l:t + e?\'d+ll:!\'édt 21p: et
Thus, A(t) =B, (t)=C,(t)=D,(t)=€e" forany ti [0,T].
Applying formulas obtained for A (t), B.(t), C,(t) and D,(t),k=0,1.., we can

obtain the exact solution of problem (2.4) by formulas

o .
uM,xb: A;Mbcosx @ ecosx,
V¥, xP: B;Ybcosx : e”cosx,

WY, xP: C;¥kcosx : e”cosx,

L 2X,xP: Dy ¥kcosx : e?cosx.

Note that using similar procedure one can obtain the solution of the following initial

boundary value problem

18



v . n 2% .
SRS HFUMXP? > R FfYXR
X
r:1 '

- n v
IR 4 GV, xP? GLuY, xP? > F, 2P - NG9 G H, ¥, xB

/t
r:1 Xr

. n \t
M 4 3 W XB? Iy UM XP? > F N2 g b xR
ril '

122%,xp

Ixt (2.5)

) n
ZRE + d 2, xP? dy WX, xP? dp VY, XP? > F,

< r:1

M ?d; ?d,H, M, xb

X: ¥%q,...,XxnP5E,09t9T,
uN0, xb: fY&PVY0,xP: bXbwY,xb: UKBZY0,xP: R%B

X: ¥i,...,XnP5 E,

Juxb . IvEXP . IweXP [ 2%xP

LT T Tm 0,x5S02t2T
For the multidimensional system of partial differential equations. Assume that a, >a >0
and fk(t,x),k:1,2,3,4(ti (0,T), xi \7\/),/' X (X).x(x),7 (%) (xl' \7\/) are given smooth

functions. Here and in future Mis the normal vectorto S

However Fourier series method described in solving (2.5) can be used only in the case

when (2.5) has constant coefficients.
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Example 3: Obtain the Fourier series solution of the initial-boundary-value problem

r - . 21 .
L0 4 Fudt,xP? 20U Vo1 + Fre?,

WEE 4 GV, XP? GUY xP? Y20 V21 + G2 G R,

R 4 J W, xP? iU, xP? 2P s 1 4 32 3, 17,

22%,xb
/x?

’tht‘xp +d 2%, xP? d; w¥, xP? d, v, xP?
: YPL+d?d; ?d ke,

Y 09t9T.09x9Z (2.6)
uN0,xb: VYO, xP: wNO,xb: 2Y0,xb: 1,02 x 2 Z

u¥,0P: UM,ZRu,X,0P: uMt,ZR02 t2 T,

VY, 0P: VM, ZBvy X, 0b: v X, Zh02 t2 T,

WY, 0P WY, ZBw, X, 0P: w,,Zh02 t2 T,

2,0b: 2%, ZPbz X, 0p: zX,Zh02t2 T

for the system of parabolic equations.
Solution: In order to solve this problem, we consider the Sturm-Liouville problem

? U™P? Ri%P: 0,0 9 X 9 Z,uN0P: uUZRu\OP: uYZP
Generated by the space operator of problem (2.6). It is easy to see that the solution of this
Sturm-Liouville problem is

Re 1 ?4k2, u %b: sin2kx,k : 1,...,u%P: cos2kx,k : 0,1,....
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Then, we will obtain the Fourier series solution of problem (2.6) by formula

u(t,x) = élAk(t)sin 2kx+ éo B, (t) cos2kx,

V(t,X) = & C, (t)sin2kx+ & D, (t) cos2kx
k=1 k=0
(2.7)

w(t, X) = ka':l E, (t)sin 2kx+ 20 F. (t) cos2kx

——) =) =) =) =) =) =) =) =) =) (]

Z(t,x) = ka.le () sin2kx+ ké'ilo N, (t) cos2kx

Here A (t), B, (t),C.(t),D.(t), E.(t), F.(t),M () and N,(t) areunknown
functions. Applying these formulas to the system of equations and initial conditions, we

get

K K K
> ALYBsin2kx + F> A Mbsin2kx + > 4k2 A Ybsin 2kx
ki1 ki1l k: 1

K K K
> B Ythcos2kx + F> B, Ythcos2kx + > 4k? By Ybcos 2kx
k: 0 k: 0 k: 0

© Y?1 + Fre™,

K K K
> CIMbsin2kx + G> CMbsin2kx ? G, > A Mksin2kx
ki1 ki1l ki1

K K K
+> 4k2C, Mthsin2kx + > Dj Mcos2kx + G> D, Ytkcos 2kx

ki1 k: 0 k: 0
K B K B
?G, > B Mbcos2kx + > 4k2D, Mbcos 2kx
k: 0 k: 0
© Y21+ G? G ™,
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K K K
> ElMbsin2kx +J> EMbsin2kx ? J; > A Mbsin2kx
ki1 kil ki1

K K K
+> 4k2E, hsin2kx + > FLYbPcos2kx +J> F Ybcos 2kx
ki1 k: 0 k: 0

K K
2J; > B Mbcos2kx + > 4k2F Yhcos 2kx
k: 0 k: 0

Y1+ ?J]_I:e?t,

K K K
> M YBsin2kx +d> M Mbsin2kx ? d; > B Ybsin 2kx
ki1l kil ki1

K K K
?2d; > C Mbsin2kx + > 4k2M, Mbsin2kx + > NI Ythcos 2kx
ki1 ki1 k: 0

K K K
+d> N Mbcos2kx ? d; > F Ybcos2kx ? d, > D, Mbcos 2kx
k: 0 k:0 k: 0

K
+> 4Kk2N, Ykcos2kx : Y?1+d?d; ? dy ke,
k: 0

09t9T,09x9Z
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K K
uY0,xb: > A OBsin2kx + > B YOkcos2kx : 1,
ki1l k: 0

K K
vY0,xP: > C,0bsin2kx + > D, YObcos2kx : 1,
ki1l k: 0

K K
< WY, xP: > E, Oksin2kx +> F,YObcos2kx : 1,
ki1 k: 0

K K
20,xP: > M ObBsin2kx +> N, YOkcos2kx : 1,
ki1 k: 0

02 x2 Z
N
Equating coefficients sin2kxk =1,... and cos2kxk =0,1,... to zero, we get

o . .
B b+ FByP: Y21 + Fe?,

Db+ GDo XP? G By Ytb: Y21+ G? G ™,
< FOMP+JIFoMP? J1BoXtP: Y21 +J7? J; ke,

NG YP+ dNp P? diFoP? d;DoMP: Y21 +d? dy ? do k™,

L 091t9 T,ByYOP: DYOP: FoY0b: NoYb: 1

and
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( ALB+ FAP+ 4K2AYP: O,
CLYb+ GC XP? G AP+ 4k2C b 0,
El b+ JE XP? J; AP+ 4k2E P! 0,
MLYEP+ d M XP? d; ExXP? d, C P+ 4k2M P! 0,

09t9T,

L ANOP: CYOP: EOP: M YOP: 0,

( B YtP+ FB, YtP+ 4k?B, XtP: 0,

DLYtP+ QD XP? G, B, P+ 4k?Dy XtP: 0,

FLYP+ JF XP? J1 B P+ 4K2F MP: 0,

NP+ d N P? di FYP? dp D P+ 4k2N YP: 0,

091t9T,

L B.YOP: DYOP: F.YP: NYOP: 0.

fork=1,2,....
We will obtain A (t), B, (t),C, (t), D, (t),E, (t),F (t),M(t) and N, (t)
Firstly, we consider the problem

AP+ YF + 4k2FAMP: 0,09t 9 T,A0P: 0.

We have that

24



AMND: e?(FH)A Yob: 0

forany 0¢tc¢T.
Secondly, we consider the problem

BLYtP+ Y + 4k2 B MP: 0,0 9t 9 T,B,YOP: 0.

We have that
B.Xtb: e’ (F4<)ig Yob: 0

forany 02 t2 T,

Thirdly, we consider the problem

CI P+ YG+ 4k FC, XP? G AMP: 0,09t 9 T,C,0P: 0.

Using (2.8), we get

CLYP+ G+ 4k?FC, ¥P: 0,09t 9 T,C0P: 0.

We have that

C Xtb: (G4, yop: 0

forany OCtCT.

Fourthly, we consider the problem

D} Ytb+ YG+ 4k? D, XP? G By YtP: 0,0 9 t 9 T,D,Y0P: 0.

Using (2.9), we get

DL Y+ YG+ 4k’ D, XP: 0,0 9t 9 T,DYOP: 0.

We have that

D b: e’(64)ip Yob: 0

forany OCtcCT.
Fifthly, we consider the problem
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El P+ Y0 + 4k’ EE, XP? J1AMP: 0,0 9t 9 T,E.0P: O.
Using (2.8), we get
E; b+ Y0 + 4k?HE, XP: 0,0 9t 9 T,E.0P: 0.

We have that

Etp: e?CHENoP: 0 (2.12)

forany OCtCT.

Sixthly, we consider the problem

Fi P+ Y0 + 4k? B XP? J1 B XP: 0,0 9t 9 T,F,0P: 0.
Using (2.9), we get

FIYP+ Y0 + 4k?HF XP: 0,09t 9 T,F0P: 0.

We have that

Fotb: (4t Nop: 0 (2.13)

forany OCtcCT.

Seventhly, we consider the problem
MIYEP+ Y + 4k? EM XP? dy E XP? d,C XP: 0,0 9t 9 T,M,OP: 0.
Using (2.10) and (2.12), we get
MLYEP+ Y + 4k2 M XEP: 0,0 9t 9 T,M,OP: 0.
We have that
M, Xb: e?<d+4k2)th\'Op: 0 (2.14)

forany OCtCT.
Eighthly, we consider the problem

NI YeP+ ¥ + 4k2 N, YP? d; F XP? dy D MP: 0,0 9t 9 T,N,OP: 0.
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Using (2.11) and (2.13), we get
NEYEP+ Y + 4k2 BN, YP: 0,0 9t 9 T,N,YOP: 0.

We have that
N Xb: (@K, Yop: 0

forany OC¢t CT. Therefore,

AMDP: BMP: CXP: DMP: EMP: F b MP: N YP: 0 forany

02t2 T

Now, we obtain BoXP DoXPR FoXE and NoXP Firstly, we consider the problem
BL P+ FBoYbP: Y?1+FRe™091t9 T,B,Y0b: 1.

We have that

t
BoXb: e’FByYob+ YXe’F?sP»1 + Fre’sds
0

t
. e+ 7 X1 + Fre?1FRgs e,
0

Therefore,

BoYb: e™. (2.15)
Secondly, we consider the problem

DL+ @ XP? G By XP: Y21+ G? G ™09t 9 T,DyY0P: 1
Using (2.15), we get

DL YtP+ o b: Y21 +G®™,091t9 T,DY0P: 1

We have that
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t
DoXP: €@D,Y0b+ Xe?Ct?sP\p1 + Ge™sds
0

t
. @70 + 7 )21 + GG e,
0

Therefore,

Dob: e™. (2.16)

Thirdly, we consider the problem

FOXb+ JFoMP? J1BoXb: YP1+J? 30919 T,FyY0b: 1,

Using (2.15), we get

FoXP+ JFoP: Y21+ J™,091t 9 T,Fo0b: 1.
We have that

t
Foftb: e™'Fo\oP+ Xe™ 7521 + Jresds
0

t
@t 4 @2t WP1 + JReitRds et
0
Therefore,

Fotp: €. (2.17)
Fourthly, we consider the problem

NG YP+ dNp P? d; FoMb? doDoMb: YP1+d 2 d; 2 dke™,0 9t 9 T,NoYoP: 1.

Using (2.16) and (2.17), we get

NLYP+ dNpYP: Y21 +de™,0 9t 9 T,NoYob: 1.
We have that
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t
No¥P: €Ny YOP+ Xe?d¥?sPy»1 + dke?sds
0

t
;@4 @7t Xp1 + dReltdRds e,
0
Therefore,

No¥Yb: e (2.18)

Applying formulas (2.8)-(2.18) and (2.7), we get
ux,xp: BoXb: e,
VY, xb: DoYb: e,
WX, xb: FoXb: e,

2, xP: No¥b: e

Note that using similar procedure one can obtain the solution of the following initial

boundary value problem
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v . n 2, .
/“/“t’xp +F u¥,xp? > F,. /“\{Z'Xb : F Y, xR
X
r:1 r

] ) i n 2 . .
TR + GV XP? GLUY, XP? > T 1 YG? GiH, ¥, xR
ri Xr

) ) i n 2 . -
P+ J W XP? 1 UM XP? > R R 02 05 Hg Y xR
r1 X

1 22%,xb
I X¢

Y n
120+ d 2%, xP? d; Wi, xP? d, VY, XP? > F
r:1

. \67d1 ?d2ﬁ4ﬁ,xp

) _ (2.19)
X ¥Wy,....XnP5E,09t9T,

uY0,xb: f WBVY0,xP: b%bwY0,xb: UKRZY0,xb: R%b

X ¥i,...,XnP5 E,

¢ . Tu¥,xp . ludxp 2 2
u¥t, xHg, : u\rth:[Sz Tm s, - Tim ,02t2T,

¢ . /¥, xP A ') 2 3+ 2
VL XH, ¢ VY XRG = |Sl. = |Sz,o t2 T,

¢ . /W\txb . IwExP 2 + 2
W\rt,xI:1Sl - W, XHSZ Tm s, Tm 0212 T,

v . | 2%, xb . I2%xb 2+ 2
z\t,xlqSl - 2X, XHSZ, mols, - Tm 02t2T
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for the multidimensional system of partial differential equations. Assume that a, >a >0
and fk(t,x),k:1,2,3,4(ti (0,T),xi \7\/),/' (X (X)x(%),7 (X) (xl' \7\/) are given smooth
functions. Here S=SCS,,?=S &S, .

However Fourier series method described in solving (2.19) can be used only in the case when

(2.19) has constant coefficients.
2.2. Laplace Transform Method

Now, we consider Laplace transform solution of problems for the system of partial

differential equations.

Example 1: Obtain the Laplace transform solution of the initial-boundary-value problem

e ¢ . P .
LR+ F U, xbp? 2 Vo2 + Fe?™,

IMOXP 4 Gy, xb? G utt, xb? 2% - Voo 4 G2 G e,

/t /x?

PGB+ 3 W XP? I UM XP? P 2 4+ 3 2 3, R,

, ) ) ) i
%’ +d 2, xb? d; WX, xP? d, V¥, xp? - j:'zxp

9 : Y22 +d?d; ?dy e, (2.20)
09t9T,09x9K,

uYo,xb: vYO,xb: wNO,xP: 2Y0,xP: €™*,02 x 9 K,

u¥,0b: v, 0P: w¥,0b: 2X%,0p: et 02 t2 T,

U, 0P Vi X, 0P: WX, 0b: zX,0p: 202 t2 T
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for the system of parabolic equations.

Solution: Here and in future we denote

4 . .
i auMt,xka : uM,sb
i &Y, xE: v, sk
<
i awx, Xk wY, sk
L i &2¥, xF ;. 2X, sk

Using formula

. AQ?XA - 1
i de%a (2.21)

and taking the Laplace transform of both sides of the system of partial differential equations

and conditions

U, 0P: VY, 0Pb: WY, 0b: 2¥,0P: €™ u,0P: v, X,0D: wyX,0b: z M, 0b: ?e™,

we can write
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{/u;;tt,xb} +Fj éuY't,XFﬁ?i {lztllitz,xp} C éY.)2+FI:e?t?Xé,

{’ijt'x'”} +Gj &\, xR ? Gj auYt, xR ? {/2\//\;”}

i AV?2 + G? G ?7*4,

/X2

i {/w/\'ft,xp} +Jj awM,xFa? J;j AuMt,xF ? | {M’}

i AY?2 +J? J, 7%,

i {/Z\t—xp} +dj a2¥t,xPa? dij { WY, xP} ?d; | A, xR ? | {/ZZ\"'X"}

It /x?
i A2 +d?d; ?2d,"™*809t9 T,

i uNO,xER ;| avNO,xHA | AwNO,xHA ;| A2, xHA | 4e™a

UM, sb+ FuM, sb? as?uM, sb? se’t + e™ta : Y22 + Fte?tsﬁ,

Vi X, sb+ GrY, sb? G, uM, sb? as?vt, sb? se’t + e™ta

C Y2+ G? G et-L

s+1’

WX, sb+ JwM, sP? J; UM, sb? as?wt, sb? set + e™a
Y2 +J3?2 0 L
s+l
z M, sb+ d2X, sb? d,;wY, sb? d, Vv, sb? as?2¥, sb? set + e™ta

: \'r.>2+d?d1?d2re?tj,o 9t9T,

uM,sb: vY0,sb: wY0,sb: 2Y0,sb: -

s+l
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Now, we taking the Laplace transform with respectto t , we get

/
v 1 v v .1 (28247
SUYS,sP? L + 2 SRS sp: Lo (2L,

v 1 ¢ 2 N ¢ .1 [ 7+&@G71
SIS p? L +YG? S sh? G sb: (),
5

SWYS, sb? =+ YJ ? 2B, sb? J uYS, sb:

1 25243720121
S+l s+l !

S2YS, sb? o Y ? 2 YS, sb? dywhS, sP? d,vYS, sb:
\§

1 2s2+d?d,?2d,?1
S+1 s+l

Firstly, applying equation

su¥s sp? L+ F2srigsp: <1 (?SZ+F?1),

S+1 s+1
we get

5 e 1 1 (?52+F?1)
Y ? & + ShIYS, sb: i1t SY1 St 1l
or
- . 1
uYs, sh: NS (2.22)
Secondly, applying formula (2.22) and equation
o opo 1 ~o o <o ¢ 1 72 +G?G ?1
SVYS, sb” ] +YG? Y5, sP? G UYS, sb: STl ot 1 :
we get
~o . o1 1 [(?2¢+G?G 2?1 G
YG? &% + SHYS, sb: s+1 VY1 S+ 1 t BTIpET 1P
or
- . l
VYS,sb: BT IPe+ 1p (2.23)
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Thirdly, applying formula (2.22) and equation

, . . . 2a2 ” 2
WS, sb? —L + Y12 2wYS, sb? J,uvS, sb: —L (-S ”-Jl-l)

s+1 S+1 s+1
we get
v/ v . 1 1 ’)SZ +J’)\]191 J]_
? - .
Y] ? 2 + SEWYS, sb: s+1+S+1< <71 >+\S+1D|S+1I:>
or
WS, SP: e (2.24)

Fourthly, applying formulas (2.23), (2.24) and equation

SZYS, sb? - i Tt Y0 ? Y, sb? dy WS, sb? dyv¥S, sb

1 (?52 +d?d; ?d2?1>

S+1 s+1
we get
o _ 1 & §+d-d,-d,-10, d +d,
(d S +/7)Z(/775) 1t nﬁl? i1 ++ (o)
or
25 sb: 1 .
’ YS+1P6+ 1P (2.25)

Applying formulas (2.22) - (2.25) and taking the inverse Laplace transforms with respect

to t and X , we obtain

uX,xb: VY, xb: WY, xb: 2¥,xb: e
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Example 2: Obtain the Laplace transform solution of the initial-boundary-value problem

e

¥ xP ¢ xb Ly
WO® + Fudt, xb? 2520 V22 + Fre?t™,

/Vftt’Xb + GV, xb? G, u¥t, xb? ’2‘/’32'” © Y22 + G? G R,

’W/"E'X" +J WX, xb? J; U, xb? —’“’/V\X";X'D C 22+ 2 J X,

TZRC 4 d 2%, xP? di WY, XP? dp VY, xP? L

< : Y’Z +d? dl ? dgte?t?x,
(2.26)
09t9T,09x9K,

uY0, xb: vYO,xb: wXO,xb: 2Y0,xP: €™,02 x 9 K,

uM,0P: VY,0P: w¥,0b: 2¥,0p: e*,02 t2 T,

L U, Kb: VY, Kb: w¥,Kb: 2¥,Kb: 0,02 t2 T

for the system of parabolic equations.

Solution: Applying formula (2.21) and taking the Laplace transform of both sides of the

system of partial differential equations and conditions u(t,0) =v(t,0) = w(t,0) =

z(t,0) =€, we can write
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or

{/u/\t't,xb} +F i é.U\’t,Xtﬁ? i {/Zl;itz’xp} i éY?Z + Fl:e?t?xa’

{12 1 G avt xR ? G At xFa? | { )

It /%2

i AY?2 + G? G ™™,

{’W/\i'xp} +Jij AWM, xHFA? J;j auMt, xR ? {’z"/vfz'xp}

i aY?2 +J? J, X3,

{/zjtt,xb} +di &2%,xFa? dij { W, xP} 2d; i &V, XFA? | {

i &Y?2+d?d; ?2d,e?"™*309t9 T,

i auNO,xER: j AavVO,xEB : | awYO,XHR: | AZY0,xHA | d4e™a
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7

U, sb+ Fu¥, sb? s2uYt, sb+ se™ + H Ytb: Y?2 + Fre?t L,

Vi, sb+ GrYt, sb? G uY, sb? 2V, sb+ set + H b

- Y2+ G?G Rt

stl'’
Wi X, sb+ Jw, sb? J, u¥, sb? 2w, sb+ se’t + H; b

- Y2+J?2J, etL

stl’
z X, sb+ d2¥, sb? d; w¥, sP? d, v, sb? 22X, sb+ se’t + H, Xtb

; Y?2+d?d1?d2te?tj,09t9T,

uN0,sb: vY0,sb: w0, sb: ZY0,sb: S%

Q 1

Here

- . .
HYP: u,0P
HYP: v, X, 0B

HYP: wye,0R

L HYP: zX,0b

Now, taking the Laplace transform with respectto t , we get
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smsSm -+ 2 RS s Lo (7s+ ZE) 2 H Yo
SWS,sp? L+ YG? * YS, sP? G UYS, sb: —(75 "Z*G’Gl) H,YSh

SWYS sP? L + Y0 2 P Y5 sP? JiuvS sh: Lo (7s+ 2L ) 9 Hy VSR

S2%5,sP? L + ¥ ? 2 HYS, sb? dy WS, sb? dp VY5 sp: L (25 + U ) 9 1y gp
N

or

4 -
Y Y .1 1 ?2+F
VS+F22RiVS sb: L+ L (?2s+ Z5) 2 H Sk

5+ G? 8 RYS,sh? GuiS sp: L+ i(?s& m) 2 H, Y8k

stl

<
VS +J72 2 YS,sb? Jiuts sh: Lo+ (25 + L) 9 Kk
VS +d? SRS sP? dy WS, sP? dpvYS, sh: Lo + i(?s+ %) 2 H,YSb
\§

Moreover, taking the Laplace transform from conditions

uY, KP: VY, KP: WY, KP: 2¥,KP: 0, we get

uYS, Kb: 0,v¥S,Kb: 0,wYS,Kb: 0,2Y5 Kb: 0. (2.27)

Firstly, applying equation

v ; S+F?¢ 1
? —— = 72 D
S+F2SRG P = 2 Hep? <o
we get
- 1 1 1
pr o1 b+ .
USSP wiiper1p (ms s+1)s+p?sz

Using the formula
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1. | 1
S+F? (/S+F?s S+F +s>2/S_F+ ’
we get
- i l
USSP EiTpe+1p

b7 L 1 1 1
?(msp? S+1)2‘/STF<S+‘/STF ' S?JSTF)' (2.28)

Taking the inverse Laplace transform with respect to X , we get

UYS, xb: ——L e

YS+1b
v 1 1 ? [SFFX o o [SFFX
+ (Hl\er+ st 1) A (e ? el5), (2.29)

Passing to limit in (2.29) when X - © and using (2.27), we get

v . v 1 1 L AJSFFX
uYs, Kp: (Hl\SD+ S+1)2 = )!npe . 0.

From that it follows

. o1
HYSP: 2 (2.30)

Applying (2.28), (2.29) and (2.30), we get

S+F?¢?

. 5 . . _S+F?¢
S+ F?s?hYS, sb: S+1Pe+ 1P

or

Y . 1 OERY . 1
p: —= e p: ————. :
uYs, x YS+1De ,UYS S S+ IPe+ 1P (2.31)

Secondly, applying (2.31) and equation
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Y5+ G? S2hYS, sb? G uYS, sb

1 1 (» ?2+G?Gl),> ¢
s+1+S+1(' T 7SR
we get
B+G? LR sh: -STC?S o ligpy 1
’ YS+1b6+1b S+1
or
cepe 1 o (1 NSp+ 1) 1
VY5, sb: \s+1p{5,+1p'(l_|ﬂsp S+1)S+60 2

Applying the formula

1 :

_ 1,1 1
S+G?¢? (/s+c5?s /s+G+s>2/s+G’

we get
Sepr L
VS, sP: S+ 1PE+ 1P
' 1 1 1 1
? ( HYSP? ) +
( S+1 2/S+G<s+ [S+G  s? /S+G>

Taking the inverse Laplace transform with respect to X , we get

4 . l ?X
vYS, xb: v 1l:)e

% 1 1 ? /StGx JS+Gx
+(I—b\er+S+l)2 S+G(e ?e )

Passing the limitin (2.33) when X- @ and using (2.27), we get
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vYS, Kb: (I-HSIIH 1 ) 1 Xlirpemx: 0.

S+1)2/S+G

From that it follows

ob- o_ 1
Hg\SD..S T

Applying (2.32), (2.33) and (2.34), we get

. " .. S+G?¢
SHCYSWE S F o TrEr 1P
or
-1 - 1
R M )

Thirdly, applying (2.31) and equation

YS+J? NS, sb? J uYS, sb

1,1 <?S+?2+J?J1)?|_wst’,

s+1 S+1 s+1
we get
B+122mssh: — 2 3?8 o pigps 1
'SP By 1P+ 1P S+1
or
S DR S 1 1
o wibern? (W sh s dee

Applying the formula

1 . 1

_ N |
S+J?¢ (/S_+J?s /s+J+s>2/s+J’

we get
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wYS,sb: — 1

YS+1P&+ 1P
, 1 1 1 1
? ( HYSb? ) + :
( S+1/2/S+3] <s+ [S+]  s? /S+J>

Taking the inverse Laplace transform with respect to x , we get

v . 1 ?X
wYS, xp: v 1pe

’ 1 1 ? [SrIx JSHIx
+(I—b\SD+ S+1)2‘/ﬁ (e ?e )

Passing the limit in (2.37) when x- @ and using (2.27), we get

WYS, Kb (msm 1 ) 1 Iirpemx: 0.

S+1/2[S+37

From that it follows

b _ 21
HYSP: S+1

Applying (2.36), (2.37) and (2.38), we get

- . S+J7?¢2
? D —
Wi gm s LSS
or
NS XP: —L e WS sb: — 1 .
WSXP e WSS B Ipe+ 1p

Fourthly, applying (2.35), (2.39) and equation

YS+d? Y, sb? dyws, sb? dyvYS, sb

L+L(,}S+?2+d?dl?d2
s+1 S+1\’ s+1

)?I—HSQ

43

(2.36)

(2.37)

(2.38)

(2.39)



we get

S+d?¢?

. o . . _S+d?s b 1
YS+d? S YS,sb: B+ 1Perip H, YSP~ ST 1
or
Y 1 5 S+ — L ) 1
2YS,shb: BT 1Perip (I—k\SD S+1)S+d72

Applying the formula

1 :

_ 1, 1 1
S+d?¢&? ( [S+d?s [S+d +s>2/S+d’

we get

o 1
br 1
2SR B IpeT 1P

2 (m’sm 1

1 1,1 |
S+1)2/S+d<s+ [S+d  s? /S+d>

Taking the inverse Laplace transform with respect to x , we get

(2.40)

v . 1 ?X
p: -
ZYS, X 3 lIDe

' 1 1 (.2 /5ax o o [Sx
+(|-msp+ s+1)2 o (e/50x 2 efSrex), (2.41)

Passing the limitin (2.41) when X - @ and using (2.27), we get

25, Kp: (m’sm 1

1 . @x.
S+1) Ilrpe . 0.

2/S+d*

From that it follows

. o1
HYSP: 2 (2.42)
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Applying (2.40), (2.41) and (2.42), we get

. . S+d?¢?
? 2 p: 2>~ >
YS+d? s BYS, s S+ 1P+ 1P
or
v 1 exagepr 1 2.43
2YS, xb: S IES . Z2YS, sb: STIEET IR (2.43)

Applying formulas (2.31), (2.35), (2.39), (2.43) and taking the inverse Laplace transform

with respectto t , we obtain

UM, xP: VY, xP: WY, xb: 2¥, xb: e’

Note that using similar procedure one can obtain the solution of the following initial

boundary value problem
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i B n 2.\ -
CREE FFUY XP? > R R KR
X

r:1 '

. n v
LW 1+ GV, XP? GuY, xP? > Fr%i G? G H, ¥, xR
r:1 '

. n \t
NP 1 J Wi, XB? 33U XP? > F 2 9, b Xk
ri '

1 22%,xb

X¢

Y n
[Z0® 4 d 2, xP? d; WY, XP? dp VY, XP? > F;
r:1

. \'d’) d]_ ? d2ﬁ4\'t,xp

X: ¥y,....xsP5E",09t9T,,
J (2.44)

uN0, xb: f YPVY0,xP: bXbwY,xb: UKBZY0,xPb: R%B

X ¥Ki,...,xaP5 E",

u¥,xP: F1YEXR u X, xP: G Y, xR

VY, XP: Fo X, xB v X xP: G Y, xR

WY, XP: FaX,xB wy Y, xb: G Y, xBb

2%, xP: Fa Y, xR uy X, xP: G, xR

\12 ren02t2T,x5S

for the multidimensional system of partial differential equations. Assume that Fr; F; O

and £, (t,x)k=12,3,4fT OT)xi W )/ (9 (x)x(x./ (%) [xI W) a,(t, %), b, (t, ),
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k=1,2,34 (ti [0,T]xi S*)are given smooth functions. Here S: SIWS,h : S VS, |
Here and in future W' is the open cube in the n -dimensional Euclidean space
R"(0<x, <®&,1¢k¢n) with the boundary S* and W =W ¢ S*.

However Laplace transform method described in solving (2.44) can be used only in the case

when (2.44) has a, (x) polynomials coefficients.

2.3. Fourier Transform Method

Now, we consider the Fourier transform solution of the initial value problem for the system

of partial differential equations.

Example 1: Obtain the Fourier transform solution of the initial-value problem

/

MU+ Fud,xb? 2028 (24x2 + 1+ F )™,
t Ix2

WP 1 GVYEXP? GUYXP? YN 1 (24x2 41+ G2 Gy )€™,

§ . . ¢ . 2
’W)‘t'xp +J WX, xb? J; U, Xxb? % CYPAXZ + 1+ ]2 ) T

228+ d 2%, xP? di Wi, xP? dp v xP? L2 (2.45)

© Y24x2 +1+d?2d; ?d, 7,

09t9T,?K9Xx9K,

L w0, xb: vYO,xP: wY0,xP: 2Y0,xb: €™ 2K 9 x 9 K

for the system of parabolic equations.

Solution: We denote

Fau¥t,xka : u¥t,seF{e™ } : qw%k
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Then, we have that

F {//—tuﬁt, xb} : U, sk

/—u\ft xb} . 252U, sk

at

X2

Taking the Fourier transform of both sides of the system equation and using initial

conditions, we get

or

F{’”“Xp} + FF &, xia 2 F{ 20003

: F{<?4x2 +1+F >e’?t?x2},

F{L82Y + GF avit, xFa ? G Faut, xka 2 F{ 20

: F{(’?4x2 +1+G?G )e?t?xz}’

F{ /W/\'tt,xb} + JF{ WY't,XID} ? J, Fau¥, xka ? F{/Zwﬁt,xp}

/x?

D F{VAx2 +1+072 3, 7Y

F{/z\txb} +dF &2¥,xEa ? d; FawXt, xF ? d,F avt, xka ? F{/z\txb}
: F{Y?4x2 +1+d?d; ?2d, I:e?t?xz}1

09t9T,

uY0,sP: VYO, sP: wYO,sb: 2Y0,sb: g¥b
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ut, sb+ Y + 2, sb: YL+ F + s e?lq¥eh
v, sb+ YG+ 2 v, sP? GuY, sP: Y1+ G? G, + s e?q¥hk
< WX, sb+ Y0 + 2w, sb? J ud, sP: YL +J 2 J; + S2Re?g¥eb
z, sb+ ¥ + s ¥, sb? d; w¥, sb? d, V¥, sb

- W+d?d; 2d, + 2GR0 9t O T,
.

Firstly, we consider the problem
ucXt, sb+ Y + s? b, sp

C L+ F+s2R7g%R0 9t 9 T,u0,sP: ¥k

We have that

t
uX,sp: e?(Fs)N0, sb+ Xe?(Fs)¥vPy) 4+ F 4+ 2 pe?vg¥shaly
0

t
. @ (F+32>tq\'§p+ e?(F+s’ )tq\,‘sbﬁ(?lﬂqsz WYL + F + &2 Fly
0

. &2 (P )tgqyeb+ 7 (F )‘q%b(e(”*“sz )t’?l) . eg¥k
Therefore,

u¥t, sb: e?‘F{e?Xz}
and

ult,xp: FP{eF{e™}} 1 e,

Secondly, we consider the problem
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Vi, sb+ YG+ s2 v, sb

© YL+ G? G +Sg¥%b+ GuY,sB0 9t 9 T,v0,sP: g¥k
Applying UX,sb: e”q¥%k we get

VX, sP+ YG+ 2 v, sb: Y1 + G+ s2e?ig¥%kh0 9t 9 T,vY0,sb: ¥k

We have that

t
Vit sb: e?(Cs)tyN0, sb+ Xe?(G")¥vPy 4 G+ <2 e sty
0

. (G )iqyep+ 7(C+ )‘q\?sll<e(?1+‘3*52 )t’?l) : e™gq¥k
Therefore,

Vi, sb: e”F{e™ }
and

Vi xp: FP{e"F{e™}} : &,
Thirdly, we consider the problem

WX, sb+ Y3 + 2w, sb
C YL +J7?J, + SPEeg¥sb+ J1uM,sR0 9t 9 T,wY0,sP: g¥k

Applying U¥,sP: e”q¥sk we get

W, sP+ Y0 + 2w, sb: YL +J + 2 e?g¥sR0 9t 9 T,wY0,sP: g¥k

We have that

t
W, sb: e )tw\0, sh+ Xe? (YR + 3 + 2 Vgehly
0
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. (7 )t qNep+ e?(3+52)tq%b(e(?l+3+sz>t?1) : e?'g¥k
Therefore,

w¥,sp: e?qwsb: e”F{e™ }
and

w¥t, xp: FP{e"F{e™ }} 1 "™,
Fourthly, we consider the problem

z\, sb+ Yl + 2 Y, sb

: L +d?d; ?d; + 2 ?q¥b+ d;w¥, sb+ d,ve,sh0 9t 9 T,w\0,sP: g¥k
Applying WY, sP: e”gq¥sRv¥,sP: e™g¥%R we get

z X, sb+ ¥ + S2EP¥, sb: YL +d+s2e?g¥sh0 9t 9 T,w\0,sP: g¥k

We have that

t
2%,sb: e? ()0, sb+ X2 (@) ¥yPy) 4 d + &2 e g¥ehly
0

P CEp e?(d+52)tq\'g|;<e(?1+d+s2)t?1> . gn
Therefore,

2%,sb: e"q¥p: e"F{e™’}
and

2¥, xp: F?l{e?tF{e?xz}}: Q7.
Thus,

UM, xP: VY, xP: w¥t,xP: 2, xb: e,
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Note that using similar procedure one can obtain the solution of the following initial value

problem
(i . " 2ute .
“/t'x + FuM,xp? > F, /”XZ’X =)
r:1 r
. n .
OE + GV, xb? GLut,xb? > F N 1 NG G, Y, xR
rl r
. n .
ME + 3 W XB? JyUtt, xb? > F R g 2., H Y xR
r:1 r
. n .
124X0 4 4 24 xb? dy WX, xB? dy VY, xp? > F, 20
J 2+ d 2%, xP? di W, XP? dp VY XP? > F 2
r:1 r
(2.46)
. \’d?dl ?dzﬁ4§t,xt?
X: ¥Ke,...,%P5! " 09t9T,
uY0,xb: f Y%bBVvY0,xP: bYXbwY0,xb: UKRZY,xP: R%R
X: YKi,...,XaP5 ! D
.

for the multidimensional system of partial differential equations. Assume that a, >a >0

and fiXt, xRk 1 1,2,3,4% 5 Y0, TRx 5 | "Rf WRbWRUKRRKE ¥ 5| "E are given
smooth functions. However Fourier transform method described in solving (2.46) can be

used only in the case when (2.46) has constant coefficients.

So, all analytical methods described above, namely the Fourier series method, Laplace
transform method and the Fourier transform method can be used only in the case when the
system of differential equations has constant coefficients or polynomial coefficients. It is
well-known that the most general method for solving system of partial differential equations

with dependent in tand in the space variables is finite difference method.
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In final section, we consider the initial-boundary value problem for the one-dimensional
system of partial differential equations. The first order of accuracy difference scheme for the
numerical solution of this problem is presented. Numerical analysis and discussions are

presented.
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CHAPTER 3
FINITE DIFFERENCE METHOD FOR THE SOLUTION OF
SYSTEM OF PARTIAL DIFFERENTIAL EQUATION

When the analytical methods do not work properly, the numerical methods for obtaining
approximate solutions of the local and nonlocal problems for the system of partial
differential equations play an important role in applied mathematics. We can say that there
are many considerable works in the literature. In this section, we study the numerical solution

of the initial-boundary value problem

oo . -
B 1 a uf, xp? DE0E 2P ae™cosx,

HU2 + by, xP? byu, xp? %’ © Yo ? by cosx,

. b . L ZW, b -
HWE 4+ cwit, XP? ¢ U, xP? 2R 1 e ? ¢y be™t cosx,

%’ +d 2%, xP? d; WY, xP? d, V¥, xb? lzf—‘;;xp
S - Y ?d; ?d,"cosx, (3.1)
09t91,09x97Z

uNo, xb: vYO,xP: w0, xP: 2Y0,xPb: cosx,02 x 2 Z,

U, 0P Vi X, 0P: wyX,0P: zX,0p: 0,02 t2 1,

L UxY, ZP: Vi, Zb: wye X, ZP: zX,Zb: 0,02 t2 1
for the system of parabolic equations. The exact solution of this problem is

u¥t, xb: v, xPb: wY, xb: 2¥,xb: e”cosx.
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For the numerical solution of the problem (3.1), we present first order of accuracy difference
scheme. We will apply a procedure of modified Gauss elimination method to solve the

problem. Finally, the error analysis of first order of accuracy difference schemes is given.

For the numerical solution of the problem (3.1), we present the following first order of
accuracy difference scheme Algorithm

/
ukouk™

k ko, k
n+1?2un+u n?l .

+auf ? e ae”k cosxn,

koyk?L vk, 22vK+yK v
=i+ vy 2y ? EEE Y0 2 by R cosxn,

wkowk?L WK 22uWKnK .
D+ cwk 2 cuk ? % © Y ? ¢y e cosx,,
2z K K o Zea 222420
AT 1 g 2 dywk ? dpvk 9 Za?2antie

hZ

VAR, lo) 2t
< Y ?d; ?d, Retkcosxny, (3.2)
tk: KNXpn: nhh12 k2 N12n2 M?1,N*: 1,Mh: Z
ul o ve e wl s 2 cosxn,02 n2 M,

k k . k k . k k . Sk k.
uy 2ug @ vi?vg o wy?wyozp?z5 0 0,

k k . k k . k k .ok k .
Uy 2Upo1 & Vv 2 Vor - Wy 2 Wyop & Z9 2 2Zys - O,

02 k2 N.
\

for obtaining the solution of difference scheme (3.2)
uhay o} o (i} (e} {aiel )]
{aunakio}n:o’{avnako no’ awnak:O no’ aznak30 n: 0

contains four stages. In the first stage, we consider the problem
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 ae’k cosXp,

12 k2 N12n2z2M?1,

u® : cosxn,02 n2 M,

uk2uf U ?2uk, 0 0,02 k2 N.
We will write it in the following boundary value problem for the second order difference

equation with respect to n

AiUns +Biun +Ciupr 0 12 n2 M?1,
(3.3)

Ug - Ug,Um - Umo1-

Here, A,B,,C, are (N+1)3 (N+1) square matricesand u_,s=n,n° 1,7, are (N+1)31

column matrices and

A]_C]_ b '

- W+ EOWN+1 P
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o-—
o~ O

0O0Ocb ™ 0000O

B, : - - - = b - - - = )
i
0000 DboOOO
P
0000 cbhooO
.
0000 0cCcbo
o
0000 00cbh |
L —IW+1FON+1 b
COSXn ug
ae’ cosxp ud
\n ’ uS
ae’™1 cosx, TINE
ae’™cosx, | VNG
L — W+1 0L — — W+1 HOL
o = 1 =1 2 1 ini {{ k}N }M
for s=nn°1 wherea=->,b=¢+a+2,c=-+.Forobtaining \\U,f-,[,-, We have
the following algorithm
Un . FrstUnss +Gua, Nt M21,...,0,uy : M ?FuP'Gy, (3.4)

Fra © ?YB, + C.FBYA F; |,

G . B +CF,P'Y ,?2C,GRG : 0O,n: 1,... M?1.

In the second stage, we consider the problem
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vKoyk?

7 VK, 22vK 4K 2
WTh 4+ vk ? % : Yo ? by ™ cosx, + by uk,

12k2N12n2z2M?1,
vl : cosxn,02 n2 M,

koyk - gk oyk . 2 k2
Vi ?Vg i Vy 2V - 0,02 kK2 N.

We will write it in the following boundary value problem for the second order difference

equation with respect to n

AVni +Bovn +CoVipor - b, 12 n2 M?1,
(3.5)
Vo © Vi,Vm © VMmor-
Here, A,,B,,C, are (N+1)3(N+1) square matrices and v,s=nn°1y are

(N +1)31 column matrices and

i 00 0O 0 00O i
0Oa 0 0 0 00O
0 0 a o0 0 00O
00 O0Oa ™ 0O0O0TO

At Gy b ,

00 0O ao0o0wo
00 0O0O " O0aaodo0
00 0O O0OAado
0000 000a |

L N O
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[ 1000 O0O0O0OTDO ]
c"b 00" O0O0OTDO
Ocb 0O 0O0O0OTO
0O 0Occb ™ 0O0O0OTO
B, : . _ _ b ,
0 000" b O0OO0OO
0 0 0O c" b 0
0 0 0O 0 cb O
i 0 0 0O 0 0 c b L etromeie
i COSXn i i v ]
Yo ? b; ™ cosx, + by ul vl
bn: . , Vs
Yo ? by 7L cosx,, + by uN?t VLS
Yo ? by ™™ cosx,, + by ul o VAL I
L - W+1 FOL — — W+1 HOL

for s=n,n°1, where aj=- #,bi :%+b+h—22,Ci =- 1. We have the following algorithm
- kaN
for obtaining {aV”ak:O}n:o
Vn @ FnaVin + G, n: M?21,...,0,vm : \'{?FMF?lGM, (3.6)
Fn+1 . 7\,82 +C2Fn|§1A2,F1 . |,

G B, +CFB'Yw,?2C,GRG : O,n: 1,...,M?1

In the third stage, we consider the problem
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Koy /k?L k Kk
Wh2Wh k o W1 22Wn+Wop
n -

Ihith +cv : Y ? ¢ ek cosx, + cquk,
h2

12k2N12n2 M?1,
w? @ cosxn,02 n2 M,

k k . k k . 2 2
Wi ?Wp @ Wy ?Wy,, - 0,02 k2 N

We will write it in the following boundary value problem for the second order difference

equation with respect to n

A3Wpig + BsWp + C3Wpoy @ bp,12 n2 M?1,
(3.7)

Wo .« W1,Wnm . Wmor.

Here, A, B,,C, are (N+1)3 (N+1) square matricesand w,s=n,n°1,r, are

(N+1)3 1 column matrices and

00 0 O 0 0 0O
0a> 0 O 0 0 0O
0 0a o 0 0 0 O
00 0a" 00 0O
As; 1 Cs: - _b - ,
00 0 0" a0 0 o0
00 0 0" 0aoo
00 00" 0O03ao
| 00 0 0 0 0 0 aP avtronetn
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(1000 000 0 |
c®b® 0 0 0O 0 0 O
0 c® b® 0 0O 0 0 O
0 0 cP bP 0O 0 0 O
Bs : - _ _b _ _ _ _ :
0O 0 0 O b® 0 0 O
0O 0 0 O c® bP 0 0
0O 0 0 O 0 cP bP 0
i 0O 0 0 O 0 0 cP bP tronsie
i COS Xn, i [ w ]
Xt ? ¢, e cosx,, + ¢y ul wl
[n: : , Ws !
Xt ? ¢q ™™ cosxp + cq UL WA
Xt ? ¢, ™™ cosxp + cul o wh?t o
- — W+1 FOL — —W+1 0L

* * - - A kAN M
for s=n,n°1 where a :-h—lz,b :%+c+h—22,c =- 1. For obtaining {aW”ak:o}n;o

We have the following algorithm

Wh @ FraWns +Guat, Nt M?21,...,00wy : Y?2FuPGy, (3.9)
Fn+1 . 7\’83 +C3FnBlA3,F1 . |,

Gui @ B3 +CsFP'Y 1 ?2CsGRG : On: 1,...,M?1.

In the fourth stage, we consider the problem
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ZK2ZK
It

dz ? ZE+1?22E+ZE?1 . \’ﬁr)d 2d I:e?tk d k d k
+ZhT 701 70, COSXp + A1 Wp + do Vi,

12k2N12n2 M?1,
2 1 cosxn,02 n2 M,

k K . k k . 2 2
21?2y 3y ?2Zy»n - 0,02 k2 N,

We will write it in the following boundary value problem for the second order difference

equation with respect to n
A4Zn +Byzn +Chzpor 0 Kyy12 n2 M?1,
(3.9)

Lo . Z1,2v - Zvrt-

Here, A,,B,,C, are (N+1)3 (N+1) square matricesand z,S=n,n°1le, are

(N+1)31 column matrices and

00 0 O 0 0 0 O
0a’> 0 o0 0 0 0 O
00a o0 > 0 0 0 O
00 0a° > 00 0O
Ay Cy: R o :
00 0 0" a 0 0 o0
00 0 0O 0a o0 o
00 0 0" 0 0a&ao
i 00 0 O 0 0 0 & L etronetn
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[ 1 000" 000 0 |
c®b” 0 0 0O 0 0 O
0 ¢ b? 0 0 0 0 O
0 0c”b” 0 0 0 O
B, : I o ,
0 000 b?0 0O
0 000 c®b”>0 0
0 000 0¢cDb”O0
i 0 0 0 O 0 0 c¢? b’ 1 .
i COSXn, ] i yal i
Y ? d; 2 dy et cosx, + dywh + dyvh z
Ko : y Zs
Yd? dy ? dy et cosx,, + dy WPt + dpv Nt N1
Y ? d; ?dyEe?™cosx, + dywh + dyvN o y A
L — W+1 EOL — — W+1 FOL
for s=nn°1 where & =-,b"=;+d+2%,c =-;. forobtaining {ézhazo}n:o
we have the following algorithm
Zn: FrtZo1 + G, N M?21,...,0,zv : Y2 FuP'Gy, (3.10)

Fra @ 2B, + C4FnPALF; ;|

G . By +CFP'YK, ?2C,GRG, : O,n: 1,...,M?1.

The exact solution of problem (3.1) is u(t, x) = v(t, x) = w(t, x) = z(t, x) = e cosx. The errors

of the numerical solution are computed by

YEUR, : max  |uMy,XnP? U | (3.11)
12k2N,12n2 M?1
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Where UXy,XnF represents the exact solution and UE represents the numerical solution

at (t.,x,) and the results are given in the following table.

Table 3.1: Error analysis

difference scheme

EC)/N,M 20,20 40,40 80,80 160,160
Euy 0.0349 0.0167 0.0082 0.0041
Ev, 0.0504 0.0255 0.0128 0.0064
Ew, 0.0504 0.0255 0.0128 0.0064
Ez, 0.0880 0.0449 0.0227 0.0114

As it is seen in Table 3.1, we get some numerical results. If N and M are doubled, the value
of errors between the exact solution and approximate solution decreases by a factor of

approximately 1/2 for first order difference scheme.
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CHAPTER 4
CONCLUSION

In the present study, a system of partial differential equations is studied.

Fourier series, Laplace transform and Fourier transform methods are used for the solution

of several system of partial differential equations.

Difference scheme is presented for the numerical solution of the initial-boundary value
problem for the system of one dimensional partial differential equations. Numerical results

are provided.
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APPENDIX 1
MATLAB PROGRAMMING

Matlab programs are presented for the first order of approximation two-step difference

scheme for M=N.

Clear all; clc; close all;delete *.asv'";

N=80; M= N;

aa=1; bb=3; bb1=2; cc=3; cc1=2; dd=4; dd1=2; dd2=1,
h=pi/M;

tau=1/N;

%%%%%%%%%%%%%% solution for u(t,x)%%%%%%%%%%%%% %%
cl=-1/(tau);

al=-1/(h"2);
bl=(1/tau)+aa+(2/(h"2));

for k=2:N;

Al(k,k)=al;

AL(N+1,N+1)=al;

end;Al;

for k=2:N;

B1(k,k)=b1; B1(k,k-1)=c1,;
B1(N+1,N+1)=b1; B1(1,1)=1;
B1(N+1,N)=c1,;
end;B1;,C1=Al1;C1,

for j=1:M-1,;

for k=2:N+1,

t1=(k-1)*tau; x1=(j)*h;
phyl(k,j:j)=aa*exp(-t1)*cos(x1);

end;
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for j=1:M-1;

x1=()*h;

phy1(1,j:j)=cos(x1);

end;phyl;

for i=1:N+1;

D(i,i)=1;

end; D;D;

I=eye(N+1,N+1);
alphal{1}=eye(N+1,N+1);
bethal{1}=zeros(N+1,1);

for j=1:M-1;
alphal{j+1}=inv(B1+C1l*alphal{j})*(-Al);
bethal{j+1}=inv(B1+Cl*alphal{j})*(I*phyl(:,j:j)-C1*bethal{j});

end;
U{M}=inv(l-alphal{M})*bethal{M};
for Z=M-1:-1:1;

U{Z}=alphal{Z+1}*U{Z+1}+bethal{Z+1};
end;

for Z=1:M;
pl(:,Z+1)=U{Z},

end;

p1(:, 1)=U{1};

for j=1:M+1;

for k=1:N+1;

t1=(k-1)*tau;

x1=(j-1)*h;
esl(k,j:))=exp(-t1)*cos(x1);

end;
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end;

abs(esl-pl);
maxesl=max(max(esl)) ;
maxappl=max(max(pl)) ;
maxerrorl=max(max(abs(es1-pl)))
%%%%%%%%%%%%%% solution for v(t,x)%%%%%%%%%%%%%%%
a2=-1/(h"2);
b2=(1/tau)+bb+(2/(h"2));
c2=-1/(tau);

for k=2:N;

A2(k,k)=a2;

A2(N+1,N+1)=a2;

end;A2;

for k=2:N;

B2(k,k)=b2; B2(k,k-1)=c2;
B2(N+1,N+1)=b2; B2(1,1)=1,;
B2(N+1,N)=c2;

end;B2;

C2=A2;C2;

for j=1:M-1,;

for k=2:N+1;

t2=(k-1)*tau; x2=(j)*h;
phy2(k,j:j)=(bb-bb1)*exp(-t2)*cos(x2)+bb1*p1l(k-1,j);
end;

end;

for j=1:M-1,;

x2=(j)*h;

phy2(1,j:j)=cos(x2);
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end;phy2;

alpha2{1}=eye(N+1,N+1);

betha2{1}=zeros(N+1,1);

for j=1:M-1;

alpha2{j+1}=inv(B2+C2*alpha2{j})*(-A2);
betha2{j+1}=inv(B2+C2*alpha2{j})*(1*phy2(:,j:j})-C2*betha2{j});

end;
V{M}=inv(l-alpha2{M})*betha2{M};
for Z=M-1:-1:1;

V{Z}=alpha2{Z+1}*V{Z+1}+betha2{Z+1};
end;

for Z=1:M;

p2(:,Z+1)=V{Z},

end;

p2(;, 1)=V{1};

for j=1:M+1;

for k=1:N+1,;

t2=(k-1)*tau;

x2=(j-1)*h;

es2(k,j:j)=exp(-t2)*cos(x2);

end;

end;

abs(es2-p2);

maxes2=max(max(es2)) ;
maxapp2=max(max(p2)) ;
maxerror2=max(max(abs(es2-p2)))
%9%%%%%%%%%%%%% solution for w(t,x)%%%%%%%%%%%%%%%
a3=-1/(h"2);
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b3=(1/tau)+cc+(2/(h"2));

c3=-1/(tau);

for k=2:N;

A3(k,k)=a3;

A3(N+1,N+1)=a3;

end;A3;

for k=2:N;

B3(k,k)=b3; B3(k,k-1)=c3;
B3(N+1,N+1)=b3; B3(1,1)=1;
B3(N+1,N)=c3;

end;B3;

C3=A3;C3,;

for j=1:M-1,

for k=2:N+1,;

t3=(k-1)*tau; x3=(j)*h;
phy3(k,j:j)=(cc-ccl)*exp(-t3)*cos(x3)+ccl*pl(k-1,j);
end;

end;

for j=1:M-1;

x3=(j)*h;

phy3(1,j:j)=cos(x3);

end;phy3;

alpha3{1}=eye(N+1,N+1);
betha3{1}=zeros(N+1,1);

for j=1:M-1,
alpha3{j+1}=inv(B3+C3*alpha3{j})*(-A3);
betha3{j+1}=inv(B3+C3*alpha3{j})*(I*phy3(:,j:j)-C3*betha3{j});

end;
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w{M}=inv(l-alpha3{M})*betha3{M};
for Z=M-1:-1:1;
w{Z}=alpha3{Z+1}*w{Z+1}+betha3{Z+1};
end;

for Z=1:M;

p3(:,Z+1)=w{Z};

end;

p3(, 1)=w{1};

for j=1:M+1;

for k=1:N+1;

t3=(k-1)*tau;

x3=(j-1)*h;
es3(k,j:j)=exp(-t3)*cos(x3);

end;

end;

abs(es3-p3);

maxes3=max(max(es3)) ;
maxapp3=max(max(p3)) ;
maxerror3=max(max(abs(es3-p3)))
%%%%%%%%%%%%%% solution for z(t,x)%%%%%%%%% %% %% %%
ad=-1/(h"2);

b4=(1/tau)+dd+(2/(h"2));

c4=-1/(tau);

for k=2:N;

Ad(k,k)=a4;

A4(N+1,N+1)=a4;

end;A4;

for k=2:N;
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B4(k,k)=b4; B4(k,k-1)=c4;
B4(N+1,N+1)=b4; B4(1,1)=1;
B4(N+1,N)=c4;

end;B4; C4=A4;C4,

for j=1:M-1,

for k=2:N+1,

t4=(k-1)*tau; x4=(j)*h;
phy4(k.j:j)=(dd-dd1-dd2)*exp(-t4)*cos(x4)+dd1*p3(k-1,j)+dd2*p2(k-1,j);
end;

end;

for j=1:M-1,;

X4=()*h;

phy4(1,j:j)=cos(x4);

end;phy4;

alphad{1}=eye(N+1,N+1);
bethad4{1}=zeros(N+1,1);

I=eye(N+1,N+1);

for j=1:M-1,;
alphad{j+1}=inv(B4+C4*alphad{j})*(-A4);
bethad{j+1}=inv(B4+C4*alphad{j})*(I*phy4(:,j:j)-C4*bethad{j});
end;

z{M}=inv(l-alpha4{M})*bethad{M};

for Z=M-1:-1:1;
z{Z}=alphad{Z+1}*z{Z+1}+bethad{Z+1},
end;

for Z=1:M;

p4(:,Z+1)=z{Z},

end;
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pa(, 1)=z{1};

for j=1:M+1;

for k=1:N+1;
t4=(k-1)*tau;

X4=(j-1)*h;
es4(Kk,j:j)=exp(-t4)*cos(x4);
end;

end;

abs(es4-p4);
maxes4=max(max(es4)) ;
maxapp4=max(max(p4)) ;

maxerrord=max(max(abs(es4-p4)))
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