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Abstract
Some Fixed Point Theorems of Contractive Mappings in Pentagonal Cone Metric Spaces

Auwalu, Abba
PhD, Departme nt of Mathematics
October, 2021, 91 pages

In this thesis, we study some fixed points and common fixed points theorems of various
contractive mappings in non-normal cone metric space, rectangular cone metric space
and pentagonal cone metric space settings. Our results extend and improve many results

obtained by many authors. We give some examples to elucidate our results.

Keywords: Cone metric space, cone pentagonal metric space, fixed point, contraction
mapping principle, weakly compatible mappings



Ozet
Some Fixed Point Theorems of Contractive Mappings in Cone Pentagonal Metric Spaces

Auwalu, Abba
PhD, Departme nt of Mathematics
October, 2021, 91 pages

Bu tezde, normal olmayan konibesgen metrik uzaylarda bir, iki, iic ve dort kendi eslemesi
icin ortak sabit noktalarin varhigini kanithyoruz. Elde edilen sonuglar, bircok yazarin elde

ettigi yeni sonuclar1 genisletmekte ve iyilestirmektedir.

Keywords: Metrik uzay konisi, koni besgen metrik uzay, sabit nokta, kasilma
haritalama ilkesi, genis haritalama
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CHAPTER 1
Introduction

Fixed point theory is one of the traditional theories in mathematics and has a
large number of applications in it and many branches of nonlinear analysis. The
starting point of metric fixed point theory is often associated with the renowned work
which appeared in Banach’s PhD thesis, known as the Banach contraction principle.
Due to the wide applications of this principle, it is being investigated at a large in
contemporary research and has been used and extended in many different directions
(Saleh et al., 2014). Although the famous Banach contraction principle was proved in a
metric space, but later on some modifications of the definition of a metric space
appeared. One such modification was made by Liu and Xu (Liu & Xu, 2013). They
replaced the set of real numbers, which forms the domain of distance function, with a
Banach algebra and obtained cone metric spaces over Banach algebras and show that
they are not equivalent to metric spaces in terms of existence of the fixed points of
mappings. Further, they proved Banach contraction principle in such a space by
replacing usual real contraction constant with a vector constant.

The study of existence and uniqueness of fixed point of a mapping and common
fixed points of two or more mappings has become a subject of great interest. Many
authors proved the Banach contraction principle in various generalized metric spaces;
for example, see (Azam et al., 2009; Branciari, 2000; Garg & Agarwal, 2012; Huang &
Zhang, 2007; Patil & Salunke, 2015).

Statement of the Problem

This research work concentrates on introducing a notion of new space and

proving some new fixed point theorems in such a space.

Purpose of the Study

The purpose of this research work is to study and prove some new fixed point

theorems of different contractive mappings in cone metric spaces and its generalizations.
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Research Questions/Hypotheses

1. Can we extend and improve some fixed point theorems of contractive
mappings in cone metric spaces to some more general one?
2. Can we introduce a notion of new space and prove some fixed point theorems

of different contractive mappings in such a space?

Significance of the Study

This research work is important in the study of fixed point theorems of
contractive mappings in the framework of cone metric spaces and its generalizations.
Hence, this research work will serve as a resource document for researchers in the area

of Fixed Point Theory.

Scope and Limitations

This research work focuses mainly on fixed point theorems for different
contractive conditions in cone metric spaces. Thus, the research will be limited to a

cone metric spaces and some of its generalizations.

Definition of Terms

In this section, we shall give definitions of some important concepts and some

existing results required in the sequel. They can be found in (Kreyszig, 1978).

Definition 0.1. A metric space is a pair (K, 7n), where K is a non-empty set and 7 is
a metric on K (or distance function on K), that is, a real - valued function

n: K x K — R such that for all x,y, 2 € K we have the following;:

(M1) n(z,y) >0 (Non-negativity);

(M2) n(z,y) =0if and only if x =y (Reflexive property);
(M3) n(z,y) =n(y,x) (Symmetric property);

(M4) n(z,y) <nlx,z)+n(z,y) (Triangle inequality).

We will sometimes, denote the metric space (K, n) simply by K.
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Example 0.2. Consider the real line R, the set of all real numbers, taken with the

usual metric defined by
d(z,y) = |z —y|, forall z,y € R. (1)
Then (R, d) is a metric space.

Definition 0.3. Convergence sequence: A sequence {x,} of points of a metric space
(K, n) is said to be convergent to = € K if for each € > 0, there exists a positive integer
no such that

n(xn, x) < e, forall n > ng. (2)

This is denoted by x,, — x as n — oo or n(z,,z) — 0 as n — 0o or lim,_, T, = .

The point x is called the limit of the sequence {x,}.
Lemma 0.4. The limit of a convergence sequence in a metric space is unique.

Definition 0.5. Bounded sequence: A sequence {z,} in a metric space (K,n) is said

to be bounded if there is a real number M and a point x € K such that
(@, x) < M, for all n. (3)
Lemma 0.6. Every convergence sequence in a metric space is bounded.

Definition 0.7. Chauchy sequence: A sequence {x,} in a metric space (K, n) is said

to be Cauchy sequence if n(z,,z,) — 0 as m,n — oo.
Lemma 0.8. Every convergence sequence in a metric space is a Cauchy sequence.

Definition 0.9. Complete metric space: This is a metric space in which every

Chauchy sequence is convergent.
Lemma 0.10. The space R with usual metric is complete.

Definition 0.11. Continuity in metric space: Let (X, n) and (Y,n’) be metric

spaces and f a function of X into Y, then f is continuous if and only if z, — x implies

fan) = f(x).
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Definition 0.12. Let (K, 7n) be a metric space and 7' : K — K be a mapping.

1. A point z* € K is called a fixed point of the mapping T if and only if
T(x*) =" (4)

2. The mapping 7' is called Banach contraction if there exists a real constant

a € ]0,1) such that
n(Tz, Ty) < an(z,y), foralz,ye K. (5)

3. The mapping 7' is called Kannan contraction if there exists a real constant

a € 10,1/2) such that
n(Tx, Ty) < aln(z,Tx) + 1y, Ty)|, forall z,y € K. (6)

4. The mapping T is called Reich contraction if there exists o, 5,7 > 0 and

a+ B+~ < 1 such that
n(Tz,Ty) < an(z,y) + Bn(z, Tx) +n(y, Ty), forall z,y € K. (7)

Definition 0.13. A vector space (or linear space) over a field F' is a non-empty set K
of elements z,y, ... (called vectors) together with two algebraic operations. These
operations are called vector addition and multiplication of vectors by scalars, that is, by

elements of F. Indeed, F' is called a scalar field of the vector space K.

Definition 0.14. A norm on a (real or complex) vector space K is a real - valued
function on K whose value at an x € K is denoted by ||z| (read "norm of x") and which
has the properties for any z,y arbitrary vectors in K and « is any scalar:

(N1) [l = 0;

(N2) ||z =0 <= 2 = 0;

(N3) Jaz|| = |affl];

(N4) |lz+y|| <|lz|]| + ly|| (Triangle inequality).

A norm on K defines a metric 7 on K which is given by

n(@,y) = |lz —yll, forallz,ye K,
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and is called the metric induced by the norm. The normed space just defined is denoted

by (K, ||.||) or simply by K.

Definition 0.15. A Normed linear space say X, is a vector space with a norm
defined on it. A large number of metric spaces in analysis can be regarded as normed
linear spaces, so that a normed linear space is probably the most important kind of
space in functional analysis, at least from the viewpoint of present-day applications. A

complete normed space is called Banach space.

Definition 0.16. (Huang & Zhang, 2007).

Let E be a real Banach space and P a subset of E. P is called a cone if and only if:
1. P is closed, nonempty, and P # {0};
2. a,b€eR, a,b>0and z,y € P = ax + by € P,

3.x€e€Pand — € P=— 2=0.

Example 0.17. (Deimling, 1985).

Let £ =R" with P = {(21,%2,...,2,) 1 2; >0, Yi=1,2,...,n} then P is a cone.

Definition 0.18. (Huang & Zhang, 2007).
Given a cone P C E, we defined a partial ordering < with respect to P by z < y if and
only if y — x € P. We shall write z < y to indicate that z < y but z # y, while z < y

will stand for y — = € int(P), where int(P) denotes the interior of P.

Definition 0.19. (Huang & Zhang, 2007).
A cone P is called normal if there is a number A > 0 such that for all z,y € E, the
inequality

0<z<y=lzfl <Ayl (8)
The least positive number A satisfying (8) is called the normal constant of P.

Example 0.20. (Rezapour & Hamlbarani, 2008).

Let £ = C3(]0,1]) with the norm ||f|| = |||l + [I/'ll.., and consider the cone
P={feE:f>0} Foreach k> 1, put f(x) =z and g(x) = 2*. Then, 0 < g < f,

| f]l =2 and ||g|| = 2k + 1. Since k|| f|| < ||g]|, k is not normal constant of P. Therefore,

P is a non-normal cone.
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Definition 0.21. (Rudin, 1991).
Let A be a real Banach algebra, i.e., A is a real Banach space in which an operation of
multiplication is defined, for all y, z,x € A and k € R, the following are satisfy:

L y(zz) = (yz)z;

2. y(z+x) =yz+yxr and (y + 2)zr = yx + z;

3. k(yz) = (ky)z = y(kz);

4wzl < Nyllil=-

A Banach algebra A is called unital if there exists a unit e € A such that ey = ye = v,

for any y € A.

Definition 0.22. (Liu & Xu, 2013). A subset K of A is called a cone if

1. K is nonempty, closed and {6, e} C A, where 0 is the zero of A;

2. ak + K C K for all non-negative real numbers «, [3;

3. K*=KK cCK;

4. KN (=K)={0}.
For a given cone K C A, we define a partial ordering < with respect to K by y < z if
and only if 2 —y € K. The notation y < z will stand for z —y € K°, where K° denotes
the interior of IC. If K° # ) then K is called a solid cone.

Definition 0.23. (Xu & Radenovi¢, 2014). Let IC be a solid cone in a Banach algebra
A. A sequence {y,} C K is said to be a c-sequence if for every ¢ € K°, there exists

N € N such that y, < ¢ for all n > N.

Lemma 0.24. (Shukla et al., 2016). Let K be a solid cone in a Banach algebra A.
1. Ifa,0 € A, v € K and a < (3, then ya < vf3.
2. If a <X Pa, where o, f € K and p(B) < 1, then a = 6.
3. If a« € K and p(a)) < 1, then p(a?) < 1 for any fized q¢ € N.

Lemma 0.25. (Rudin, 1991; Huang & Radenovi¢, 2015). Let A be a unital Banach

algebra and o € A, then limy,_,o ||a™||% ezists and the spectral radius p(e) satisfies

pla) = Tim [[a™||5 = infrs]a™ 7.
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If p(a) < |B], then (Be — «) is invertible in A. Moreover,

_1_00 ’ an e—a)! 71
(Be — a) —jzoﬁjﬂ d p[(B ”§|ﬂ|—p<a>’

where B is a complex constant.

Lemma 0.26. (Rudin, 1991).

Let A be a unital Banach algebra and o, B € A such that o commutes with 3. Then

pla+ B) < pla) + p(B) and p(af) < p(a)p(B).

Lemma 0.27. (Huang & Radenovi¢, 2016).
Let IC be a solid cone in a Banach algebra A, {y,} and {z,} be two c-sequences in KC. If

a, B € K are two given vectors, then {ay, + Bz,} is also a c-sequence in K.

Lemma 0.28. (Huang & Radenovié, 2016). Let A be a unital Banach algebra. Let

a € A and p(a) < 1. Then {a™} is a c-sequence in A.

Lemma 0.29. (Xu & Radenovié, 2014). Let K be a solid cone in a Banach algebra A.
1. If a, 8,7 € K and o 2 K 7, then a < 7.
2. Ifae Aand 0 < a K [ for each € K°, then a = 0.

3. {yn} C K is a c-sequence provided that {y,} — 6 as n — oo.

Definition 0.30. (Xu & Radenovi¢, 2014). Let P be a solid cone in a Banach algebra
A. A sequence {y;} C P is said to be a c-sequence if for each 6 < ¢ there exists ng € N

such that y; < ¢ for all i > ny.

Lemma 0.31. (Xu & Radenovi¢, 2014). Let P be a solid cone in a Banach algebra A
and {y;} C P be a sequence with ||y;|| — 0 (i — 00), then for each 0 < ¢, there exists

ng € N such that for all i > ng, we have y; < c.

Lemma 0.32. (Rudin, 1991). Let A be a Banach algebra with a unit e and T € A. If
the spectral radius 6(T) of T is less than one, i.e.
8(7) = limpoo |77 = infuen||7| < 1, then (e — 7) is invertible in A. Moreover,

(e — T)_l = > heo .
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Remark 0.33. (Xu & Radenovi¢, 2014).

If the spectral radius §(7) < 1, then [|7%]] — 0 (: = o0)

Lemma 0.34. (Xu & Radenovi¢, 2014).
Let A be a real Banach algebra with a solid cone P. For a,b,c,7 € P, if
(1)axb<c, thena < c.

(2) a < Ta and 6(1) < 1, then a = 6.

Definition 0.35. (Rashwan & Saleh, 2012). Let P be a cone defined as above and let
® be the set of non decreasing continuous functions ¢ : P — P satisfying:

1. O< p(t) <tforallte P\ {0},

2. the series Y, " (t) converge for all t € P\ {0}.

From 1., we have ¢(0) = 0, and from (2), we have lim,,_,o ¢™(t) =0 for all t € P\ {0}.

Definition 0.36. (Abbas & Jungck, 2008). Let 7" and S be self maps of a nonempty
set X. If w =Tz = Sx for some w,x € X, then x is called a coincidence point of T" and
S and w is called a point of coincidence of T" and S. Also, T" and S are said to be weakly

compatible if they commute at their coincidence points, that is, Tx = Sz implies that

TSy = STx.

Lemma 0.37. (Abbas & Jungck, 2008). Let T' and S be weakly compatible self
mappings of nonempty set X. If T and S have a unique point of coincidence

w="Tr = Sx, then w is the unique common fized point of T' and S.
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CHAPTER 11
Literature Review
Metric Spaces

Ffechet (1906) introduced the concept of a metric space as extension of the
distance on the real line R. Kreyszig (1978) considered a metric space as the
generalization of real numbers which has been created in order to provide a basis for a
unified treatment of important problems from various branches of Mathematical

Analysis.

Metric Fixed Point Theory

The start of the general theory of fixed points of mappings in metric spaces is
often associated with the classical principle of contractive mappings in Banach’s 1922
Ph.D. thesis where it was used to establish the existence of a solution of an integral
equation. Banach (1922) formulated the principle as an existence and uniqueness
theorem for a fixed point of a contractive map of a complete metric space into itself.

Banach fixed theorem. Banach (1922) proved the following fixed point
theorem also known as Banach Contraction Principle:
Theorem 2.1. (Banach Contraction Principle)

Let (K,n) be a complete metric space. Suppose that a mapping J : K — K

satisfies the contractive condition
n(Jy, Jz) < an(y, z), forall y, 2 € K, (9)

where 0 < a < 1 is a real constant. Then J has a unique fixed point in K.

The Banach Contraction Principle is one of the most important and useful
results in the metric fixed point theory. It is perhaps one of the most widely used fixed
point theorems in all analysis. This is because the contraction condition on the
mapping is simple and easy to verify, because it requires only completeness assumption
on the underlying metric space, and because it finds almost canonical applications

especially in the theory of differential and integral equations (Saleh et al., 2014).
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Later on, several successful attempts have been made to generalize or improve
the Banach Contraction Principle by replacing the contractive condition (9) by some
more general one as follows:

Kannan fixed theorem. Kannan (1968) proved the following fixed point
theorem also known as Kannan Contraction Principle:

Theorem 2.2. (Kannan Contraction Principle)
Let (K,n) be a complete metric space. Suppose that a mapping J : K — K

satisfies the contractive condition
n(Jy, Jz) < an(y, Jy) +n(z, Jz)], forall y, 2 € K, (10)

where 0 < a < 1/2 is a real constant. Then J has a unique fixed point in K.
Kannan further showed that the conditions (9) and (10) are independent of each other.
Reich fixed theorem. Reich (1971) proved the following fixed point theorem
also known as Reich Contraction Principle:
Theorem 2.3. (Reich Contraction Principle)
Let (K,n) be a complete metric space. Suppose that a mapping J : K — K

satisfies the contractive condition
n(Jy, Jz) < anly, z) + Bn(y, Jy) +n(z, Jz), for all y, z € K, (11)

where o, 8,7 > 0 and o + 8+ v < 1. Then J has a unique fixed point in K.

Reich further showed that the conditions (9) and (10) can be obatained from
(11) by taking f =~ =0 and a = 0, 5 = , respectively.

Chatterjea fixed theorem. Chatterjea (1972) proved the following fixed
point theorem also known as Chatterjea Contraction Principle:
Theorem 2.4. (Chatterjea Contraction Principle)

Let (K,n) be a complete metric space. Suppose that a mapping J : K — K

satisfies the contractive condition
n(Jy, Jz) < an(y, Jz) +n(z, Jy)], forall y, 2z € K, (12)

where 0 < a < 1/2 is a real constant. Then J has a unique fixed point in K.
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Wang fixed theorem. Wang et al. (1984) proved the following fixed point
theorem also known as Wang Contraction Principle:
Theorem 2.5. (Wang Contraction Principle)

Let (K,n) be a complete metric space. Suppose that a mapping J : K — K

satisfies the contractive condition
U(Jya JZ) = 0”7(3/» Z)? for all Y,z € K7 (13)
where o > 1 is a real constant. Then J has a fixed point in K.

Cone Metric Spaces

Huang and Zhang (2007) introduced the notion of a cone metric space by

replacing the set of real numbers R in metric by an ordered Banach space E as follows:

Definition 0.38. Let Y be a non-empty set and E an ordered Banach space. Suppose

that p: Y XY — FE is a mapping satisfying, Vy, z,x € Y, the following conditions:

(C1) ply, 2) >

(Cy) ply,z) =6 if and only if y = z;
(C3) ply, 2) = p(z,y);

(Ca) ply,2) < ply, x) + p(, 2).

Then p is called a cone metric on Y, and (Y, p) is a cone metric space (CMS).

Example 0.39. (Huang & Zhang, 2007).
Let E=R?* P={(z,y): 2,y >0} CR?*, X =R and p: X x X — F such that:

p(z,y) = (|]x — y|,a|r —y|), where a > 0 is a real constant.

Then (X, p) is a cone metric space.

Remark 0.40. The concept of a cone metric space is more general than that of a metric

space, because each metric space is a cone metric space where £ = R? and P = [0, 00).

Huang and Zhang (2007) further proved some fixed point theorems for different

contractive conditions in cone metric spaces. Later on, many authors have proved some



21

fixed point theorems for different contractive types in cone metric spaces; for example,
see (Abbas & Jungck, 2008; Ili¢ & Rakocevié, 2008; Rezapour & Hamlbarani, 2008).

Khamsi (2010) claimed that most of the cone metric fixed point results are
merely copies of the classical ones and that any extension of known metric fixed point
results to cone metric spaces is redundant; also that underlying Banach space and the
associated cone subset are not necessary.

However, Radenovié¢ et al. (2011) proved that Khamsi’s approach includes a
small class of results and is very limited since it requires only normal cone metric
spaces, so that all results with non-normal cones (which are proper extensions of the
corresponding results for metric spaces) cannot be dealt with by his approach, for more
details, see (Radenovi¢ et al., 2011; Suzana et al., 2019) and the references therein.

A rider to (Radenovié et al., 2011) in overcoming the challenges raised by
Khamsi, Liu and Xu (2013) introduced the notion of cone metric space over Banach
algebras by replacing the Banach space E in cone metric with a Banach algebra A.
They proved that cone metric space over a Banach algebra is not equivalent to metric
space in terms of existence of the fixed points of mappings. They further proved some
fixed point theorems for different contractive conditions in cone metric space over a

Banach algebra.

Rectangular Cone Metric Spaces

Azam et al. (2009) introduced the notion of rectangular cone metric space by

replacing the triangle inequality in cone metric space with rectangular inequality:

Definition 0.41. Let X be a non-empty set and E be an ordered Banach space.

Suppose the mapping p : X x X — E satisfies:

(RCY) p(x,y) > 0, for all z,y € X;

(RCy) p(x,y) =0 if and only if z =y, for all z,y € X;

(RC3) plz,y) = ply, z), for all z,y € X;

(RCy) p(x,y) < p(z,w) + p(w, 2) + p(z,y) for all x,y € X and for all distinct

points w, z € X — {x,y} (Rectangular inequality).
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Then p is called a rectangular cone metric on X, and (X, p) is called a

rectangular cone metric space (RCMS).

Remark 0.42. Every cone metric space is rectangular cone metric space. The converse

is not necessarily true.

Example 0.43. (Azam et al., 2009).

Let X =N, F=R?and P = {(z,y) : x,y > 0}. Define p: X x X — F as follows:

(0,0), if z =y;
plz,y) =1 (3,9), if z,ye{l,2}, 2 #y;

(1,3), otherwise.

Then (X, p) is a rectangular cone metric space, but (X, p) is not a cone metric space

because it lacks the triangular property:

(379) = P(1,2) > p(l,g) + 0(3,2)
—(1,3) + (1,3)

=(2,6), as (3,9) — (2,6) = (1,3) € P.

Azam et al. (2009) further proved Banach contraction mapping principle in a
normal rectangular cone metric space setting. Rashwan and Saleh (2012) extended and
improved the result of (Azam et al., 2009) by omitting the assumption of normality
condition.

Shukla et al. (2016) introduced the notion of a rectangular cone metric space
over Banach algebras by replacing the Banach space E in rectangular cone metric with

a Banach algebra A and proved Banach contraction principle in such a space.

Pentagonal Cone Metric Spaces

Garg and Agarwal (2012) introduced the notion of pentagonal cone metric space
and proved Banach contraction mapping principle in a normal pentagonal cone metric

space setting.
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Definition 0.44. Let X be a non-empty set and E be an ordered Banach space.
Suppose the mapping p: X x X — E satisfies:

(PCY) p(x,y) =0, for all x,y € X;

(PCs) p(x,y) =0 if and only if x =y, for all z,y € X;
(

PCy (y,x), for all z,y € X;

)
) A
) plz,y) =p
(PCy) p(z,y) < p(x, 2) + p(z,w) + p(w,u) + p(u,y) for all x,y, z,w,u € X and
for all distinct points z,w,u, € X — {z,y} (Pentagonal property).

Then p is called a pentagonal cone metric on X, and (X, p) is called a

pentagonal cone metric space (PCMS).

Remark 0.45. Every rectangular cone metric space and so cone metric space is

pentagonal cone metric space. The converse is not necessarily true.
Example 0.46. (Garg & Agalwal, 2012).
Let X =N, F=R? P={(z,y) : x,y > 0}. Define p: X x X — F as follows:
0,0), if z=uy;
p(r,y) =1 (6,12), if z,y € {2,3}, z #y;
(2,4), otherwise.

Then (X, p) is a pentagonal cone metric space, but (X, p) is not a cone metric space

because it lacks the triangular property:

(6,12) = p(2,3) > p(2,4) + p(4,3)
=(2,4) +(2,4)
= (4,8), as (6,12) — (4,8) = (2,4) € P.
Example 0.47. (Garg & Agalwal, 2012). Let X = {1,2,3,4,5}, F = R? and
P ={(z,y) : z,y > 0} is a normal cone in E. Define p: X x X — E as follows:
plx,x) =0,Vr € X;
p(1,2) = p(2,1) = (4,8);

p(l, 5) = :0(57 1) = p(275) = 0(5, 2) = :0(37 5) = p(573) = 0(4, 5) = :0<574> = (376)
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Then (X, p) is a pentagonal cone metric space, but (X, p) is not a rectangular cone

metric space because it lacks the rectangular property:

(4,8) = p(1,2) > p(1,3) + p(3,4) + p(4,2)
=(1,2)+(1,2) +(1,2)

= (3,6), as (4,8) — (3,6) = (1,2) € P.

Lemma 0.48. (Jungck et al., 2009). Let (X, d) be a cone metric space with cone P not
necessary to be normal. Then for a,c,u,v,w € E, we have

1. Ifa < ha and h € [0,1), then a = 0.

2. If 0 <u<c for each 0 < ¢, then u = 0.

3. Ifu<wv and v < w, then u <K w.

4. If c € int(P) and a, — 0, then Ing € N : ¥n > ng, a, < c.

Definition 0.49. (Garg & Agalwal, 2012). Let (X, d) be a pentagonal cone metric
space. Let {x,} be a sequence in (X, p) and z € X. If for every ¢ € E with 0 < ¢ there
exists ng € N and that for all n > ng, p(x,, ) < ¢, then {z,} is said to be convergent
and {z,} converges to x, and x is the limit of {x,}. We denote this by lim, o z, =
or z, — x as n — oo. If for every c € E, with 0 < ¢ there exist nyg € N such that for all
n,m > ng, p(Tn, Tm) <K ¢, then {z,} is called Cauchy sequence in (X, p). If every
Cauchy sequence is convergent in (X, p), then (X, p) is called a complete pentagonal

cone metric space.

Lemma 0.50. (Garg & Agalwal, 2012). Let (X, p) be a pentagonal cone metric space
and P be a normal cone with normal constant k. Let {x,} be a sequence in X, then

{z,} converges to x if and only if |p(zn, z)|| — 0 as n — oo.

Lemma 0.51. (Garg & Agalwal, 2012). Let (X, p) be a pentagonal cone metric space
and P be a normal cone with normal constant k. Let {x,} be a sequence in X, then

{z,} is a Cauchy sequence if and only if ||p(zn, Tpim)|| — 0 as n — oco.

Definition 0.52. (Liu & Xu, 2013). Let (Y, p) be a cone metric space over Banach

algebra A, y € Y and {y;} be a sequence in (Y, p). Then we say
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(1) {:} converges to y if, for each ¢ € A with 6 < ¢, there is a natural number
ng such that p(y;, y) < ¢ for all i > ng. We denote this by y; — y (i — 00).

(2) {y;} is a Cauchy sequence if, for each ¢ € A with § < ¢, there is a natural
number ng which is independent of n such that p(y;, yirn) < ¢ for all i > ng.

(3) (Y, p) is said to be complete if every Cauchy sequence in (Y, p) is convergent.

Lemma 0.53. (Xu & Radenovi¢, 2014). Let (Y, p) be a complete cone metric space
over Banach algebra A, P be the underlying solid cone and {y;} be a sequence in (Y, p).
If {y;} converges toy €Y, then

(1) {p(ys,y)} is a c-sequence.

(2) forany j € N, {p(vi,vitj)} is a c-sequence.

Lemma 0.54. (Xu & Radenovié¢, 2014). Let A be a Banach algebra with a solid cone
P and let {a,} and {B,} be sequences in P. If {a,,} and {B,} are c-sequences and

ki, ke € P then {kia, + ka3, } is also a c-sequence.

The study of existence and uniqueness of fixed point of a mapping and common
fixed points of two or more mappings has become a subject of great interest. Many
authors proved the Banach contraction and Kannan contraction principles in various
generalized metric spaces e.g., see (Azam et al., 2009; Branciari, 2000; Garg and
Agarwal, 2012; George et al., 2015; Huang & Zhang, 2007; Huisheng et al., 2015; Jleli &
Samet, 2009; Reddy & Rangamma, 2015b).

Jungck (1976) proved a common fixed point theorem for commuting mappings as
a generalization of the Banach’s fixed point theorem. The concept of the commutativity
has been generalized in several ways. For instance, Sessa (1982) introduced the concept
of weakly commuting mappings, Jungck (1986) extended this concept to compatible
maps. Jungck and Rhoades (1998) introduced the notion of weak compatibility and
showed that compatible maps are weakly compatible but the converse need not to be
true e.g., see (Pathak, 1995).

Motivated and inspired by the above results, it is our purpose in this research

work to continue the study of the fixed point problems and prove some new fixed point
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theorems in the framework of a cone metric space over a Banach algebra and its
generalization which are much more general than the metric space. In short, we intend
to give affirmative answer to the following question: Can the above theorems hold for

more general space, say, partial rectangular cone b-metric space over a Banach algebra?
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CHAPTER III
Some Fixed Point Theorems in Cone Metric Spaces

Fixed Point Theorem for Generalized Expansive Mapping in Cone Metric

Space over a Banach Algebra

In this section, we prove the existence of fixed points for generalized expansive
mapping in cone metric space over a Banach algebra A. The results obtained are
significant extension and generalizations of recent results of (Jiang et al., 2016) and
many well-known results in the literature. This section contains the results published in
the American Institute of Physics (AIP) Conference Proceedings 1997, 020004 (2018).
https://doi.org/10.1063/1.5048998
The following theorem is a generalization of Theorem 2.1 in (Jiang et al., 2016) and
Theorem 2.5 in (Aage & Salunke, 2011).

Theorem 3.1. Let (Y, p) be a complete cone metric space over Banach algebra A with
a unit e and P be the underlying solid cone in A. Let the mapping T :Y — Y be a

surjective and satisfies the generalized expansive condition:
p(Ty, Tz) = V1p(y, 2) +92p(Ty, 2) +93p(T2,y), forall y,z €Y, (1)

where U5, € P (k = 1,2, 3) such that (e —95), (e — 93), (¥ — ¥3)~! € P and spectral
radius §[(9; — ¥3) (e — 93)] < 1. Then T has a fixed point y, in Y.

Proof. Let yg be arbitrary point in Y. Since ¥ is surjective, there exists y; € Y such
that Ty, = yo. Again, we choose ys € Y such that Ty, = y;. Continuing this process, we

construct a sequence {y;} in (Y, p) by
yi:Tyi-l—la fori:O,l,Q,... (2)

Suppose y;—1 = y; for some j € N, then y, = y; is a fixed point of T and the result is
proved. Hence, we assume that y;_1 # y; for all 7 € N. Observe that from the triangle

inequality p(y, z) < p(y, x) + p(z, z), we have that

p(y,x) = py,2) — p(z, 2), forall y, 2,2 €Y. (3)
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Now, using (1), (2) and (3), we have

P(Yi, Yim1) = p(Tyir1, Ty:)
7 D1p(Yir1, ¥i) + V2p(Tyivr, i) + I3p(Tyi, yita)
= V1p(Yit1, Yi) + V2p(Yis vi) + I3p(Yi1, Yiv1)
7 V1p(ir1, i) + Us[p(yi-1, 1) — p(Yir1, i)
(e = I3)p(yi, yi-1) = (D1 — V3)p(Yit1, i)

P(Yiv1, ¥i) < TP(Wis Yie1), (4)

where 7 = (U1 — 93) (e — ¥3). Hence, from (4), we have

P(Wir1,vi) < TPWis i) < T2pWic1, Yia) < - S Tp(Y1, o), foralli e No (5)

Since 6(7) < 1, it follows, by Lemma 0.32, that (e — 7) is invertible in .A. Moreover,
(e—1)'=> 7" (6)
k=0
Also by Remark 0.33, we obtain that
17 = 0 (i = o). (7)
Hence, for 7,7 € N with j > 4, using (5) and (6), we have

p(Yj,Yi) < p(Y5,Yj-1) + p(Yj-1, i)
< P, Yj—1) + p(Yj-1,Yi—2) + p(Yj-2, Vi)
< Py, yi-1) + p(Yj-1, Yj—2) + p(Yj—2, Yj—3) + - + p(Yiz2, Yir1) + p(Yi1, Yi)
< 7y wo) + 702 p(y wo) + 70 oy, wo) + -+ 7 p(yr, wo) + 7 (s o)
=7e+T+ A+ T2 L 2T (o)

<7 ( > T’“)p(yl, o) < (e —7) " p(y1, yo)-
k=0

Therefore, using (7), we have that ||7%(e — 7) " p(y1, y0)|| = 0 (: = 00), and it follows,
by Lemma 0.31, that for any ¢ € A with < ¢, there exists ng € N such that for all

Jj > 1> ng, we have

Py ui) S 7 (e—7) " plyr, mo) < ¢,
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which implies, by Lemma 0.34(1) and Definition 0.52(2), that {y;} is a Cauchy
sequence. Since (Y, p) is complete, there exists y, in Y such that y; — y. (i — o0).
Since ¥ is a surjection mapping, there exists a point y,, in Y such that Ty, = y.. Now,

we claim that y.. = y.. Indeed, using (1), (2) and (3), we have that

P Yi) = P(TYus, Tyiz1)
= V1Y, Vit 1) + D2p(Tns Yir1) + V30(Zyir1, Vo)
= 01P(Yus, Yir1) + D2p(Ys, Yig1) + D3p(Yi, Yur)
P(Ys, Yir1) + p(Wir1, i) = D10 Yi1) + D2p(Ys, Yirr) + s [p(Yi Yivr) — PG Yig1)]
(91 — 93) p(Yis1, Yur) < (€ — 02) (Y1, vs) + (€ — 93) p(wi, yis1)
P(Wis1s Yoe) < (91 — 93) (€ — 92)p(Yis1, ys) + (€ — U3)p(ys, yigr)]

< o p(Yig1, Ys) + 2p(Yir Yig1),

where ay = (91 — U3) e — 03), a0 = (91 — ¥3) " (e — ¥J3) € P. Using Lemma 0.53 and

Lemma 0.54; {p(yis1, )}, 1p(¥i, vis1)} and {a1p(yig1, vs) + 2p(ys, Yir1)} are

c-sequences. Hence, for any ¢ € A with § < ¢, there exists ng € N such that

P(Yit1, Yur) < Q1p(Yi1, Yu) + Q2p(i, Yir1) K ¢, for all i > ny, (8)

which implies, by Lemma 0.34(1) and Definition 0.52(1), that y;11 — Y. Since the
limit of a convergent sequence in cone metric space over Banach algebras is unique, we

have that y,. = y.. Thus, Ty, = y.. Hence, vy, is a fixed point of ¥.
Remark 0.55. Note that T may have more than one fixed point see (Jiang et al., 2016).

The following theorem is a generalization of Theorems 2.1, 2.2, 2.6 and 3.1 in (Huang et
al., 2012; Jiang et al., 2016; Aage & Salunke, 2011; Chouhan & Malviya, 2011),
respectively.

Theorem 3.2. Let (Y, p) be a complete cone metric space over Banach algebra A with
a unit e and P be the underlying solid cone in A. Let the mapping ¥ : Y — Y be a

surjective and satisfy the generalized expansive condition:

p(Ty, Tz) +Dhp(y, Tz) + p(z, Ty)] = Dap(y, 2) + V3p(y, Ty) + Jap(z,%2),  (9)
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for all y,z € Y, where ¢, € P (k =1,2,3,4) such that (e + ¥ — 04), (e — ¥ — ¥3),
(Dg + 93 — V1), (99 — 91 +94)"! € P and spectral radius
§[(92 + 93 — V1)t (e + 9, —¥4)] < 1. Then ¥ has a fixed point y, in Y.

Proof. Define a sequence same as (2) in Theorem 3.1. Hence, using (9), we have

P(TYis1, Tyi) + N[p(Wis 1 Tyi) + p(Wi, Tyiv1)] = V20(Yir1, yi) + D3p(Yirr, Tyiva) + Vap(yi, Tyi)
p(Wi, Yi-1) + V1lp(Yir1, yi1) + p(yi, ¥2)] 7 D2p(Yisr, ¥i) + V3p(Yir1, vi) + Vap(ys, yio1)
p(Wi, Yi—1) + V1lp(Yir1, i) + p(Yi, yim1)] 7 (V2 + U3)p(Yiz1, yi) + Vap(ys, yio1)

(e + V1 = Da)p(Yi, yi-1) = (V2 + V3 — 91)p(Yit1, i)
(V2 + 3 — V) p(yir1, 4:) < (e + 01— Da)p(Yi, yi1)

P(Wiv1,Yi) < TpWis Y1), (10)

where 7 = (U3 + 93 — 91) (e + ¥y — 94). Hence, from (10), we get

P(Yis1,Yi) < TP(Yi, Yic1) < T2P(?J¢—1,yz‘—2) <= Tip(yhyO)u for all 7 € N.

Using the same argument to the proof in Theorem 3.1, we get that {y;} is a Cauchy
sequence. Since (Y, p) is complete, there exists y, in Y such that y; — y. (i — 00).
Since ¥ is a surjection mapping, there exists a point z, in Y such that Tz, = y,. Next,

we show that z, = y.. Using (2), (3) and (9), we have that

(Wi ) = P(TYiz1, Tau)

= = [p(Yis1, Tae) + p(2e, Tyir)] + V2p(Yiva, 24)
+ I3p(Yir1, TYiv1) + Vap(zs, T)

= = U1[p(Yir1, y<) + p(2, 40)] + D2p(Yig1, 24)
+ Ds3p(Yir1, yi) + Vap(zs, ys)

PWis Yir1) + pWir1, Ys) = =01 [p(Yir1, yu) + (p(25, Yir1) — p(Yi, Yir1))]
+ V2p(Yir1, 24) + I3p(Yir1, i) + Valp(ze, Yiv1) — p(Yss Yit)]
(P2 = V1 + Da) p(Yis1, 2) < (€ + 0 + Da)p(yira, yo) + (€ — P — U3)p(yi, Yit1)

P(Yit1, 2) = BrpWit1, yx) + Bop(Yis Yit1)s
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where [, = (192 -+ 194)_1<€ + 9 + 194),52 = (192 -+ 194>_1(€ — 1 — 193) € P. By

Lemma 0.53, Lemma 0.54; {p(yi+1,y)}, {p(¥i, yir1)} and {Bip(yiv1, y+) + Bop(yi, yis1)}

are c-sequences. Hence, for any ¢ € A with 6§ < ¢, there exists ng € N such that

P(Yit1, %) < B1p(Yis1, Ys) + Bap(¥i, yir1) <K ¢, for all i > ny,

which implies that y;11 — 2.. Since the limit of a convergent sequence in cone metric
space over Banach algebras is unique, we have that z, = y,. Hence, y, is a fixed point of
T. This completes the proof.

The following theorem is a generalization of Theorems 2.2 in (Huang et al., 2012).
Theorem 3.3. Let (Y, p) be a complete cone metric space over Banach algebra A with
a unit e and P be the underlying solid cone in A. Let the mapping ¥ :Y — Y be a

continuous, surjection and satisfy the following condition:

p(Ty, T2) = ﬁ{p(y, Z),p(yﬂy),p(z,%)}, for all y,z € Y, (11)

where ¥ € P such that J~! € P and spectral radius §(9~') < 1. Then T has a fixed
point y, in Y.

Proof. Define a sequence same as (2) in Theorem 3.2. Hence, using (11), we have

p(Yi, Yi-1) = p(Tyiy1, Tui)

<>

= {P(?/z'ﬂ, Yi), P(Yit1, Tyitr), p(Yi ‘Zyl)}

Il
>

{p(i yia), o yin) }-

We consider two cases as follows:

(1) If p(yi, yi1) = Ip(Yi, yio1) then p(yi, yi1) < 0" p(yi, yio1). Since 6(971) < 1,
by Lemma 0.34, we have p(y;,y;—1) = 0, that is y; = y;_1. This is a contradiction (since
we assumed that y; # y;_1).

(2) T p(yi, yi-1) = Op(Yi, yir1) then p(yira, yi) < 97 0(yi, yi1) = 7p(Yis Yic1),

where 7 = 97!, Hence, we have

PYit1,¥:) < TPy Yio1) < 720(%—1,%—2) <= Tip(yhyO)a for all i € N.
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Using the same argument to the proof in Theorem 3.1, we get that {y;} is a Cauchy
sequence. Since (Y, p) is complete, there exists y, € Y such that y; — y. (1 — 00). To
show that y, is a fixed point of T, since T is continuous, so Ty; — Ty, (i — o), which
implies that y;—1 — Ty, (i — 00). Since the limit of a convergent sequence in cone

metric space over Banach algebra is unique, we get Ty, = y,. Thus, vy, is a fixed point T.

Common Fixed Point Theorem for Generalized Expansive Mappings in

Cone Metric Spaces over Banach Algebras

In this section, we prove a common fixed point theorem for generalized expansive
mapping in a cone metric space over a Banach algebra. Our results are significant
extension and generalizations of recent results in the literature. This section contains
the results published in the American Institute of Physics (AIP) Conference
Proceedings 1997, 020004, (2018). https://doi.org/10.1063/1.5048998
The following theorem is a generalization of Theorems 2.1, 2.2 and 2.6 in (Huang et al.,
2012; Jiang et al., 2016; Aage & Salunke, 2011), respectively.

Theorem 3.4. Let (Y, p) be a complete cone metric space over Banach algebra A with
a unit e and P be the underlying solid cone in A. Let ¥,,%, : Y — Y be two mappings
such that €,Y C XY, either T,Y or T,Y is a complete subspace of Y and satisfy the

following condition:
p(glya ‘ELZ) % 191/)(‘3297 z22) + ﬁQp(‘zlya TZy) + 193p(‘zlza Tzz)v (12)

for all y,z € Y, where ¥}, € P (k = 1,2, 3) such that (e —9s), (e —3), 97", (91 —92)71,
(01 +92)7", (91 +03)"" € P, spectral radius 8[(9; + 93) (e — ¥2)] < 1 and

§(9;7") < 1. Then T, and T, have a unique point of coincidence in Y. Moreover, if T,
T, are weakly compatible, then T, and ¥, have a unique common fixed point in Y.
Proof. Let yy be arbitrary point in Y. Since €,Y C T,Y, we choose y; € Y such that
T,y1 = T,y0. Again, we choose y € Y such that T,y, = T,y;. Continuing this process,

we construct a sequence {y;} in (Y, p) such that

Ty = Ty, foralli=0,1,2,.... (13)
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If y;—1 = y; for some j > 1, then T,y; = T,y; and y; is a coincidence point of T,, T,,
and the result is proved. Now, we assume that y; 1 # y; for all i € N. From (12) and

(13), we get

P(Toyio1, Toyi) = p(Tayi, Tuvigr)
= V1p(T2yi, Toyivr) + V2p(Tayi, Toyi) + I3p(Tryivr, Toyiva)
= 01p(%.9i, TYiv1) + Vop(Toyio1, To4i) + Vap(Tayis Tuligr)
(e = 02)p(Toyi1, Towi) = (V1 + U3) p(Fo9i, Tulivr)

P(Toi, Toyir) < (01 +93) 7 (e — Do) p(Toyio1, Tovi) < 7(Toi1, Tavi),
where 7 = (U1 + ¥3) "' (e — ¥J3). Hence, we have

(%Y, Tuoyiv1) < 7p(Tayiz1, Toys)
< 7'2/)((5:11/2‘72, ToYic1) < -

< 7'p(T,y0, T,y1), for all i € N. (14)
For i,j € N with j > 4, using (6) and (14), we have

P( %oy, Toyg) < p(Tayis Tovier) + p(Taivn, Toy;)
< p(Fayi Tyia) + p(Tayivt, Tive) + p(Lalive, Tolivs)
+ o+ p(Fyi0, Toyio1) + p(Rayi-1, Tayj)
< T p(Tyo, Toyn) + 7 p(Tawo, Tovn) + 72 0(Zavo, Tavn)
+ o+ T2 0(T 0, Togn) + T (T, Tuawn)
=7ie4+T+7 4+ 772 L TN (T 0, Ty
< Ti(,if’“)ﬂ(%yo, Tan) < 7 (e = 7)7 Ty, Tan).

Therefore, using (7), we have that ||7/(e — 7) ' p(Z,y0, T.01)| = 0 (i = 0), and it

follows, by Lemma 0.31, that for any ¢ € A with 6 < ¢, there exists ng € N such that
(T, Toy;) < me — 1) p(Tayo, Tuyn) K ¢, for all j > i > ny,

which implies that {¥,y;} is a Cauchy sequence. Suppose T,Y is complete subspace of

Y, then there exists y. € T,Y C T,Y such that T,y; — y. (i — 00) and also
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T — Y (i = 00). If T,V is complete subspace of Y, then there exists y. € T,Y such
that T,y; = T,y;-1 — v« (i = 00). Consequently, we can find z, in T,Y such that

T2 = Y. Now, we claim that T,z, = y.. Indeed, using (3), (12) and (13), we have that

P(Ys, Toyi) = p(Fr2e, Tuyit)
= 01p(Tozh, Toyint) + V2p(F124, Fo2:) + U3p(Z1vin1, Tolivn)
= U1p(T220, Toyiv1) + D2p(ys, To2i) + U3p(Toyis Tuyivn)
Py, Tayivr) + p(Tativr, Tayi) = D1p(Faze, Tatgivn) + O2[p(ys, Tayinr)
= P(Ta20 Tayirn)] + V3p(Tayis Tayivn)
(= 92)p(Toyiv1, Tuzi) < (€ — 92)p(Tayinn, yo) + (€ — U3) p(Tayi, Tayivn)

P(Zoyiv1, Tazi) < N1P(Zalivr, o) + 120(Zayis Tuligr),

where 71 = (91 — ¥3) (e — ¥3),72 = (91 — ¥9) "' (e — ¥3) € P. Now, by Lemma 0.53,

Lemma 0.54; {p(T,yi1,y4) b, {0(Tayi Toyiv1) } and {y10(Toyivrs i) + 720(Tayi, Toyina) }

are c-sequences. Hence, for any ¢ € P with 6§ < ¢, there exists N € N such that

p(zzyz#l’ (ZZZ*) < ’71/?(3231”1, y*) + ”yQp(szi, szl-ﬂ) < ¢, for all 7 > N,

which implies that T,y; 11 — %,z,. Since the limit of a convergent sequence in a cone
metric space over Banach algebras is unique, we have that ¥z, = %,2, = y.. Hence, vy,
is a point of coincidence of T, and ¥,. Next, we show that the point of coincidence of
T, and ¥, is unique. Suppose that y,., is another point of coincidence of ¥, and %,. i.e.

T 2w = Ty Zee = Y fOr some z,, € Y. Then

P(Yss Yos) = p(Fr24, T 20
= p(Taze, Tazis) + 02p(Tize, Tozi) + U3p(T1 20, Tais)
= V19U Yss) + V2p(Ys, Yi) + D3p(Yis, Ys) = 10(Yss Yir)
(Y Yus) <07 (Y Y-

Since §(¥7') < 1, it follows, by Lemma 0.34, that p(y., ys.) = 6, which implies that

UYs = Yss. Thus, ¥, and ¥, have unique point of coincidence y, in Y. If T, and T, are
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weakly compatible then, by Lemma 0.37, we have that T, and ¥, have a unique
common fixed point y, in Y. This completes the proof.

The following Corollary is a generalization of Corollary 2.3 in (Aage & Salunke, 2011;
Ahmad & Salunke, 2017; Huang et al., 2012; Jiang et al., 2016;), respectively.
Corollary 3.5. Let (Y, p) be a complete cone metric space over Banach algebra A with
a unit e and P be the underlying solid cone in A. Let T, : Y — Y be a surjective

mapping and satisfy the following condition:

p(f’zly7 Slz> = 79,0(3/, Z),

for all y,z € Y, where 9,9~! € P such that spectral radius §(9~!) < 1. Then T, has a
unique fixed point in Y.
Proof. Letting ¥, = I (identity mapping), ©; = ¥ and 5 = J5 = € in Theorem 3.4, the

result follows.

Example 0.56. Let A = C}[0, 1] and define a norm on A by ||y|| = [|y]lec + [|¥/|| s for
y € A, where multiplication in A is defined in the usual way. Then A is a Banach
algebra with unit element e = 1 and the set P ={y € A:y > 0,t € [0,1]} is a
non-normal cone in A. Let Y = {1,2,3}. Consider a mapping p:Y x Y — A define by
ol )(6) = 0, for all y €Y, p(1,2)(¢) = p(2, 1)(t) = p(1,3)(t) = p(3, 1)(t) = ¢, and
p(2,3)(t) = p(3,2)(t) = 6. Then (Y, p) is a cone metric space over Banach algebra A.
Define mappings %,, %, : Y - Y by T,(1) =1, ,(2) =3, T,(3) =2, T,(1) =1,
T.(2) =2, T,(3) = 3. Let ¥ € P (k = 1,2,3) be defined by 91 (t) = 55, do(t) = 2,
and U5(t) = B+, Some calculations show that all the conditions of Theorem 3.4 are

satisfied and y, = 1 is the unique coincidence and common fixed point of ¥, and %,.

Conclusion

In this section, we use the notion of generalized expansive mappings on cone
metric space over Banach algebras and prove some new fixed point theorems for such
mappings. Our results are actual generalization of the recent results in (Aage &
Salunke, 2011; Ahmad & Salunke, 2017; Huang et al., 2012; Jiang et al., 2016) and

others in the literature.
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CHAPTER IV
Some Fixed Point Theorems in Partial Rectangular Cone b - Metric Spaces

In this section, we introduce the concept of a partial rectangular cone b - metric
space over Banach algebras and prove some fixed point results under various contractive
mappings in such a space. Some examples are given to elucidate the results. Our results
extend and generalize many existing results in the literature. This section contains the
results published in the Journal of Mathematics, Hindawi, Volume 2021, Article ID
8447435, 8 pages. https://doi.org/10.1155/2021 /8447435

George et al. (2017) introduced the concept of a rectangular cone b-metric space
over Banach algebras as a generalization of metric space and many of its
generalizations. They proved some fixed point results in such a space. Very recently,
Fernandez et al. (2020) introduced partial cone b - metric space over Banach algebras
as a generalization of partial metric space and many of its generalizations. Motivated
and inspired by these papers (George et al., 2017; Fernandez et al., 2020), we introduce
the concept of a partial rectangular cone b - metric space over Banach algebras which
generalized both rectangular cone b-metric space over Banach algebras and partial cone
b - metric space over Banach algebras. Further, we prove some fixed point results under
various contractive mappings in such a space. Examples are also given to elucidate our

results. We start with definitions and some existing results required in the sequel.

Definition 0.57. (Fernandez et al., 2020) Let Y be a nonempty set and .4 a Banach
algebra. Suppose that, for all y, z,z € Y, a mapping P,: Y x Y — A satisfies:
Ly=zePy,y) =Py 2) =Pz 2);
2.0 2 Po(y,y) 2 Poly, 2);
3. Pu(y, 2) = Po(z,y);
4. Py, z) < s[Py(y, z) + Pz, 2)] — Py(z, x).

Then (Y, Py) is called a partial cone b-metric space over A with coefficient s > 1.

Definition 0.58. (George et al., 2017) Let Y be a nonempty set and K a solid cone in

a Banach algebra A. Suppose that, for all y, z € Y and all distinct points
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x1, 22 € Y \{y, 2z}, a mapping P,s: Y X Y — A satisfies:
L0 2 Pra(y,2) and Prp(y, 2) = 0 & y = 2;
2. Prcb(yv Z) = Prcb(za y)a

3. there exists s € K with e < s such that
Prcb(ya Z) j S[Prcb(y> $1) + Prcb(xla l’z) + Prcb(IQa Z)]

Then P, is called a rectangular cone b-metric on Y, and (Y, P,.) is called a

rectangular cone b-metric space over A with coefficient s.

We now introduce the concept of a partial rectangular cone b-metric space
(Pf-cone metric space) over Banach algebras and give some of its topological property.
Further, the notions of convergent sequence, #-Cauchy sequence and #-completeness in
the setting of this new space are defined. Moreover, some fixed point theorems under

various contractive mappings are proved in such a space.

Definition 0.59. Let Y be a nonempty set and K be a solid cone in a unital Banach
algebra A. Suppose that, for all y, z € Y and all distinct points z1,22 € Y\ {y, 2}, a
mapping Py : Y x Y — A satisfies:

(PL) y =2 Pi(y.y) =Py, z) = Py(z 2);

(P2) 0 2 Py(y,y) = Py (y, 2);
(P3) Py(y, 2) = Py (z,9);
(P4)

P4) there exists s € K with e < s such that
Pg(y7 Z) j S[Pg<y7 xl) + Pg(x17 x2) + ,P;;(SU% Z)] - Pg(x17 xl) - Pg(£27 x2)-

Then P} is called a partial rectangular cone b-metric on Y, and (Y, P/, A) is called a

partial rectangular cone b-metric space over Banach algebra A with coefficient s (in

short PRCbMS-BA).

Remark 0.60. In any PRCbMS-BA (Y, P}, A) if P/ (y,z) =0 for all y,z € Y, then
y = z, but the converse may not be true. Also every rectangular cone b-metric space
over A is a Pj-cone metric space over A with zero (6) self distance, but there are

Pi-cone metric spaces over A which are not a rectangular cone b-metric space over A.
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Example 0.61. Let A = C}[0, 1] with the norm
[yl = llylloc + 1% lloc, for all y € A.

Define multiplication pointwisely on A. Then, A is a Banach algebra with unit
e(t)=1,Vt € [0,1]. Let C={y € A: y =y(t) > 0,t € [0,1]}. Then K is a solid cone in

A. Let Y = {y1,v2,y3, ¥4} and, for all y, z € Y, define a mapping P;: Y x Y — K by

0, ify=z=uy;
Pily.2)(t) =1 2t, if y,2 € {yr.y2},y # =
t,  otherwise.
Then (Y, P}, A) is a PRCbMS-BA with coefficient s = 4/3 which is not a rectangular

cone b-metric space over A, because P} (v, y2)(t) # 0 and P} (y1,y2)(t) = 2t >t =

Pr(yr, y3) () + Py (ys, ya) (1) + Pg (ya, y2) (1) — P (ys, y3) (1) — Py (ya, ya)(t).

Definition 0.62. Let (Y, P}, A) be a PRCbMS-BA and K be a solid cone in A. For

each y € Y and each c € K°, let

B'Pg'(:%C) = {Z €Y: Pg(yu Z) < C+Pg(y7y)} and

B = {Bp;(y,c): y €Y and c € K°}. Then

7 ={U CY: for all y € U there exists Bpr € Band y € Bpy cUlui,

is a topology on Y, Bpr(y,c) is a Py-ball in (Y, Py, A), B is a subbase for the topology

7p on Y, and U is a base generated by the subbase B.

Definition 0.63. Let (Y, P],.A) be a PRCbMS-BA, K be a solid cone in A, y* € Y and
{yn} be a sequence in Y. If for every ¢ € K°, there exists N € N such that
Pi(Yn,v*) < c+ Pl (y*,y*) for all n > N, then {y,} is said to be convergent in ¥ and

converges to y*. This fact is denoted by vy, — y* as n — oo or lim, . Yy, = y*.

Definition 0.64. Let (Y, P}, A) be a PCbMS-BA, K be a solid cone in A and {y,} be
a sequence in Y. Then {y,} is called a 6-Cauchy sequence if {P} (yn, ym)} is a c-sequence
in A. That is, if for every ¢ € K°, there exists N € N such that P} (y,,, ym) < c for all

n,m > N.
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Definition 0.65. Let (Y, P],.A) be a PRCbMS-BA, K be a solid cone in A, y* € Y and
{yn} be a sequence in Y. Then (Y, P}, A) is called #-complete if every §-Cauchy

sequence {y,} in Y converges to a point y* € Y. That is,

Hm Py (Y, ym) = m Py (yn, y*) = Py (Y™, y") = 0.

n,Mm—00

Lemma 0.66. Let (Y, P}, A) be a PRCbMS-BA and {y,} be a sequence in'Y . If {y,}
converges to y* € Y, then
(1) {P} (yn, y*) } is a c-sequence.

(2) for any m € N, {P] (Yn, Yn+tm)} S a c-sequence.

Proof. Follows from Definitions 0.23, 0.59 and 0.63.

Banach Contraction Principle on P;-Cone Metric Space over a Banach

Algebra

Firstly, we present a variant of the Banach contraction principle on P]-cone metric
space over Banach algebra A as follows:
Theorem 4.1. Let (Y, P}, A) be a 6-complete PRCbMS-BA with s € I such that

e = s. Suppose F': Y — Y is a function satisfying
Py (Fy,Fz) 2 aP;(y,z) forall y,z € Y, (1)

where o € K such that o commutes with s and p(a) < 1. Then F has a unique fixed
point.

Proof. Let yy be a point in Y. We define a sequence {y,} in Y by
Yp = Fy,_1 = F™yy foralln > 1. (2)

If y,, = Y11 for some n € N, then y* =y, = Fly, is a fixed point of F, and the result is
proved. Hence, we assume that y,, # y,.+1 for all n > 0. We will show that
Yn 7 Yntq for all n > 0 and ¢ > 1. Suppose that y,, = y,+, for some n > 0,q > 1, then

Ynt1 = Yntqt1 and Fy, = Fy,.,. Then (1) implies that

Pg (ym ynJrl) = Pg(yn+qv yn+‘1+1) j OC,P;;(:gnJrqfl? yn+q) j e j aqu(yna yn+1)-
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Using Lemma 0.24, we obtain that PJ (y,, yn+1) = 0, that is y, = yn41, which is a
contradiction. Therefore, y,, # y,,, for all distinct n, m € N. Hence, from (1) and (2), we

have that

Py (Yn, Yn+1) = Py (FYn—1, Fyn) = &Py (Yn—1,Yn)
= PP (Yn—2:Yn—1) = -+ 2" Py (Yo, 1)

Py (Yns Ynt1) = " Py (yo,y1) for all n € N. (3)

Similarly, for all n, m,q € N, we obtain that

Pg(yn—&-m ym—i-q) = Pg(Fyn+q—1> Fym—i-q—l) = O‘Pg (yn+q—17 ym+q—1)
= ang(yn—&-q—% ym+q—2) == aqug (yna ym>

Py (Yntg: Ymtq) = TPy (Yn, Yn) for all n,m,q € N. (4)

Observe that p(s) exists because of Lemma 0.25, and since p(«) < 1, there exists ¢; € N
such that p(s)p(a)?™ < 1 holds. Since o commutes with s, by Lemma 0.25 and Lemma

0.26, we have that
p(sa®) < p(s)p(a)® < 1 and (e — sa™) is invertible in A. (5)
Hence, by the condition (P4), for all y, z, z1,x2 € Y we have

Pg(y,2> j S[Pg(yvxl) + Pg(xth) + Pg(CEQ,Z)] - 7)5(371,1'1) - ,P;;(Iz,ﬁg)

Py(y, z) = S{P,f(y,a:l) + Py (w1, 2) + 775(1’272)} for all y, z, 21,2 € Y.
This, using (4) and (5), implies that

Pg(yna ym) j S [sz (?/na yn-i—ql) + Pg (yn+q17 ym-i—ql) + P;; (ym+q1 ) ym)]

IA

5[ Py (40, Y ) + " P (Y Ym) + " P5 (Yar 0)|
(6 - S&ql)Pg(yna ym) j S [anpg (yOa yq1) + ampg(y(h ) yO)}

Pg<yn7 ym) j (6 - Saql)ils [anpl: (y07 yq1) + ampg(yth ) yO)} :

Using Lemma 0.33 and Lemma 0.52, we deduce that {P} (yn,ym)} is a c-sequence in A.

Therefore, {y,} is a 8-Cauchy sequence in Y. From the hypothesis, (Y, P}, .A) is
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@-complete, hence there exists a point y* € Y such that {y,} converges to y*. That is
dim Py (yn, y*) = lim_Py(yn, ym) = Py (y",y") = 0.
Next, we will show that y* is the unique fixed point of F.

Po(y*, Fy*) 2 s[Py(y"s yn) + Py (Yns Ynt1) + Py (Yns1, Fy*)]
— Py (Yns Yn) — Py (Ynt1, Ynt1)
= s[Py (", yn) + Py (Yns Ynt1) + Py (Fyn, Fy*)]
= 8[Py (Y™, yn) + Py (Yns Yns1) + Py (Yn, )]

Py (v, Fy) = s[le 4+ )Py (y™ Yn) + Py (Yns Ynt1))-

By Lemma 0.30 and Lemma 0.66, we have P} (y*,y,) — 0 as n — oo and
P (Yny Yns1) — 0 as n — oco. Hence, we deduce that P (y*, Fy*) = 0. That is y* = Fy*.
So, y* is a fixed point of F. For uniqueness, we let z* be another fixed point of F. Then,

it follows from (1) that
Py(y*, 2") = Pp(Fy*, Fz") 2 aPy(y", 2").

By Lemma 0.24, we get that P/ (y*, z*) = 6, and hence y* = z*.

Kindly, observe that Theorem 4.1 extends and generalizes Theorem 3.5 in (George et
al., 2017), Theorem 3.1 in (Jain & Chaubey, 2020), Theorem 2.1 in (George et al.,
2015), Theorem 2.1 in (Liu & Xu, 2013) and Theorem 3.1 in (Xu & Radenovic, 2014).

Example 0.67. Let A = C}[0, 1] with the norm

1l = llyllo + [[¢/[loc, for all y € A.

Define multiplication pointwisely on A. Then, A is a Banach algebra with unit
e(t)=1,vVt e [0,1]. Let C={y € A: y =y(t) > 0,t € [0,1]}. Then K is a solid cone in
A. Let Y ={0,1,2,3} and, for all y, z € Y, define a mapping P} : ¥ x Y — K by

y*t, if y=2#0;

20 + 24t ify,z ¢ {2,3}y # =
(2 + 22, ify,z€{2,3}y#z
1

at, lfy:ZZO

Py(y, 2)(t) =
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Then (Y, P}, A) is a f-complete PRCbMS-BA with coefficient s = 2. Define a mapping

F:Y —Y as follows:

0, ifye{0,1};
Fy— y € {0,1}

1, if y € {2,3}.
Hence, the mapping F' satisfies all the conditions of Theorem 4.1 and y* =0 € Y is the

unique fixed point of F.

Reich Contraction Principle on P;-Cone Metric Space over a Banach

Algebra

Secondly, we present a variant of the Reich contraction principle on Pj}-cone metric
space over Banach algebra A as follows:
Theorem 4.2. Let (Y, P;,.A) be a §-complete PRCbMS-BA with s € K such that

e = s. Suppose F': Y — Y is a function satisfying
Py(Fy, Fz) 2 aPy(y, 2) + Py (y, Fy) + 7Py (2, Fz), (6)

for all y, z € Y, where «, 3,7 € K commutes, p(a) + p(5 + ) < 1 and
min{p(5), p(7)} < ﬁ. Then F' has a unique fixed point.

Proof. Let yy be a point in Y. We define a sequence {y,} in Y by
Yns1 = Fy, = F"ly, for all n > 0. (7)
From (6) and (7), we have

Pg(yn—i-h yn) = PZ(Fym Fyn_1)
=< &Py (Y, Yn—1) + BPy WYn, Fyn) + YPy (Yn—1, Fyn—1)

(e = BYPy (Yns1:Yn) = (@ +9)Py (Y, Yn—1)- (8)
Similarly, on the other hand, we have
Py (Un+1,Yn) = Py (FYn, Fyn—1) = Py (Fyn_1, Fyn)

= &Py (Yn-1,Yn) + BP; (Yn—1, Fyin-1) + VP (Yn, Fyn)

(e = V)P; (Ynt1,Yn) = (+ B)P} (Y, Yn—1)- (9)
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Adding up (8) and (9), we have
(26 = NPy (Ynt1,Yn) = (20 4 NPy (Yn, Yn1), (10)
where A = (8 +v) € K. Now, observe that
2p(A) < 2p(e) +2p(A) = 2[p(e) + p(B +7)] < 2.

This implies that p(\) < 1 < 2, then by Lemma 0.25 it follows that (2e — \) is invertible

and (2 — \)7' = 15, . From (10), we get

Pg(yn—&-lv yn) j (26 - )\)71(205 + )‘),Plr(ym yn—l) j kpg(ym yn—1>7 (11)

where k = (26 — \)"'(2a + \) € K. Hence,

Py Yni1, Yn) = EPL (Y Yn-1) = K*Pp(Yn1,Yn—2) = -+ < K" P} (y1, %)

Py (Yn+1,Yn) = k" Py (y1,90) for all n € N. (12)

We claim that p(k) < 1. Indeed, since a commutes with A = 5 4 ~, it follows that

oo i 00 )\j 0 )\j+1

(2e = A)'(2a+ \) = (Z 2?+1>(204+)\) = 2(2 2j+1)0z+§) 571

§=0

2]{1) - (2a+A)<i2ﬁ1>

J=0

= (2a + A)(2e — A) L.

Therefore, (2cc + A) commutes with (2¢ — A\)~'. Then, by Lemma 0.25 and Lemma 0.26,

we obtain

p(k) = p((2e = N) 720+ \)) < p((2e = N)")p(20+ A)

< 2_1/)0\){2;)(04) + p()\)] <1 (since p(a) + p(A) < 1).

If y,, = Y11 for some n € N, then y* = vy, = Fly, is a fixed point of F, and the result is
proved. Hence, we assume that y,, # y,.1 for all n > 0. We will show that
Yn 7 Yn+q for all n > 0 and ¢ > 1. Suppose that y,, = y, 44 for some n > 0,¢ > 1, then

Ynt1 = Yntq+1 and Fy, = Fy,,,. Then (11) implies that

,Pg (ynJrl: yn) = Pg (yn+q+1> ynJrq) j k'qlpl: (ynJrl; yn)-
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Using Lemma 0.24, we obtain that PJ (y,+1,yn) = 0, that is y,4+1 = Y, which is a
contradiction. Therefore, y,, # v, for all distinct n, m € N. Next, from (6), (7) and

(12), we have

Py (Yns Ym) = Py (FYn—1, FYm-1)
= aPy (Yn—1,Ym—1) + BPy (Yn—1, FYn-1) +YPy (Ym—1, FYm—1)
= &Py (Yn—1,Ym-1) + 6Py (Yn-1,Yn) + YP; (Ym-1, Ym)
= AP (Yn-1, Ym—1) + BE TPy (yo, y1) + 7K™ Py (o, 1)

Py (Yns Ym) =GPy (Yn—1,Ym—1) + (¢" + ¢™)P}, (Yo, y1), (13)

where ¢ € {a, 5,7, k} such that p(q) = max{p(a), p(5), p(7), p(k)}. Hence, from (13),

we also obtain
Py (Yns Ym) = PPy (Yn—ps Ym—p) + 2(¢" + ¢™) Py (Y0, Y1), (14)

for all p € {1,2,...,min{n, m}}. Observe that p(s) exists because of Lemma 0.25, and
since p(q) < 1, there exists gy € N such that p(s)p(¢)?® < 1 holds. Further, since g

commutes with s, by Lemma 0.25 and Lemma 0.26, we have that
p(sq™) < p(s)p(q)® < 1 and (e — sq™) is invertible in A. (15)
Therefore, from (14), we further obtain
Py (Un Yntao) = 0" Py (Yo, Yao) +1(q" + ¢ )Py (Yo, 1), (16)

PI: (ym-‘rqov ym) j qmpg(qu yO) + m(qm+q0 + qm)Pg (y07 yl)a (17)

Pr (Ynsaos Ymtao) = QP Yy Ym) + qo(q" T + ¢"TO)Py (Yo, y1)- (18)
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Hence, from (P4), (15), (16), (17) and (18), we have

Py (Y ym) 2 S[Py (Y Yn+ao) + Py (Yntaos Ymevao) T Py (Ymet0: Ym)]
— Py (Ynta0> Yntao) — Po Ymtaos Ymtao)
84" Py (Yo, Yao) +1(q" +¢" )Py (yo, 1)
+ 4Py (Yns Ym) + G0(¢" % + ") Py (Yo, y1)
+ 4" Py (Ygor Yo) +m(q™ 0 + ¢™) Py (o, y1)]

(€ = 54 P} (Y, ym) = s{ (0" + )P} (Yo, o) + [0" (0 + (n + 20)q")

+ 4" (m 4 (m + q0)q™)| Py (yo, 1 }

Pi (Y ym) = (e = 50%) " s{(q" + 4P} (Yo, Yao) + " (n + (n + 00)q™)

+¢"(m~+ (m+q0)g™)| Py (vo, v1 }

Using Lemma 0.33 and Lemma 0.52, we deduce that {P} (yn,ym)} is a c-sequence in A.
Therefore, {y,} is a 8-Cauchy sequence in Y. From the hypothesis, (Y, P}, .A) is

O-complete, hence there exists a point y* € Y such that {y,} converges to y*. That is

lim Pb (yna ) - n}qizr—rgoo Pg(:gna yM) = ,Pg(y*’ y*> =90.

n—oo

Next, we will show that y* is the unique fixed point of F.

Py (", Fy*) = s[Py(y", yn) + Py (Yn, Yns1) + Py (Yns1, FY")]
= Py Wns Yn) — Py (Ynt1, Ynt1)
[Py (Y™, Yn) + Py (Yns Yns1) + Py (Fyn, Fy*)]
=[Py (Y" yn) + Py (Yns Ynt1) + &Py (Yn, )
+ BPy (Yn, Fyn) + 7Py (v, Fy*)]

Py(y™, Fy*) 2 s[e +a)Py(y", yn) + (e + B)Py (Yn, Yns1) +YPy (y*, Fy")].  (19)
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On the other hand, we have

Py(Fy"y") 2 s[Py(FY" Ynsr) + Py (Ynt1, Yn) + Py (Yn, y7)]
= Py (Yn+1, Ynt1) = Py (Yn, Yn)
= sPE(FY" Fyn) + Py (Ynt1, Yn) + Py (Yn, y7)]
= slaPy(y",un) + FP (Y, Fy™) + 7Py (Yn, Fyn)
+ Py (Ynt1,Un) + Py (Yn, y7)]
Py(y™, Fy*) = slle + )Py (y", yn) + (e + )Py (Yn, yni1) + P (y7, FyT)l. - (20)
By Lemma 0.30 and Lemma 0.66, we have P] (y*,y,) — 0 as n — oo and
Pl (Yn, Yns1) — 0 as n — oo. Hence, from (19) and (20), we deduce that
Pi(y™, Fy*) = syPy(y", Fy*) and Pi(y*, Fy*) 2 sfPy(y", Fy”). Since
min{p(B), p(7)} < =L, by Lemma 0.24, we have Pj (y*, Fy*) = 6. So that y* = Fy*.

p(s)?

That is, y* is a fixed point of F. For uniqueness, we let z* be another fixed point of F.

Then, it follows from (6) that
Py, 2") = Py(Fy", Fz7)
=aPy(y",2%) + BP(y", Fy*) + Py (2", F'2Y)
= aPy (2 y") + BP (v y") + P (27, 27)
= aPp (25 y") + BPy (Y, 27) + Py (25, y)
Py, 2") 2 (a+ B+ 9Py, 7).
By Lemma 0.24 and Lemma 0.26, we have that P} (y*, z*) = 0, and hence y* = z* i.e.
the fixed point of F' is unique.
Note that Theorem 4.2 extends and generalizes Theorem 3.1 in (George &
Mitrovic, 2018).
Finally, we present a variant of the Kannan contraction principle on Pj-cone
metric space over Banach algebra A as follows:

Corollary 4.3. Let (Y, P}, A) be a 6-complete PRCbMS-BA with s € K such that

e = s. Suppose F': Y — Y is a function satisfying

Py (Fy, Fz) =X B[Py (y, Fy) + Py (2, Fz)] for all y,z € Y,
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where a € K such that p(8) < 1/2 and p(sf) < 1. Then F has a unique fixed point.
Proof. Put a = 6 and § =« in Theorem 4.2, the result follows.

Note that Corollary 4.3 generalizes Theorem 2.4 in (George et al., 2015), Theorem 2.3
in (Liu & Xu, 2013), and Theorem 3.3 in (Xu & Radenovic, 2014).

Conclusion

In this section, the concept of a partial rectangular cone b-metric space over
Banach algebras was introduced and some new fixed point results under various
contractive mappings were proved in such a space. Some examples were also given to
elucidate the results. Our results extend and generalized many existing results in
(George et al., 2015; George et al., 2017; George & Mitrovic, 2018; Jain & Chaubey,
2020; Liu & Xu, 2013; Xu & Radenovic, 2014).
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CHAPTER V
Some Fixed Point Theorems in Pentagonal Cone Metric Spaces

In this chapter, we obtain some fixed point theorems of Banach type and
Kannan type for self mappings in non-normal pentagonal cone metric spaces. We also

give some examples to support the results.

Banach - Type Fixed Point Theorem in a Pentagonal Cone Metric Space

In this section, we prove Banach fixed point theorem for a self mapping in
pentagonal cone metric spaces without assuming the normality condition. This section
contains the results published in the Journal of Advanced Studies in Topology, 7(2),
(2016), 60 - 67. https://doi.org/10.20454 /jast.2016.1019
Theorem 5.1. Let (X, d) be a complete pentagonal cone metric space. Suppose the

mapping S : X — X satisfy the following contractive condition:

d(Sz, Sy) < p(d(z,y)), (1)

for all z,y € X, where ¢ € ®. Then S has a unique fixed point in X.

Proof. Let zy be an arbitrary point in X. Define a sequence {x,} in X such that
Tpy1 = Sxy, foralln=20,1,2,.... (2)
We assume that z, # 2,41, for all n € N. Then, from (1) and (2), it follows that

d(xp, Tpi1) = d(Sxy_1,Sxy)
< go(d(:pn_l,xn)) = gp(d(Swn_g, Sa:n_l))

< (d(zn2,701)) < -+ < " (d(wo, 1)) (3)

It again follows that

(@, Tni2) = d(STp 1, STn11) < @(d(Tn-1,T011))

< @ (d(wn2,70)) < - < 9" (d(z0, 2) ). (4)



It further follows that
d(l‘n, xn+3) - d(an—h an+2) S @(d(l'n—l, xn+2))
< <" (d(o, 73)).
Similarly, for £k =1,2,3,..., we get
d(Tn, Tryghrr) < " (d(l‘o, $3k+1))7
d(2p, Tpispa) < " (d(xoa $3k+2)),
d(xy, xn+3k+3) < " (d(ﬂfoa $3k+3))-
By using (3) and pentagonal property, we have
d(w()a ‘IL‘4) S d(..'lf(), l‘l) + d(xla 372) + d(.fCQ, $3) + d(ﬂfg, $4)
< d(zg,z1) + Sﬁ(d(iﬁo,xl)) + ¢ (d(ﬂfo,ifl)) +¢° (d(il?o, 5151))

> (o)

| N

Similarly,

d(l’o, I7> S d([L‘Q, ZL’l) + d(ZEh ZL'Q) + d([L‘Q, 1173) + d([Eg, .174)
-+ d(ZE47 175) + d(ZE5, .176) + d(l’6, 177)
< d(zg, 1) + w(d(mo,x1)> + ? (d(:z:o,xl)) + ° (d(xo, xl))

+ ¢t (A0, 21)) + ¢ (Ao, 21) ) + ¢ (d(wo, 21))
6
Z ( Zo, 1 )
i=0
Hence, by induction, we obtain for each k =1,2,3,...

3k

d(zo, T3e1) < D' (d(%, Il))

=0

Also, by using (3), (4), and pentagonal property, we have

d(zo, z5) < d(wo, x1) + d(x1, 22) + d(x9, 3) + d(x3, T5)
< d(xg,x1) + go(d(xo,xl)) + (d(xo,xl)) + ¢ (d(mo, LEQ))

Z ( To, T1 ) + gOs(d(xo,xg)).

| N
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Similarly,

d(zo, ) < d(wg, 1) + d(x1,22) + d(2, 23) + d(23,24)
—f- d($47 .175) + d(ZL’5, 1’6) + d([L’ﬁ, 5(78)
< d(xg,x1) + go(d(aro,ml)) + ? (d(mo,xl)) + (d(xo, xl))

+ ot (d(a:o, :L‘l)) + 0 (d(l‘g, xl)) + (d(xo, m2)>

Z ( Xo, L1 )—|—<,06(d(x0,a72)>.

i=0
By induction, we obtain for each £k =1,2,3, ...
3k—1
d(zo, Taps2) < Y @z(d(xowl)) + <P3k<d($0,$2))- (10)

1=0

Again, by using (3), (5), and pentagonal property, we have

d(zo, ) < d(xg, 1) + d(x1,22) + d(22, 23) + d(x3, T6)
< d(xg,x1) + w(d(mo,xl)) + (d(xo,xl)) + ¢ (d(xo, x3)>

Z ( Zo, T1 ) + wg(d(xo,xg)).

I/\

Similarly,

d(zg, ) < d(xg, 1) + d(x1,22) + d(22, 23) + d(x3,24)
+ d(z4, x5) + d(z5, 6) + d(x6, T9)
< d(xg,x1) + w(d(mo,xl)) + (d(xo,xl)) + ¢ (d(xo, x1)>

+ ot (d(xo, x1)> +¢° (d(mo, xl)) + " (d(xo, xg))

<> ( Zo, 1 )—i—(,OG(d(xo,xg)).

i=0
By induction, we obtain for each £k =1,2,3, ...
3k—1

d(wo, wae3) < Y ' (d(wo, 21)) + ™ (d(xo, 3)). (11)

1=0



Using inequalities (6) and (9), for £ =1,2,3,..., we have

AT, Tpgserr) < @" (d(%; $3k+1))

< gpn|: 43k @ (d(a:o,xl) + d(xo, z2) + d(%?fES))]

< g [i ¢ (Ao, 1) + (o, 73) + (w0, 24) |

Similarly for £ = 1,2,3,..., inequalities (7) and (10) implies that

d(Tp, Tpispra) < " (d(%a -T3k+2>>

' (d(mo» xl)) + " (d@o, 932))}

Again for k =1,2,3,..., inequalities (8) and (11) implies that

d(zp, Tpiskys) < @" (d(xoa $3k+3)>

< 90"[ @ (d(xo, xl)) + o3 (d(a:o, x3)>

< 30"{ ' o (d(xo,xl) + d(xg, x2) + d(xo,xg))
+ p3F (d(xo, x1) + d(zo, 2) + d(z0, .1’3))]

@ (d(xo, x1) + d(zg, x2) + d(z0, xg))]

< Spn i ‘;01 (d(ﬂﬁo, -771) + d(l’g, 372) + d(xo, .173))] .

Thus; by the inequalities (12), (13), and (14) we have, for each m,

(T, Tpam) < @" {i(pl (d(xo, r1) + d(xg, x2) + d(xo, LL’3>)

=0
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(12)

(13)

(14)

(15)
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Since 3%, ¢ (d(mo, x1) + d(zo, x2) + d(zo, x3)> converges (by definition 0.35), where
d(zo, 1) + d(zo, 22) + d(z0,23) € P\ {0}, and P is closed, then
S (d(xg, 11) + d(z0, ) + d(z0, azg)) € P\ {0}. Hence

Jim @[ 3 ¢ (dwo, 20) + dlao, 22) + dwo, 75)) | =0,
i=0
Then, for given ¢ > 0, there is a natural number N; such that
" {Z(pz (d(xo, x1) + d(xg, z2) + d(l’o,l‘g)):| < ¢, VYn> Ni. (16)
i=0

Thus, from (15) and (16), we have
d(xp, Tpim) < ¢, for all n > Nj.

Therefore, {z,} is a Cauchy sequence in X. Since X is complete, there exists a point
z € X such that lim,,_, x, = lim,_,, Sx,,_1 = z as n — 0.

Now, we show that Sz = z. Given ¢ > 0, we choose a natural numbers
Ny, N3, Ny such that d(z,7,) < §, Vn > Ny, d(zpq1,7,) < §, Vn > N3, and

d(l’n_l,Z) <K %, Vn Z N4.

Since x,, # x,, for n # m, therefore by pentagonal property, we have
d(Sz,z) <d(Sz,Sx,) + d(Szp, Stp_1) +d(Sxp_1, Sxp_2) + d(STH_2,2)
< gp(d(z, $n)> +d(pi1, Tn) + d(Tp, Tpo1) + d(x,_1, 2)

<d(z,xp) + d(xpi1, Tn) + d(Tp, Tpo1) + d(xn_1, 2). (17)
Hence, from (17), we have

c ¢ ¢ ¢
— — — —_ = >
d(Sz,Z)<<4+4+4+4 ¢, for all n > N,

where N := max{Ny, N3, N;}. Since c is arbitrary we have d(Sz,2) < =, Vm € N.
Since = — 0 as m — oo, we conclude = — d(Sz, z) = —d(Sz, z) as m — oo. Since P is
closed, —d(Sz,z) € P. Hence d(Sz, z) € PN —P. By definition of cone, we get that
d(Sz,z) =0, and so Sz = z. Therefore, S has a fixed point that is z in X.

Next, we show that z is unique. For suppose 2z’ be another fixed point of S such

that Sz’ = 2’. Therefore,

d(z,2') =d(Sz,587") < gp(d(z, z’)) < d(z, 7).
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Hence z = z/. This completes the proof of the theorem.
Corollary 5.2. Let (X, d) be a complete pentagonal cone metric space. Suppose the

mapping S : X — X satisfy the following:
d(S™x,S™y) < d(z,y),

for all z,y € X, where o € ®. Then S has a unique fixed point in X.

Proof. From Theorem 5.1 we conclude that S™ has a fixed point say z, Hence
Sz = 9(S"z) = ™z = S"(Sz).

Then Sz is also a fixed point to S™. By uniqueness of z, we have Sz = z.
Corollary 5.3. (Garg & Agarwal, 2012) Let (X, d) be a complete pentagonal cone

metric space. Suppose the mapping S : X — X satisfy the following:
A(Sz, Sy) < Ad(z, ),

for all z,y € X, where A € [0,1). Then S has a unique fixed point in X.

Proof. Define ¢ : P — P by ¢(t) = At. Then it is clear that ¢ satisfies the conditions
in definition 0.35. Hence the results follows from Theorem 5.1.

Corollary 5.4. (Rashwan & Saleh, 2012) Let (X, d) be a complete rectangular cone

metric space. Suppose the mapping S : X — X satisfy the following:
d(Sz, Sy) < @d(z,y),

for all x,y € X, where ¢ € ®. Then S has a unique fixed point in X.
Proof. This follows from the Remark 0.45 and Theorem 5.1.

Common Fixed Points of Four Maps in Pentagonal Cone Metric Spaces

In this section, we prove Banach - type fixed point theorem for four self
mappings in non-normal pentagonal cone metric space. We give an example to illustrate
the results. This section contains the results published in the Far East Journal of
Mathematical Sciences, 100(7) (2016), 1141 - 1157.
https://doi.org/10.17654/ms100071141
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Theorem 5.5. Let (X, d) be a pentagonal cone metric space. Suppose the mappings
f,9, U,V : X — X satisty the contractive conditions:

(C1) d(fz,gy) < ad(Uz, Vy);

(C2) d(fz, fy) < ad(Usz, Uy);

(C3) d(gz, gy) < ad(Vz, Vy);
for all z,y € X, where o € [0,1). Suppose that f(X) C V(X), g(X) C U(X) and one of
f(X), g(X), U(X) or V(X) is a complete subspace of X, then the pairs (f,U) and
(g, V') have a unique point of coincidence in X. Moreover, if (f,U) and (g, V) are
weakly compatible pairs, then f, g, U and V have a unique common fixed point in X.
Proof. Let zp € X. Since f(X) C V(X) and g(X) C U(X), starting with xy, we define

a sequence {y,} in X such that

Yon = fon = Vo1 and yopi1 = 99,401 = Uxgpio foralln =0,1,2,---

Suppose that yp = yr1 for some k € N. If k = 2m, then ys,, = Y21 for some m € N,

then from (C1), we obtain

d<y2m+27 meH) = d(f$2m+2, gl’2m+1)

< ad(Uxam+2, VTomit)
= ad(Yam+i1, Yam) = 0.
Therefore, yomi2 = Yoms1. In similar way, we can deduce that

Yomt2 = Yom+3 = Yomia = - -+ . Hence, y, = yg, for all n > k. Therefore, {y,} is a

Cauchy sequence in X. Assuming that y,, # y,11, for all n € N. Then from (C1), we have

d(ygm, ?J2m+1) = d(filém, 9$2m+1)

< ad(Uzgm, VTomi1)

- ad(me—lu me)
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This implies that

d(y2ma y2m+1) S Oéd(y2m717 me)

S OéZd(y2m—27 mefl)

< ¥ d(yo, y1), Ym > 1. (18)
Also,
d(y2m+17 y2m+2) = d(f$2m+1, g$2m+2)

S Ozd(Ul'Qm+2, V$2m+1)

= ad(Yom+1, Yom),
which implies that

A(Yom+1; Yom+2) < ad(Yom, Yam+1)

S OéZd(meflv me)

< o®d(yo, y1), Ym > 1. (19)
Hence, from (18) and (19), we have

A(Yns Ynt1) < a"d(yo,11), Yn > 1. (20)

From (C2), (20), pentagonal property, and the fact that 0 < a < 1, we obtain

d(Yam, Yam+2) = d(fT2m, fTam+2)
< ad(Uzom, Uromyo)
= ad(Y2m-1, Yom+1)
< 04<d(y2m—1a Yom) + A(Y2m, Yom+1) + d(Y2ms1, Yomr2) + d(Y2me2, y2m+l))
< a@® d(yo, 1) + *"d(yo, 1) + ”d(yo, y1) + > d(yo, 1))

< a®™d(yo, y1) + " d(yo, 1) + ¥ 2d(yo, y1) + 2" d(yo, yr)

a2m

d(yo, y1), Ym > 1. (21)

11—«
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From (C3), (21), pentagonal property, and the fact that 0 < a < 1, we obtain

d(meJrla y2m+3) = d<gx2m+17 gx2m+3)

< ad(Vaomi1, Vromes)

= Oéd(y2m, y2m+2)

o2m+1
—d VYm > 1. 22
< T o, ), Ym = (22)
Hence, from (21) and (22), we have
an
A(Yn, Yn+2) < T——d(yo,31), Vn = 1. (23)

For the sequence {y,}, we consider d(y,, yn+p) in two cases as follows:

If p is odd say p = 2k + 1, where k > 1, then by pentagonal property and (20),

we have

A(Yns Ynt2k+1) < AUy Y1) + dWYnt1, Ynr2) + dWYnr2, Ynts) + A(Ynrs, Ynr2k1)
< d(Yns Ynt1) + A(Yns15 Ynt2) + A(Yni2s Ynis) + -+
+ d(Ynr2k—1, Ynr2k) + d(Ynt2ks Ynt2ks1)
< a™d(yo, 1) + " d(yo, 1) + " d(yo, y1) + - -

+ an+2k_1d<y07 yl) + Oén+2kd(y0> yl)
2a"

11—«

d(Yo, 1), Vn > 1.

If p is even say p = 2k, where k > 1, then by pentagonal property, (20) and (23), we

have

A(Yn, Ynt2k) < AYn, Ynt2) + AYnt2, Ynts) + A(Yn+3, Ynta) + A(Ynta, Yntok)
S d(ym yn+2) + d(yn+2> yn+3) + d(yn+37 yn+4) + -

+ d(Yn+2k—2+ Ynt2k—1) + A(Ynt2k—1, Ynt2k)

n

1_ ad(ym 1)+ a"2d(yo, 1) + "B d(yo, yi) + -

+ "2 (yo, 1) + " (yo, 1)

2a™

T 1—-«

d(Yo, 1), Vn > 1.
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Therefore, combining the above two cases, we get

n

d(yn7yn+p) S d(y07y1)7 vnvp € N (24)

11—«
Since a € [0, 1), we get, as n — 00, % — 0. Hence, for every ¢ € E with ¢ > 0,

dng € N such that

A(Yn, Yntp) < ¢, for all n > ny.

Therefore, {y,} is a Cauchy sequence in X.

Suppose U(X) is a complete subspace of X, there exists a points p,q € U(X)
such that lim,, . Yo,r1 = lim, oo Uspio = ¢ = Up.

Now, we show that Up = fp. Given ¢ > 0, we choose a natural numbers
My, My, M3 such that d(yani2,q) < §, Vn > My, d(yan-1,9) < 55, Vn > M, and
d(Y2n, Yont1) < §, Vn > Ms. Since y,, # ym for n # m, by pentagonal property and
(C2), we have that

d(fp7 q) S d(fp7 y2n> + d(y2n7 y2n+1> + d(y2n+17 y2n+2) + d(y2n+2a Q)
= d(fl% f902n) + d(y2m y2n+1) + d(y2n+1a y2n+2) + d(y2n+2, Q)
< M(Up, Uzay) + d(Yon: Y2n+1) + A(Y2n+1: Yont2) + d(Y2nt2, q)

= )\d(q, an—l) + d(ana 92n+1) + d(y2n+1a y2n+2) + d(y2n+2a C_I)-

Therefore,

d(fp,q) < M(y2n-1,9) + d(Yon, Yon+1) + A(Yon+1; Yant2) + d(Y2nt2, q)

c ¢ ¢ ¢
- +-+-+-=¢, foralln>M
<<4+4—l—4+4 ¢, toralln > M,

where M := max{My, My, M3}. Since c is arbitrary, we have d(fp,q) < %, Vm € N.
Since = — 0 as m — oo, we conclude = —d(fp,q) — —d(fp,q) as m — oc. Since P is
closed, —d(fp,q) € P. Hence d(fp,q) € PN —P. By definition of cone we get that
d(fp,q) =0, and so Up = fp = q. Hence, ¢ is a point of coincidence of f and U.

Since ¢ = fp € f(X) and f(X) C V(X), there exists r € X such that ¢ = V.
Now, we show that Vr = gr. Given ¢ > 0, we choose a natural numbers M, My, M3

such that d(yzni2,q) < §, Vn > My, d(yon—1,42n) < 35, Vn > M, and



58

d(Y2n, Yont1) K §, Vn > M. Since y,, # ym for n # m, by pentagonal property and

(C1), we have that

d(gr,q) < d(gr,yan) + d(Yon, Y2n+1) + d(Yon+1, Yont2) + d(Yani2, q)
= d(gr, [2on) + d(Yon, Y2ns1) + A(Yons1, Yons2) + d(Y2nt2, Q)
< AN(Uza,, V1) + d(Yon, Yont+1) + A(Y2nt1s Yont2) + d(Y2nt2, Q)

< M(Yan—1,q) + d(Y2n, Yons1) + d(Y2nt1s Yont2) + d(Yons2, 9)-

Therefore,

d(gr,q) < Md(Yan—1,q) + A(Y2n, Yon+1) + Ad(Y2n+1, Yont2) + d(Y2nt2, q)

c ¢ ¢ ¢
-4 -4+ -4+ -=¢ f Hn>M
<<4+4—|—4+4 c, foralln > M,

where M := max{M;, My, M3}. Since c is arbitrary, we have d(gr,q) < =, Vm € N.
Since = — 0 as m — oo, we conclude = —d(gr,q) — —d(gr,q) as m — oo. Since P is
closed, —d(gr, q) € P. Hence d(gr,q) € P N —P. By definition of cone we get that
d(gr,q) =0, and so V'r = gr = q. Hence, ¢ is a point of coincidence point of g and V.
Thus, the pairs (f,U) and (g, V') have common point of coincidence ¢ in X. Now,

suppose the pairs (f,U) and (g, V) are weakly compatible mappings. Then

fa=fUp=Ufp=Uq=q,
and
99 =gVr=Vgr=Vq=q.
Hence, from (C1), we have
d(q1,q2) = d(fq,99)
< Ad(Uq,Vq)
- Ad(Qla Q2)7
which implies that
d(q1,q2) = 0.

That is, ¢1 = qo.
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Therefore
fe=g9=Uq="Vq.

Also,

d(q,99) = d(fp,99)

< Md(Up,Vq)

= A(d(q, 99),

which implies that

d(q,9q9) = 0.

Hence gq = q, or fq=9q=Uq=Vq=q.
Thus, ¢q is the common fixed point of f, g, U, and V.
Next, we show that ¢ is unique. For suppose ¢’ be another common fixed point
of f,g,U, and V. That is,
fd=9d=Ud=Vq=d,

for some ¢’ € X. Then from (C1), we have

d(q,q") = d(fq,Gq)

< M(Uq,V{)

= Xd(q,q),

which implies that
d(q,q') = 0.
Hence, g = ¢'.
Therefore, the mappings f, g, U, and V have a unique common fixed point in X.
Similarly, if f(X), g(X), or V(X) is a complete subspace of X, then we can
easily prove that f, g, U, and V have unique common fixed point in X. This completes

the proof of the theorem.

Remark 0.68. If P is a normal cone, and (X, d) a rectangular cone metric space in in

the above Theorem 5.5, then we get the Theorem 2.1 in (Reddy & Rangamma, 2015a).
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The following example illustrates the result of Theorem 5.5.

Example 0.69. Let X = {1,2,3,4,5}, E =R? and P = {(x,y) : z,y > 0} is a cone in
E. Define d : X x X — F as follows:

d(z,z) =0,Vz € X;
d(1,2) =d(2,1) = (4,8);
d(1,3) =d(3,1) =d(3,4) =d(4,3) = d(2,4) = d(4,2) = (1,2);

d(1,5) = d(5,1) = d(2,5) = d(5,2) = d(3,5) = d(5,3) = d(4,5) = d(5,4) = (3,6).

Then (X, d) is a complete pentagonal cone metric space, but (X, d) is not a rectangular

cone metric space because it lacks the rectangular property:

(4,8) = d(1,2) > d(1,3) + d(3,4) + d(4,2)
= (1,2) + (1,2) + (1,2)

= (3,6) as (4,8) — (3,6) = (1,2) € P.
Define a mapping f,g,U,V : X — X as follows:

flx) =4, Vo € X.

4, if x # 5;

2, if z =5.

3, ifx=1;
, if x =2
Ulx) =4 2, if z=3;
4, if z = 4;
5, if x =5.

V(z) =z, Vo € X.

Clearly f(X) C V(X), g(X) CU(X), and the pairs (f,U) and (g,V) are weakly
compatible mappings. The conditions of Theorem 5.5 holds for all x,y € X, where

A= %, and 4 is the unique common fixed point of the mappings f, g, U and V.
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Corollary 5.8. Let (X, d) be a pentagonal cone metric space. Suppose the mappings
f,9,U : X — X satisfies the contractive conditions:

(C1) d(fz, gy) < A(d(Uz, Uy));

(C2) d(fz. fy) < Md(Uz, Uy)):

(C3) d(g, gy) < A\(d(Uz,Uy));
for all z,y € X, where A € [0,1). Suppose that f(X)Ug(X) C U(X), and if U(X), or
f(X)Ug(X) is a complete subspace of X, then the pairs (f,U) and (g, U) have a
unique point of coincidence in X. Moreover, if (f,U) and (g, U) are weakly compatible
pairs then f, g and U have a unique common fixed point in X.
Proof. Putting V = U in Theorem 5.5. This completes the proof.
Corollary 5.10. (Garg & Agarwal, 2012). Let (X, d) be a pentagonal cone metric
space and P be a normal cone with normal constant k. Suppose the mapping

f X — X satisfies the contractive condition:

d(fz, fy) < Md(z,y),

for all z,y € X, where A\ € [0,1). Then f has a unique fixed point in X.
Proof. Putting g = f, V =U = I, and P is a normal cone in Theorem 5.5. This
completes the proof.
Corollary 5.11. (Reddy & Rangamma, 2015a). Let (X, d) be a rectangular cone
metric space and P be a normal cone with normal constant k. Suppose the mappings
f,g: X — X satisfies the contractive condition:

(C1) d(fx.,gy) < Md(Uz, Uy));

(C2) d(fx, fy) < Md(Uz,Uy));

(C3) d(gz, gy) < Md(Uz,Uy));
for all z,y € X, where A € [0,1). Suppose that f(X)Ug(X) C U(X), and if U(X), or
f(X)Ug(X) is a complete subspace of X, then the pairs (f,U) and (g, U) have a
unique point of coincidence in X. Moreover, if (f,U) and (g, U) are weakly compatible
pairs then f, g and U have a unique common fixed point in X.
Proof. This follows from the Remark 0.45, putting V' = U, and P is a normal cone in
Theorem 5.5.
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Corollary 5.12. (Azam et al., 2009). Let (X, d) be a rectangular cone metric space
and P be a normal cone with normal constant k. Suppose the mapping f: X — X

satisfies the contractive condition:

d(fz, fy) < Ad(z,y),

for all z,y € X, where A\ € [0,1). Then f has a unique fixed point in X.

Proof. Using Remark 0.45, putting g = f, V =U = I, and P is a normal cone in
Theorem 5.5. This completes the proof.

Corollary 5.13. (Huang & Zhang, 2007). Let (X, d) be a cone metric space and P be a
normal cone with normal constant k. Suppose the mapping f : X — X satisfies the

contractive condition:
d(fz, fy) < Md(z,y),

for all ,y € X, where A\ € [0,1). Then f has a unique fixed point in X.
Proof. Using Remark 0.45, putting g = f, V =U = I, and P is a normal cone in

Theorem 5.5. This completes the proof.

Kannan - Type Fixed Point Theorem for Two Maps in Pentagonal Cone

Metric Spaces

In this section, we prove Kannan - type contraction principle in pentagonal cone
metric spaces for two self mappings. We give an example to illustrate the results. This
section contains the results published in the International Journal of Pure and Applied
Mathematics, 108 (1) (2016), 29 - 38. https://doi.org/10.12732/ijpam.v108il.5
Theorem 5.14. Let (X, d) be a pentagonal cone metric space. Suppose the mappings

f,g: X — X satisfy the contractive condition:

d(fx, fy) < A(d(gz, f) +d(gy. [y)), (25)

for all z,y € X, where A € [0,1/2). Suppose that f(X) C g(X) and ¢g(X) or f(X) is a
complete subspace of X, then the mappings f and g have a unique point of coincidence
in X. Moreover, if f and g are weakly compatible then f and ¢ have a unique common

fixed point in X.
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Proof. Let zy be an arbitrary point in X. Since f(X) C g(X), we can choose z; € X

such that fzy = gx;. Continuing this process, having chosen z,, in X, we obtain x,,; in
X such that

frn=gx, foralln=20,1,2,---

Now, we define a sequence {y,} in X such that y, = fz,, = g,y foralln =0,1,2,--- .
If yp = ypo1 for some k € N, then yp = frp1 = grri1. That is, f and g have a point of

coincidence y; in X. We assume that y,, # y,.1, for all n € N. Then, from (25), we have

d(ym yn—f—l) - d(fl‘n, ffn—}—l)
A(d(gn, f2a) + d(gTass, fTnt))

(Ayn-1,9n) + d(yn, yn11) )-

IN

I
>

So that,

A

d(ym yn—i—l) < ﬁd(yn—h yn)

A
< rd(Yn_1,Yn), where r = T3 € [0,1)

<72 d(Yn—2, Yn—1)

< Tn(d(yo,yl))a Vn > 1. (26)

Also from (25) and (26), we obtain

d(ym yn-f—?) = d(fl‘n, fxn-i-?)

A

IN

d gTn, fxn + d(gl’n+2, fxn—i—Q))

VAN
>

(d
(d Yn—1, yn + d(yn-i—la yn+2))
("

IN
>

r yo,yl "“d(yo,yl))

IN

)\7’"_1(1 + r2)d(y0,y1).

That is,

A(Yn, Ynso) < ar™ td(yo,v1), VYn > 1, (27)

where a = A(1+r?) > 0.
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For the sequence {y,}, we consider d(y,, yn+p) in two cases as follows:
If p is odd say p = 2m + 1, where m > 1, then by pentagonal property and (26),

we have

A(Yns Ynt2m+1) < A(Yn, Ynt1) + dYnt1, Ynt2) + dYnt2, Ynts) + d(Yntss Ynr2m+1)
< d(Yns Ynt1) + A(Yns15 Ynt2) + A(Yni2s Ynis) + -+
+ d(Ynt2m—1: Ynt+2m) + A(Ynt+2m, Yn+am+1)
< r"d(yo, 1) + " d(yo, y1) + " d(yo, yi) + - -

+ "2 (yo, y1) + 2 (yo, 1)

T’I’L

<
—1—-r

d(yo,v1), Vn>1.

If p is even say p = 2m, where m > 2, then by pentagonal property, (26) and (27), we

have

A(Yns Ynram) < d(Yn, Ynt2) + A(Ynt2, Yns3) + A(Yni3, Ynra) + A(Ynias Ynram)
< d(Yn, Yn+2) + A(Ynt2, Ynt3) + A(Yns3s Ynra) + -
+ d(Yn+2m—2, Yn+2m—1) + d(Yn+2m—1, Yn+2m)
< o™ d(yo, 1) + 2 d(yo, 1) + P d(yo, 1) + - -

+ "2 (yo, y1) A+ " (Yo, 1)

n

< ar" d(yo, y1) + d(yo, 1)

1—r

Since r € [0, 1), we get, as n — 00, 1’"—; — 0 and ar™! — 0. Hence, for every ¢ € E with

¢ >0, dng € N such that
A(Yn, Yntp) < ¢, for all n > ny.

Therefore, {y,} is a Cauchy sequence in (X, d). Since g(X) is a complete subspace of X
there exists a points u, v € g(X) such that lim,, ., y, = v = gu.
Now, we show that gu = fu. Given ¢ > 0, we choose a natural numbers

My, My, M3 such that d(v,y,) < @, Vn > My, d(Yn, Ynt1) < @, Vn > M, and
c(1-X)

A(Yns1, Ynio) <K ECESYE Vn > Mj. Since x,, # x,, for n # m, by pentagonal property, we
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have that

d(gu, fu) < d(gu, yn) + d(Yn, Ynt+1) + d(Yns1, Yns2) + d(Yn2, fu)

A

>~ d(’U, yn) + d(yna yn+1) + d(yn—I—h yn+2) + d(fﬁ(fn+2, fu)

IN

d(”a yn) + d(ynv yn-I—l) + d(yn—f—la yn+2) + )\(d(QU, fu) + d(gl'n-‘r% fxn—i—Q))

IN

d(v,yn) + Ay, Yns1) + Wi, Yor2) + A(d(gu, f11) + (i, Yns2))

1
ﬁ (d(v, yn) + d(yn7 yn-‘rl) + (1 + )‘)d(yn-i-la yn-‘r?))

§+§+§:q for all n > M,

d(gu, fu)

VAN

A

where M := max{My, My, M3}. Since c is arbitrary, we have d(gu, fu) < =, Vm € N,
Since £ — 0 as m — oo, we conclude = — d(gu, fu) = —d(gu, fu) as m — oco. Since P
is closed, —d(gu, fu) € P. Hence d(gu, fu) € P N —P. By definition of cone we get that
d(gu, fu) = 0, and so gu = fu = v. Hence, v is a point of coincidence of f and g.
Similarly, if f(X) is a complete subspace of X the result holds.

Next, we show that v is unique. For suppose v’ be another point of coincidence

of f and g, that is gu’ = fu' = ¢/, for some v’ € X, then
d(v,v) = d(fu, fu') < Md(gu, fu) + d(gu, fu')) < A(d(v,v) + d(v/,0")).

Hence, v = ¢'. Since (f, g) is weakly compatible, by Lemma 0.37, v is the unique
common fixed point of f and g. This completes the proof of the theorem.

To illustrate Theorem 5.14, we give the following example.

Example 0.70. Let X = {a,b,c,d,e}, E=R? and P = {(x,y) : x,y > 0} is a cone in
E. Define p: X x X — E as follows:

p(x,z) =0,Vr € X;
pla,b) = p(b,a) = (4,16);
pla,c) = p(c,a) = p(e,d) = p(d, c) = p(b,c) = p(c,b) = p(b,d)
= p(d,b) = pla,d) = p(d,a) = (1,4);

p(a, 6) = p(e, CL) = p(b, 6) = p(e, b) = p(C, 6) = p(€> C) = p(d, 6) = p(€7 d) = (5: 20)'
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Then (X, p) is a complete cone pentagonal metric space, but (X, p) is not a complete

cone rectangular metric space because it lacks the rectangular property:

(4,16) = p(a,b) > p(a,c) + p(e,d) + p(d,b)
= (1,4) + (1,4) + (1,4)

= (3,12), as (4,16) — (3,12) = (1,4) € P.

Define a mapping f,g: X — X as follows:

d, if ;
fa) = rre

b, if xr =e.

c, if r=a;
a, if x =b;
glx) =4 b, if z=c
d, if x=d;

e, ifx=e.
Clearly f(X) C ¢g(X) and g(X) is a complete subspace of X. Also f and g are weakly
compatible mappings. Thus, the conditions of Theorem 5.14 holds for all z,y € X,

where \ = % and d € X is the unique common fixed point of the mappings f and g.

Corollary 5.15. (Auwalu, 2016b). Let (X, d) be a complete pentagonal cone metric
space and P be a normal cone with normal constant k. Suppose the mapping

S : X — X satisfies the contractive condition:
d(Sz, Sy) < A(d(x, Sz) + d(y, Sy)), (14)
for all z,y € X, where A € [0,1/2). Then
1. S has a unique fixed point in X.
2. For any z € X, the iterative sequence {S™z} converges to the fixed point.

Proof. Take g = I and P be a normal cone in Theorem 5.14. This completes the proof.
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Corollary 5.16. (Reddy & Rangamma, 2015b) Let (X, d) be a cone rectangular metric
space and P be a normal cone with normal constant k. Suppose the mappings

S,g: X — X satisfies the contractive condition:
d(Sz, Sy) < A(d(gx, Sz) + d(gy, Sy)),

for all z,y € X, where A € [0,1/2). Suppose that S(X) C g(X) and S(X) or g(X) is a
complete subspace of X, then the mappings S and g have a unique coincidence point in
X. Moreover, if S and g are weakly compatible then S and g have a unique common
fixed point in X.

Proof. This follows from Remark 0.45 and Theorem 5.14, where P is a normal cone.
Corollary 5.17. (Jleli & Samet, 2009). Let (X, d) be a complete cone rectangular
metric space and P be a normal cone with normal constant k. Suppose the mapping

S+ X — X satisfies the contractive condition:
d(Sz, Sy) < A(d(z, Sz) + d(y, Sy)), (15)
for all z,y € X, where A € [0,1/2). Then
1. S has a unique fixed point in X.

2. For any = € X, the iterative sequence {S™z} converges to the fixed point.

Proof. Take g = I and P be a normal cone in Theorem 5.14 and Remark 0.45. This

completes the proof.

Conclusion

In this section, we prove Banach fixed point theorem for a self mapping in cone
pentagonal metric spaces without assuming the normality condition, Banach - type
fixed point theorem for four self mappings in non-normal cone pentagonal metric space
and Kannan - type contraction principle in cone pentagonal metric spaces for two self

mappings. We give some examples to illustrate the results.
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CHAPTER VI
Conclusion and Recommendations

This chapter presents conclusions based on the research findings according to the

objective of the research and gives recommendations accordingly.

Conclusion

In this research work, we study some fixed points and common fixed points
theorems of self mappings in non-normal cone metric space, rectangular cone metric
space and pentagonal cone metric space settings. Our results extend and improve the
results in (Azam et al., 2009; Garg & Agarwal, 2012; George et al., 2015; George et al.,
2017; George & Mitrovic, 2018; Huang & Zhang, 2007; Jain & Chaubey, 2020; Jleli &
Samet, 2009; Liu & Xu, 2013; Patil & Salunke, 2015; Rashwan & Saleh, 2012; Reddy &
Rangamma, 2015b; Xu & Radenovic, 2014), and many others in the literature.

The thesis is structured in six (6) chapters as follows:

In the first chapter, we give some definitions of terms, some examples, and
limitations of the thesis. We also give a collection of some significant results and notions
in the setting of metric spaces.

In the second chapter, we review some related literature, study some metric fixed
points theorems. We also give a collection of some significant results and notions in the
area of cone metric spaces and its generalizations.

In the third chapter, we prove some fixed point theorems for generalized
expansive mappings in cone metric space over Banach algebra. We further give an
example to elucidate the results.

In the fourth chapter, we introduced a new space and prove some fixed point
theorems for different contractive condition mappings in such a space. We also give an
example to illustrate the results.

In the fifth chapter, we obtain some fixed point theorems of Banach type for one
and four self mappings in non-normal cone pentagonal metric spaces, Kannan type for

two self mappings in non-normal cone pentagonal metric spaces. We also give some
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examples to support the results.

Finally, in the sixth chapter, we summarize and conclude the research work.

Recommendations According to Findings

The presented results come from single or joint papers of the author and/or his
supervisor as coauthor. We have published at lease fourteen (14) articles in the
following Journals and Conference proceedings:

1. Journal of Mathematics, Hindawi (2021).
https://doi.org/10.1155/2021/8447435

2. Functional Analysis in Interdisciplinary Applications - I, Springer
Proceedings in Mathematics & Statistics 351 (2021).
https://doi.org/10.1007/978-3-030-69292-6-7

3. AIP Conference Proceedings 1997, 020004 (2018).
https://doi.org/10.1063/1.5048998

4. ITM Web of Conferences 22, 01003 (2018).
https://doi.org/10.1051 /itmconf/20182201003

5. AIP Conference Proceedings 2325, 020060 (2021).
https://doi.org/10.1063/5.0040595

6. Journal of Mathematics and Applications, no 42, pp 21-33, (2019). Rzeszow
University of Technology, Poland,

7. University Thought Publication in Natural Sciences, 8(2), pp. 54-60, (2018).
https://doi.org/10.5937 /univtho8-18216

8. International Journal of Pure and Applied Mathematics.
https://doi.org/10.12732/ijpam.v108il.5

9. Journal of Informatics and Mathematical Sciences.

10. Journal of Mathematics and Computational Sciences.
11. Far East Journal of Mathematical Sciences,
https://doi.org/10.17654/ms100071141

12. British Journal of Mathematics and Computer Science,
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https://doi.org/10.9734 /bjmes /2016 /25172

13. Journal of Advanced Studies in Topology,
https://doi.org/10.20454 /jast.2016.1019

14. European Journal of Pure and Applied Mathematics. http://www.ejpam.com
We hope these results will be useful in the area of Fixed Point Theory and may be

generalized in further spaces with efficient conditions.

Recommendations for Further Research

We strongly recommend other researchers in this area to see if they can
extend /or improve this work, say n-polygonal cone metric spaces. We highly
recommend that, other Mathematicians shall embrace research in the area of Fixed

Point Theory as it has very wide coverage of importance in applications.
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