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Abstract

Fractional Modeling and Analysis on Optimal Control Policies

HADI, Mohammed Subhi Hadi
PhD, Department of Electrical and Electronic Engineering
September, 2022, 84 pages

In this thesis, fractional-order modeling was implemented to create a COVID-19
epidemic model which takes awareness and vaccination into consideration. The model
was formulated based on Caputo — Fabrizio's form of fractional differential equations.
The main goal of the thesis is to investigate the effect of applying different control
policies using optimal control on the created model. The epidemiological model used
in this study consisted of five classes where awareness about the epidemic and
vaccination against the epidemic has been introduced; susceptible unaware,
susceptible aware, susceptible vaccinated, infected, and recovered. Equilibrium points
of the model were established and the basic reproduction rate was calculated afterward.

The existence and uniqueness property of the fractional model was determined.

The fractional optimal control problem was formulated and investigated based on the
fractional model of COVID-19. The control policies used to control the COVID-19
model were three time-dependent functions; awareness campaign for the unaware
population, vaccination for the aware population, and optimal vaccination. Using
numerical simulation, the effects of a different combination of these policies were
performed. Results showed drastic decay in the infected population when a

combination of all three control polices was applied.

The study shows the importance of implementing successive policies on controlling

the spread of epidemic, especially public awareness and vaccination.

Keywords: Optimal control; mathematical model; fractional order model; fractional
optimal control; COVID-19
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Fractional Modeling and Analysis on Optimal Control Policies

HADI, Mohammed Subhi Hadi
PhD, Elektrik-Elektronik Miihendisligi Boliimii
September, 2022, 84 pages

Bu tezde, farkindalik ve asilamay1 dikkate alan bir COVID-19 salgin modeli
olusturmak icin kesirli sirali modelleme uygulanmistir. Model, kesirli diferansiyel
denklemlerin Caputo — Fabrizio formuna dayali olarak formiile edilmistir. Tezin temel
amaci, optimal kontrol kullanilarak farkli kontrol politikalarinin uygulanmasinin
olusturulan model {izerindeki etkisini arastirmaktir. Bu c¢alismada kullanilan
epidemiyolojik model, salgin konusunda farkindaligin ve salgina kars1 asilamanin
tanitildig1 bes siniftan olugmaktadir; duyarh farkinda degil, duyarl farkinda, duyarh
asilanmis, enfekte olmus ve iyilesmis. Modelin denge noktalar1 belirlenmis ve daha
sonra temel yeniden iiretim hizi hesaplanmistir. Kesirli modelin varlik ve teklik

ozelligi belirlendi.

Kesirli optimal kontrol problemi, COVID-19'un kesirli modeline dayali olarak formiile
edildi ve analiz edildi. COVID-19 modelini kontrol etmek i¢in kullanilan kontrol
politikalari, zamana bagl ti¢ islevdi; bilingsiz niifus i¢in bilinglendirme kampanyasi,
bilin¢li niifus icin asilama, optimal asilama. Sayisal simiilasyon kullanilarak, bu
politikalarin farkli kombinasyonlarinin etkileri gerceklestirilmistir. Sonuglar, ii¢
kontrol politikasinin tiimiiniin kombinasyonu uygulandiginda, enfekte olmus

popiilasyonda ciddi bir bozulma oldugunu gosterdi.

Calisma, basta halkin bilinglendirilmesi ve asilama olmak iizere, salginin yayilmasini
kontrol altina almak i¢in birbirini takip eden politikalarin uygulanmasinin énemini

gostermektedir.

Anahtar kelimeler: Optimal kontrol; matematiksel model; kesirli sira modeli; kesirli
optimal kontrol; COVID-19
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CHAPTER 1
Introduction

1.1 Introduction

A mathematical model is a way of describing a system through the use of mathematical
equations and notations, with the goal of making it simpler to analyze the effects of
different modules of a system or to provide a proper explanation of a system
(Abramowitz and Stegun, 1968). Mathematical modeling describes the procedure for
creating such a model (Press et al., 1987). Engineering, biological sciences, health,
economics, and the social sciences are only a few of the fields where mathematical
modeling has become increasingly significant in the research and design of solutions
to modern challenges. Mathematical modeling has been a mainstay in public health
field research for the past several decades, and it has been used as a crucial tool in the
field of studying and controlling of infectious diseases.

Since December 2019, COVID-19 infection started and spread worldwide. Still, there
is continued transmission in many countries in the world. Epidemiologists’ experience
in dealing with Ebola, TB, cholera, HIV, etc. pandemics extremely aided the
government in conferring measures that include isolating the infected patients, border
closures, lockdown, and disinfecting of contaminated surfaces on a regular basis,
consecutively, to face the menace caused by the disease. Many state-of-the-art
technologies were used to accelerate the mitigation process, these include; next-
generation gene sequencing for pathogen identification, artificial intelligence-based
algorithms for the classification of infected cases, mathematical model-based analysis
for characterization of the spread dynamics of the disease, and big-data methods to
trail the mobility of the population (He et al., 2020; Jiang et al., 2021; Mohamadou et
al., 2020; Tang et al., 2020; Vaishya et al., 2020). Particularly, mathematical models
are used in characterizing stages of disease spread in a specified populace and also
help to optimize disbursement related to involvement and management of hospital
facilities. On this matter, this thesis examined the applications of successive optimal
control policies on the COVID-19 epidemic to create disease control strategies. To aid
public health authorities, this research can be used to suggest initiatives to stem the

spread of an epidemic.


https://www.sciencedirect.com/topics/medicine-and-dentistry/cholera
https://www.sciencedirect.com/topics/medicine-and-dentistry/horizontal-disease-transmission
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1.2 Background of Study

By December 31, 2019, World Health Organization (WHQO) was informed by Chine’s
health authorities in Wuhan City of the occurrence of several cases of unknown
pneumonia etiology. By January 7, 2019-nCoV as originally abbreviated by WHO was
screened by a sample of throat swabs from certain patients (RT, 2020). After that, some
study groups renamed severe acute respiratory syndrome coronavirus 2 (SARS-CoV-
2), and afterward WHO renamed the disease coronavirus disease 2019 (COVID-19).
By January 30, statistics showed that 7736 and 12167 confirmed and supposed cases
had been respectively counted in China. Similarly, 18 other countries reported
confirmed cases reached 82. WHO on the same day gave the status of Public Health
Emergency of International Concern (PHEIC) to the SARS-CoV-2 epidemic

(Transmission, 2020).

Considering the epidemiological aspects that cause to the pandemic, evidence from Li
et al. report where the SEIR model was used for analysis shows that about 86% of the
infections that occurred before Jan 23, 2020, in China, were not documented (L. et al.,
2020). Although executing random and rapid testing policies reduced the percentage
of unreported cases but still, a substantial proportion of the cases have gone
undetected. Hence it is concluded that the core cause of the recurrence of the disease
when restrictions are lifted is the hidden asymptomatic patients (Fang et al., 2020;
Kassa et al., 2020). To substantiate the occurrence of both asymptomatic and pre-
symptomatic disease transmission, the Cluster busting approach has been used (Fang
et al., 2020). Fang et al. also show that super is responsible for almost 80% of the
spread of the disease (Fang et al., 2020). To facilitate the effective implementation
of containment strategies it is important to recognize hidden asymptomatic
transmission nodes or unreported infections. Values of Roand Re show that
involvement responses such as closures of borders, lockdowns, social distances, and
verdicts to lift or reduce restrictions have a major bearing on how the epidemic

develops (University JH).

A comprehensive understanding of the dynamics of the disease spread between
populations is vital for predicting infectious diseases and their future characteristics

and planning for reliable programs to implement control interventions for preventing


https://www.sciencedirect.com/topics/medicine-and-dentistry/covid-19
https://www.sciencedirect.com/topics/medicine-and-dentistry/pandemic
https://www.sciencedirect.com/topics/computer-science/containment-strategy

15

disease breakout (Lin et al., 2020; Yang et al., 2020). The theory of mathematical
modeling and optimal control play a central role in studying the dynamics of infectious
diseases and their management (Lin et al., 2020; Sofia et al., 2015). Yet, because of
the parameter uncertainties, complexity and inherent non-linearity related to
epidemical models modeling and control analysis of such systems is a tough and
complex process. Moreover to the financial constraints of minimizing the cost of
achieving the control goal and maximizing the efficiency with which they are
achieved, this also has to be taken into account (Djouima et al., 2017; Gambhire et al.,
2020).

Optimal control theory is another useful tool for studying mathematical models and
learning more about the dynamics of a disease, especially contagious ones. The theory
was first introduced in 1986, after the development of the well-known Pontryagin
Maximum Principle (PMP) (Pontryagin and Boltyanskii, 1986). These days, optimal
control theory is practically required for all models of infectious diseases (Okyere et
al.; Mojaver and Kheiri, 2016; Karrakchou et al., 2006; Adams et al., 2004; Gul et al.,
2008; Mukandavire et al., 2009b; Makinde and Okosun, 2011; Yusuf and Benyah,
2012; Mwanga et al., 2014; Choi et al., 2015; Rihan et al., 2014).

Because the majority of physical phenomena, such as biological systems, have an
after-effect or a persistent memory property, it is possible that fractional differential
equations could more accurately describe these phenomena. This is because fractional
differential equations also have an after-effect memory built into their structure. Thus,

fractional model is considered in this thesis.

Fractional optimal control problem (FOCP) is the general form of the classic optimal
control problem (OCP) and arise when optimal control theory is applied to fractional
order models (models formed using fractional calculus). In FOCP, integer order
differential equation is replaced by fractional differential equation (FDE), and the
performance index is expressed as a fractional integration operator (Ali et al., 2016).
Various articles were published concerning the theory of FOCPs and their
formulations using analytical and numerical methods (Agrawal, 2004; Agrawal and
Baleanu, 2007; Agrawal, 2008; Jelicic and Petrovacki, 2009; Agrawal et al., 2010;
Odzijewicz et al., 2012; Kamocki, 2014; Chinnathambi et al., 2019; Al-Mdallal and
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Abu Omer, 2018; Al-Mdallal and Hajji, 2015; Hajji and Al-Mdallal, 2018). The
FOCPs are often used in modern infectious disease models for their nature of memory
dependence due to the fractional-order model, which allows for faster and more
accurate disease control. As a result, we can conclude that the FOCPs has all the
makings of the most suitable instrument that can be used to model infectious diseases

and other biologically linked systems that possess memory in their very nature.

1.3 Research Problem and Statement

Discrimination, anxiety, and poverty are only some of the negative outcomes of
COVID-19. Collapsed public health programs, inadequate funding in underdeveloped
nations, widespread public ignorance, and exogenous re-infection, where new strains

are constantly evolving, have all been blamed for the uptick in reported cases.

Significant strides have been completed in creating a framework for theory involving
the dynamics and control strategies of COVID - 19, but many difficult and detailed
open questions remained unanswered and uninvestigated. For example, integrating
public awareness on COVID — 19 model for controlling its spread is rare. Many
researchers have suggested that COVID — 19 occurrences could be evaded by
considering awareness and isolation in the control method. Optimal control
applications also require more research that compares and contrasts various control

strategies to demonstrate the relative impact of each.

There has been significant development of a theoretical framework for analyzing the
dynamics and control approaches of COVID - 19, but many difficult and crucial open
questions remain. For instance, public awareness models for preventing COVID - 19
are uncommon. Isolation and awareness have been suggested as potential prevention
strategies for COVID - 19 by numerous researchers. More research is required on
optimal control applications to deliver cost-effectiveness analysis and comparison
control techniques for demonstrating the relative importance of one control method

over another.

This study will consider the implementation of fractional optimal control problem
theory to analyze the COVID-19 epidemic by incorporating awareness and vaccination
into the mathematical model of the disease.
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1.4 Research Aim and Objectives

This thesis aims to study the use of successive optimal control policies applied to the
fractional order model. COVID — 19 epidemics will be modeled using fractional order
differential equations and subsequently analyzed and optimal control theory will be
applied to it using different control policies. To demonstrate the performance of the

applied policies numerical simulations will be carried on.

The following objectives of research would finally accomplish the main aim of this

thesis:

« To explore the nature of the COVID — 19 epidemics

* To formulate a novel fractional order model of the COVID — 19 epidemics
incorporating awareness.

» To find the existence and uniqueness of the Solutions for the fractional order
model.

+ To formulate the successive optimal control problem for the fractional order
model.

» Investigate the effects of applying different control policies using optimal control

for different susceptible epidemiological model classes.

1.5 Scope of the Study

The core scope of this study is on carrying out an examination of the dynamics of
COVID - 19 epidemics with fractional optimal control policies. The research
considered a five-compartmental COVID — 19 model consisting of (susceptible
unaware - susceptible aware - susceptible vaccinated - infected - recovered). With this
model the population has been divided into five classes namely; susceptible unaware
(healthy people but can contract the disease who are unaware of the disease),
susceptible aware (healthy people but can contract the disease who are aware of the
disease), susceptible vaccinated (healthy people but can contract the disease who are
vaccinated against the disease), infected (afflicted people who have reached the latter
stages of the disease), recovered (recovered individuals from the disease). Three time-
dependent control policies were applied to the fractional-order model; a susceptible
class of unaware population with awareness control is detected, a susceptible class of

aware population with vaccine control is found, and a susceptible class with a
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vaccinated population  with  optimal  vaccination control is  found.
MATLAB/SIMULINK 2019b will be used to perform all the numerical simulations.

1.6 Thesis Organization

This thesis was arranged into five chapters. All chapters have been organized as
follows:

Chapter 1: This chapter contains the introduction and background of the study. Also,

discusses the problem statement, aim and objective finally, the scope of the study.

Chapter 2: This chapter provides a literature review on the basic theories of optimal

control and fractional calculus. Also, reviews other related studies.

Chapter 3: This chapter demonstrates the development of a new model of COVID —

19 dynamics, and analysis of the proposed model.

Chapter 4: This chapter studies optimal control development and its analysis as well

as numerical simulations of the solutions of the fractional-order model.

Chapter 5: This chapter presents the summary and the conclusion of the thesis.
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CHAPTER 2

Literature Review

A method used in trading off among stability, fuel or time optimality, transient and
steady state performance, etc., is termed as control. When there are mutual constrains,
then the way of finding a balance among various performance indices under some
factors is termed as Control. It is one of the most essential fields in modern technology.
The research space about Control is still advancing greatly over the period of time.
The area has been receiving serious attention in many research fields. For about 2000
years ago, Arabs, Greeks, and Ancient Rome carried out research based on the
principle of feedback. This leads to many significant projects of control systems, which
were built. They include shower systems in the imperial palace, the float valve level
regulator for water clocks, and the automatic gates in the temples (Lewis, 1990). Zhang
Heng, a Chinese polymath use the principle of a “suspended pendulum” to invent the
seismograph in 132 A.D. (Han Dynasty), which is one of the most profound
applications of control. The official adoption of the automatic control system in the
modern sense was first about the speed regulator of the steam engine that was invented
by James in the year 1788 (Nof, 2009).

Going by history, the area of control has a significant contribution in almost all aspects
of our day-to-day activities, including healthcare, military services, Agriculture,
industries, etc. The application of controls can be as simple or difficult as launching a

rocket, depending on the situation.

2.1 Optimal Control

Optimal Control which is usually abbreviated as OC can be defined as a method or
policy for obtaining an optimal outcome in a given system. OC can also be termed as
the way in which some of the parameters in a model are controlled in order to obtain
optimized output through obtaining control and the state of trajectory in a dynamic
system within a given time frame after minimizing a performance index (Bryson Jr.,
1996).

The history of Optimal Control is traced back to the augmentation of the calculus of
variations. This started in the 17th century when the first result for the calculus of
variations was publicized. This is due to the challenge made by Bernoulli to the entire
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world of renown mathematicians, which says that “in case of a very small body which
is traveling under the effect of gravity, what will happen? Which of the sides between

the two fixed sides of the body will allow it to travel in the smallest possible time?”’

Lagrange and Euler found and formulated solutions to some specific problems in the
calculus of variations. This idea of the calculus of variations was applied to the area of
Hamiltonian’s Principle or the Least Action Principle in the field of Theoretical
physics. In the late 1920s and early 1930s, the idea was extended to applications to
economics, and thereafter, more and more applications were published occasionally

by people like Hotelling, Evans, Ross, and Ramsey, (Sussmann and Willems, 1997).

Since the year 1950 Optimal control theory emerged from the calculus of variations as
a generalization form of it. This was inspired by its tremendous applications in the
military. Russian mathematician by the name Lev S. Pontryagin and his team came up
with the first and most notable result between the years 1908 to 1988 by coming with
the famous Pontryagin Maximum Principle (Pontryagin and Boltyanskii, 1986). This
important result gave rise to the most important results needed in optimizing problems

related to differential equations (Leitmann, 1997).

Bellman discovered that Dynamic Programming uses the optimal control principle and
it is the most proper tool that can be used to solve discrete problems because it allows
a momentous reduction in the time and complexity involved in finding the optimal
controls. After this discovery, the theory provides a new technique of Dynamic
Programming in mathematics (Kirk, 1998). The idea of the Hamilton-Jacobi-Bellman
equation which was used sometimes to solve partial differential equations came as a
result of the optimal control principle which allows the possibility of obtaining
different techniques for continuous problems. This gives rise to the relationship

between the OCP and Lyapunov’s stability theory.

The applications of OCP were limited to simple problems before the generation of
computers, but with the arrival of the computer, it became possible to apply the OC
theory to more sophisticated problems.

It is now possible to apply the idea of OC in order to get the desired result in different
types of equations, be it ODE, PDE, Stochastic DE, discrete DE, integral — differential
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equations, the merger of discrete and continuous systems, or even fractional order
differential equations (FODE).

2.1.1 Optimal Control Problem

A traditional optimal control problem must have a performance index or cost function
(J[x(t), u(t)]), a set of state variables (x(t) € X), a set of control variables (u(t) €
U) within a time t, while t, < t < t;. Its main aim is to find a continuous piecewise
control u(t) together with the associated state variable x(t) that maximize the given

objective functional. Below is an example of a typical OCP in Lagrange formulation.

Definition 2.1 (Lagrange formulation): The optimal control problem in Lagrange form

is given in the form:

t
max Jix(®,u®] = [ £ 2@ ue)dr,

to

s.t. x(t) = g (t,x(t),u(t)), (2.1)
x(ty) = xo.

The value x(t;) is not restricted, this means, it can take any value, and it can also be

fixed as x(tr) = x;.

Here, the functions f and g are continuous and differentiable, and the control set U is
a Lebesgue measurable function which will make the control(s) and related states

variables to be piecewise continuous.

It is always possible to swap either back or forth between either maximizing or
minimizing a given function by directly reversing the cost function, hence in most of

the OCP notes emphasis is been given on maximizing a function. See below:

min{J} = —max{—J}. (2.2)

2.1.2 Optimal Control Formulation

The formulation of the OCP given above is termed as Lagrange. The other two
methods that can be used to formulate OCP problems are; the Bolza and Mayer
methods (Chachuat, 2007).
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Definition 2.2 (Bolza method): The formulation of optimal control problem in Bolza

form is given as:
ty
max J [ x(6) ,u(®)] = B(to, x(to). tr, x(¢)) + | f &, x(0,u®) d,
to

s.t. x(t) = g (¢, x(0), u(®)), (2.3)
X(to) = xo.
where @ is a continuous dif ferentiable function.

Definition 2.3 (Mayer method): The formulation of optimal control problem in Mayer

form is given as:
max J [x(©),u(®] = 0(t0, x(to, tr,x(tr)))

s.t. x(t) =g (¢,x@),u(®), (2.4)
x(ty) = xo.

2.1.3 Pontryagin’s Maximum Principle (PMP)

Pontryagin and his team in the 20" century constructed the most useful result in OCP
that is paramount in finding the optimal control. The result, which was termed the
greatest achievement in the era, gives an idea on how to use an adjoint function of a
DE to fix to the objective function. These Adjoint functions attached constraints to the

function that will either be optimized.

Definition 2.4 (Hamiltonian Equation): Given an optimal control problem in Lagrange
form then the function:

H(t,x(©) ,u(),2®) = f(¢t,x(®),u@®) + A®Og(t,x(t),u®), (2.5
is termed as Hamiltonian function while A(t) is the adjoint variable.

Theorem 2.1 (Pontryagin’s Maximum Principle (PMP)): If u*(t) and x*(t) are
optimal values for a given OCP then, there must be piecewise and differentiable adjoint
variable A(t) with:
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H(t,x*(6), u(®),A(©) < H(t, x*(£), u*(£), AD)). (2.6)
all control functions u at each time t.

where H is the Hamiltonian which was described previously and A'(t) given as

follows:

oH (t,x*(t), u"(t), A1)
0x ’

V() = 2.7)

(Pontryagin and Boltyanskii, 1986).

Remark: The above condition,A(t;) = 0 is known as the transversality condition,

which is used when the OCP does not have terminal values in its state variables.

The most significant contribution of PMP is its ability to change the problem of finding
a control value which optimizes the objective function in the state ODE and specified
initial conditions to become a problem of optimization of Hamiltonian. Hence

considering the Hamiltonian and the adjoint equation, we have:

oH =0 2.8
Hence, using the Hamiltonian alone, we can get our necessary conditions by

calculating the integral in the objective function.

2.1.4 Optimal Control along Payoff Terms

In some instances, we need to optimize the terms in the entire time interval, in some
other instances we only need to optimize our function in a specified time interval.
Certain cases warrant that the state values must be taken into consideration by the

objective function (Lenhart and Workman, 2007).

Definition 2.5 (OCP for payoff term): An OCP alongside a payoff term can be given

in the following form:

max ] [x(8), u(®] = @ (x (t7)) + ff(t,x(t) ,u(t)) dt,



24

s.t. x(t) = g(t,x(t),u(t)), (2.9)

x(ty) = xo.

where @(x(t))is the desired result with respect to the level of the population x(t;)

and it is known to be the payoff or salvage.

The necessary conditions of the OCP with payoff can be derived by applying PMP to
be:

Proposition 2.1(The conditions needed): If u*(t) and x*(t) are the optimal values of
a given OCP (like the one in definition 5) then, there must be a differentiable and

piecewise adjoint variable A(t) with:
H(t,x* (), u(®) , A (®) < H(t,x" (1), u (1) , AD)). (2.10)
when all controls u at every time ¢,

where H is the Hamiltonian parameter which was well-defined previously and

oH (£, x* (6), w* (£), A(D)

A(t) = F (adjoint condition),
Z—Z =0 (Optimality condition), (2.11)

)\(tf) = Q)’(x(tf))(Transversality condition).

2.1.5 Optimal Control for Bounded Control
Definition 2.6 (OCP for bounded control). An OCP alongside bounded control can be
summarized by the following:

max J[x(t), u(t)] = tff (£, x(t), u(®)) dt,

to

s.t. x(t) = g(t, x(t), u(t)), (2.12)
x(to) = xo,
a<u(t) <bh.

where a, b are fixed real constants and a < b.
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For problems with bounds on their controls, there is a need for different required

conditions.

Proposition 2.2 (The conditions needed). If u*(t) and x*(t) are the optimal values of
a given OC problem (like the one in definition 5) then, there must be a piecewise and

differentiable adjoint variable A(t) with:
H(t,x*(£), u(®), M) < H(t, x*(£), u*(£), A(D)). (2.13)
when all controls u at every time t,

where H is Hamiltonian which was previously defined and

oH (t,x*(t), u"(t), A1)

Fe) = ox

(adjoint condition), (2.14)

A(tf) =0 (transversality condition),

By using PMP, the optimal control must satisfy the following optimality condition:

( ] 0H <0
a, if F )
. 0H ) ) .
U =14 a< i<b if M =0, (optimality condition)
u
) 0H
. b, lf E >0

It means that the maximization may occur at all the allowed controls, and it can be

found by using the following:

M _0 (2.15)

au
Precisely, the control u* maximizes H pointwise optimally with regardstoa < u <
b.

(Kamien and Schwartz, 1991).

2.2 Solving Optimal Control Problems

Recently there is development in the area of computational mathematics especially
related to the methods of obtaining numerical solutions of both integral and differential

equations. This gave rise to methods of solving highly complex real-world problems.
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Similarly, optimal control problems and the numerical methods for obtaining their
solutions as well as their algorithms have been enriched significantly.

2.2.1 Numerical Solutions for Dynamical Systems

Dynamical systems are described by a set of ODEs. It is usually presented as a system
of n-ODEs for t, <t < ty, as:

Vi1 [A(r @),y (), 0)]
yZ fZ(yl(t)r"'yn(t)'t)

y=|"1|= (2.16)

b L0n@© 320, 0]

ODE problems can be subdivided into two, namely: Initial VValue Problems (IVP) and
Boundary Value Problems (BVP). This is to do with the specification of conditions
related to the margin in the domain. While in IVP the specification of the conditions
is made at the initial state, in BVP the specifications of the conditions are made at both

the initial and final point.

Some of the numerical techniques used in solving IVP in literature are, the Euler
method and the Runge-Kutta method, for BVP one of the techniques, is the method of
shooting.

a. Euler method
This is the most popular technique that is used for the numerical solution of dynamic

systems. Given a differential equation in the following form:

x = f(x(t),t), then is possible to make an appropriate approximation as this:

Xny1 = Xy + hf (x(Ln), t). (2.17)

Approximation of x,,,, as x(t) for time t,,,., possesses an error with the order of h2.
This indicates that the accuracy of the calculation relies on the selected value of h.
Generally, a decrease in the value of h leads to an increase in the accuracy of

calculation but leads to elongation in time intervals.

For systems with much higher orders, the Euler approximation method is not generally
effective. Hence there is a need for bit more exact and complex methods. The Runge-

Kutta method is one of those techniques.
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b. Runge-Kutta technique

The Runge-Kutta technique is a multi-step technique, where at any time t;.., we find
the solution from a set of preceding values t;_y, ..., t; where j denotes the step
number. Here, if the DE is in given as x = f(x(t),t), we can make the following

approximations using Runge-Kutta second order as follows:

Kt = %+ 2 G0, )+ F G b)) (218)

Alternatively, using Runge-Kutta fourth order, we have
h
xn+1 = xn + g (kl + Zkz + 2k3 + k4) (219)

Where;
ki = f(x(t),0),

k, = ((t)+hk t+h)
Z_fx 2 1> 2)

ks = f(x(t) +Ek2,t+ﬁ),
2 2
k, = f (x(t) + hks, t + h).
The above approximation x,,,; of x(t) at the point ¢t,,,, has an error that depends on
h3 and h® for Runge-Kutta second-order and Runge-Kutta fourth-order techniques

respectively.

2.2.2 Solution of Optimal Control Problems by Numerical Means
Bellman in the 1950s provided a means of solving OCP by numerical methods. From
that period up to now, a lot of sophisticated techniques and many applications for the

complexities exist in Literature (Rao, 2009).

Indirect and direct techniques are the two main methods of solving OCP. OCP is
indirectly solved by converting it to a BVP, with the help of the PMP in the indirect
method. On the other hand, the optimal problem’s solution is found by directly
duplicating the optimization problem with an infinite dimension to a problem with a

finite dimension for the direct method.

a. Indirect techniques
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For an indirect technique, the optimal conditions in the first-order original OCP can be
found by using PMP. This technique directs to a BVP with multiple point which can

be solved to find a prospect of the optimal trajectory known as extremals.

It is necessary to have control equations notably stated as well as the transversality
conditions and all the adjoint equations provided they exist in case of an indirect
method. Note that the formation of the problem and the technique employed in solving
the problem do not have any direct relationship between the two. Is possible to
consider any method of solving OCP to solve a problem formulated directly or
indirectly. Example of a numerical approach using an indirect method of solving OC

problems is the Forward-Backward sweep method.

b. Direct methods

Another class of numerical technique for optimization of dynamic systems has

evolved, and it was called direct methods.

This development was as a result of the demand of solving complex problems in
optimization, the technique becomes popular by the help of the rapid increase in the

computational world.

In this technique an array of points x; , x, , ... , x™ is constructed in such a way that the
objective function is minimized, and typically, F(x;) > F(xy) > -+ > F(x™). In this
method approximation of the state variables and/or control, variables are done by a
suitable function of approximation (like piecewise constant parameterization or
polynomial approximation). At the same time, the approximation cost function is done
by the function of approximation. Then, the problem will be formulated again in a
normal nonlinear optimization problem (NLP) form by treating the coefficients of the

approximating function as variables of optimization as follows:

min F (x)

xX,u

s.t. Ci(x) =0, i€EE (2.20)
Ci(x) 20, jel

where  C;,i € E is the set of equality constraint and C;,j € Iis the set of

inequality constraint.
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The NLP is much simpler to solve compared to the BVP, because of its sparsity and
the availability of too many notable software programs designed to deals with its
features. Hence due to this, the number of different kind of problems that may be
solved by the use of direct methods is far more than those that may be solved by the
use of indirect methods. Therefore the direct methods becomes more famous these
days and many research also written a highly developed software programs for the

usage of these methods.

2.2.3 Optimal Control Software
Here we give examples of some software programs that are developed specifically for

this purpose.
a. OC-ODE

In 2009, Optimal Control of Ordinary-Differential Equations (OC-ODE) was
presented (Gerdts, 2009). This combines the routines of OCP in FORTRAN 77 with
ODEs. It uses an automatic direct discretization method to change OCP to NLP. It
contains some procedures that can be used to analyze the estimation for numerical

adjoint and sensitivity analysis.

b. DOTcvp

This is a MATLAB toolbox for dynamic optimization (Hirmajer et al., 2009). It
provides a space for the FORTRAN to build its files of the ordinary differental
equation, sensitivities, and Jacobian. In calculating the profiles of the optimal control,
it uses a method of vector parameterization, especially when a solution to the control

is provided in the sense of piecewise.

DOTcvp is modified by the SUNDIALS tool (Hindmarsh et al., 2005). This can be
used to solve IVP and Jacobian automatic generation and can also be used for the
gradients. Furthermore, the Adams or BDF linear method can also be used in solving

the initial value problem with Newton, Functional iteration module.

¢. Muscod-11
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Muscod-Il an acronym for Multiple Shooting CODe is one of the recent Optimal
Control solvers (Kuhl et al., 2007). It is an advanced version of AMPL that can be used

in solving a combination of integer nonlinear ODE and DAE constrained OCP.

Fourier, Gay, and Kernighan introduced AMPL in 2002 (Fourer et al., 2002). It is a
mathematical programming language for modeling. It possesses the ability of handling
large amount of data. It can also be used as in machine solvers and independent solvers.
TACO Toolkit was introduced to simplify the use of AMPL.

2.3 Fractional Calculus

The fractional calculus was originated nearly the same period as ordinary calculus was
introduced. After the formulation of ordinary differentiation and integration by

Newton and Leibniz in the 17th century, Leibniz received a letter from L’Hopital
demanding his idea if the derivative has an order of % (Podlubny, 1999a). This letter

is what led to the eventual start of fractional integrals and derivatives theories.

The advance of fractional calculus completes the theory of operation in Mathematics.
Machado et al. give the recent history of fractional calculus (Machado et al., 2011).
This is a remarkable tool that is used in explaining different phenomena of physics that
couldn’t be explained by conventional mathematics. Phenomena that possess an
extended memory, dependence on long ranges, etc are best explained by the theory of

Fractional calculus.

2.3.1 Preliminaries

a. Definitions

Definitions for fractional order integrals and differentiations exist in literature in more
than 10 forms (Miller and Ross, 1993). Here we give some of the most commonly used
definitions for convenience (Magin, 2006).

Definition 2.7 (Qian and Wong, 2010): The fractional derivative of order @ € [n —
1,n) of f(x) for Rieman-Liouville can be defined as:

1 d

RéD;CXf(X) = md—;lj;x(x - t)n_a_lf(t)dt, n= [a] + 1. (221)
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Definition 2.8 (Qian and Wong, 2010): The fractional derivative of order a € (n —

1, n] of f(x) for Caputo is defined as:

1 X
¢DSf(x) = mf (x—t)" 1 (t)dt, n=J[a]+ 1 (2.22)

Definition 2.9 (Ortiz et al., 2013): (Linearity)
If f, g are continuous and [, d are scalars, then
REDZLSf (x) + dg(x) ] = IREDEf (x) + dRiDF g (x) (2.23)

GDLEf (x) + dg(x) ] = 15D f (%) + d5Dg g (x).

Definition 2.10 (Baba, 2019): (Contraction)

For an operator f: X — X which mapped a metric space onto itself, it is contractive

for0<g<1

d(fe),f») =qd(x,y), Vxy € X. (2.24)

b. Functions

Here we give some of the most commonly used functions for convenience (Magin,
2006).

e Gamma function
Gamma function s is the essential factor in practically all fractional integral definitions.

It is defined as the factorial of non-integer numbers as follows;

The integral formula of the gamma function is written as:

o)

I'(p) = J xP~le *dx,p > 0. (2.25)
0

Some gamma function properties to remember include:

r()=1; Fn+1)=n' n=012..)

r(i/,) = vu; F(x+1) =xTXx). (2.26)
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The fractional order derivative of a variable that has the same fractional order power
as the variable in question is a constant, much like the integer derivative,

e [(a+1)

a

dxe® = Fr(fa—a+1)

x*=T(a +1). (2.27)

e Mittag-Leffer function
The exponential function acts a vital part in the solution of ordinary differential
equations. This is the case for Mittag-Leffer function (M-L) as it is the generalized
form of an exponential function. The two most common forms of Mittag-Leffer
function (M-L) are given below (Prajapati and Shukla, 2012; Chaurasia and Pandey,
2010).

oo xk
Ea(X) = zkzom((l > 0) (2.28)

oo k

X
E x=z — (@ > 0,6 >0). 2.29
Properties of the M-L function that need to be mentioned as follows;
E1,1(x) = e%;

e*—1

Ei,(x) = (2.30)

e Error function
Another special function that needs to be mentioned is the error function which can be

defined as follow:
2 (* 2

erf(x) = —f e % du, —o0 < x < o0, (2.31)
v Jy

It has the following properties;
erf(0) =0
erf(o) =1 (2.32)

erf(x) + erfc(x) =1
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Where erfc(x) is called the complimentary error function

e Confluent hypergeometric function
This function is used to get the solution for the equations of confluent hypergeometric,

and is represented as follows;

(0]

Fila;c;x) = Z((i))nf:, —0<x < (2.33)

n=0

Where the Pochhammer symbols are defined (a),, and (¢),, .

(@), = F(%;l), and (2.34)
(©)n = %.n —012..

Below are some of the hypergeometric function's most popular characteristics:

Fi (L Lx) = e, (2.35)

m 1F1(a; a+ 1; Clt) = El_z(at).

c. Important theorems
Theorem 2.2 (Baba, 2019): (Principle of Banach contraction mapping)

Any operator of contractive that mapped a metric space against the operator itself and
will create a unique fixed point. Moreover, when f:X — X is an operator of
contractive that mapped a metric space onto itself with its fixed point a: f(a) = a;

then for any continual sequence:
Xo) X1 = f(xO)’ Xy = f(x1); o Xny1 = f(xn)’ L] (236)

that converges to a.
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Then we said that a is a solution or equilibrium for the continuous dynamical system

and the discrete dynamical system is a fixed point.

Theorem 2.3 (Matignon, 1996): For the equilibrium solutions x* of a given system

say (*) to be asymptotically stable locally, then all its eigenvalues 4; in its Jacobian

matrix % which is evaluated for the equilibrium points must satisfy the condition

below:
| arg (1;)| > %n, 0<a<l. (2.37)

Theorem 2.4 (Delvari et al., 2012): If x = 0 is an equilibrium solution of system (*),

and Q € R"™ is a domain comprising x = 0.

IfV(t, x):[ty,, ] X Q — R is a continuously differentiable function given as:

Wi(x) <V(t,x) < W,(x) and (2.38)

EDEV(t,x) < —W5(x), fort>0, x€Q.

where, W;(x), W,(x) and W5(x) are definite functions that are continuous and
positive on Q and V is a contender function of Lyapunov, then x = 0 is globaly

asymptoticaly stable.

Theorem 2.5 (Vergas-De-Leon, 2015): Let x(t) € R*be a derivable and continuous
function. Then, for any time instant t > t, and a € (0,1)

Spfx(t) —x" = n (22)) < (1 -Z2) $pfx(r), x €R*. (239)

x*

2.3.2 Fractional Order Differential Equations (FODES)
These are some of the essential tools that are used to describe fractional-order dynamic
systems. Hence, they are very important and need to be studied. Here we give the

definitions of linear and nonlinear Fractional order differential equations.

a. Linear Fractional order differential equations

These are the most used as per as fractional order controls are concerned. This is due

to their simplicity and regularity. For their general expression, see below:
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a:$D5y(t) + a,SDT2y () + -+ + an Sy (t) = by SDP u(t) +

b,5DP2u(t) + -+ + b, SDPu (D), (2.40)

wheretheorders, a;, f; (i,j = 1,2,...) can be arbitrary real numbers, i.e., a;, 5; €
R. If a; and g; are integer multiples of a common factor, the equation is considered

to have a commensurate order; and if there is no common factor occurs it is supposed

to be of non-commensurate order (Vinagre and Feliu, 2000).

b. Nonlinear Fractional order differential equations

This is defined as Fractional order differential equations that are not linear.

2.4 Fractional Order Controllers

Since the solutions of fractional order models can be found now by either analytic or
numerical means, people frequently use them to model real-world problems. This leads
to the many usages of fractional calculus in different areas of applications like control
theory and electrical circuits theory. Chen explains about four situations for a
fractional control of closed-loop control systems (Chen, 2006). These are; Integer
order (10) model with Integer order (10) controller, the Integer order (10) model with
the Fractional order (FO) controller, the Fractional order (FO) model with Integer
order (I0O) controller, and Fractional order (FO) model with Fractional order (FO)

controller.

Many shreds of evidence showed that a controller designed from the best fractional
order model performs better than the one designed from the corresponding integer
order model. A lot of researchers gave reasons as to why is better to use fractional
order control than integer order control (Monje, 2006; Monje et al., 2008).
It was also discovered that using fractional order controllers gives a higher chance of
adjustability in changing both gain characteristics as well as the phase characteristics
of the controller. This flexibility makes fractional order (FO) controllers one of the
greatest tools used to design a robust control system. This indicates that a fractional
order controller designed with a few tuning knobs can have almost the same robustness

as that of an integer order (10) design with very high tuning knobs.

Different types of controllers designed with fractional order exist in the literature, here

we give examples of some of these controllers.
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2.4.1 Proportional Integral and Derivative (PID) Controllers

Examples of these controllers can be found in many industrial process control
applications. It was estimated that 95% of controllers used in this regard are PID
controllers. PID controllers consist of a combination of three different controllers

logically that give rise to a single controlled output.

Elmer Sperry was the pioneer of the PID controller in 1911. He invented the basic
Proportional controller. In 1933 the Taylor Instrumental Company (TIC) developed
the first Pneumatic controller which is fully tunable. After some years, control
engineers put their heads together to find a way of removing the error that was in the
steady state of the Proportional controllers. They achieved that through bringing back
some of the false values until the mistake is not zero. The method of eliminating the
error gives what is called Proportional Integral (P1) controller. Using derivative action
to decrease the overshooting problems, the Pneumatic PID controller was invented in
1940.

Fractional order PID controllers are of the form PI*D#. These controllers were studied
by (Podlubny, 1999b) in the time domain and by (Petras, 1999) in the frequency
domain. Its general form is given as:

u(s)

CS)=—==K, +T.S*+T,S°. 2.41
() E(S) p+ L + d ( )

with A and o being real numbers (positive), K,is the gain of proportional, T; is the
constant of integration while T; is the constant of differentiation. It can be seen that
by taking 4 = 1and o= 1, we have the traditional (I0) PID controller when 4 =
0 (T; = 0)we have the PD? controller, and when o = 0 (T; = 0) we have the PI*

controller etc.

All the above classes of controllers are distinct classes of the PI*D?the controller that

has output formula given as:
U(t) = Kye(t) + T;D, *e(t) + T,D.e (). (2.42)

Some of the works on fractional order PID controllers found in (Axtell and Bise, 1990;
Blas et al., 2002; Manabe, 1961; Mehaut et al., 2004; Monje et al., 2008; Monje et al.,
2008; Oustaloup, 2006; Xue and Chen, 2002).
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2.4.2 Fractional Order Model Predictive Controllers

Model predictive control (MPC) is defined as optimal control theory using the
numerical optimization method. Plan responses and future control efforts can be
predicted by the use of a system model predictive control. This can be done by
optimizing the system at given intervals of time with regard to a given performance
function. Recently, predictive control is among the popular progressive control
techniques that are used in many industries (Rawlings, 2000; Muske and Rawlings,
1993; Bemporad, 2006; Morari and Lee, 1999; Garcia et al., 1989).

For MPC, models are mainly used to predict the possible output and also the control
efforts needed to obtain the earmarked trajectory. Hence, in the case of MPC, the
model’s accuracy always gives the control as well as the exact prospect trajectory of
the input. This provides the basic principle of the operation of MPC. Therefore, MPC
is not a single technique but more of a methodology. Hence, it possesses many names;
Model Predictive Control (MPC), Receding Horizon Control (RHC), Model Based
Predictive Control (MBPC), Internal Model Control (IMC), Moving Horizon Control
(MHC), etc.

Fractional order MPC refers to those systems that are fractional in nature and possess
fractional MPC controllers. To design MPC there is a need for a state space model.

The general form of the FOTF is given as:

G(s) = a,b € R (2.43)

Sx+b’

with, o < 1.

2.4.3 Fractional Order Sliding Mode Controllers

The sliding mode control popularly known as SMC is non-linear in nature and changes
the dynamics of the system by using a non — continuous control signal. This induces
the system to slide through a transition of the initial behavior of the systems. SMC has
a peculiarity of activating control law that forces the states of the systems to change
from their original states to a new sliding surface. Sliding Mode Controllers are one of
the most successful control methods, hence their application to many complex systems

in engineering and sciences. Many problems concerning fractional order models use
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SMC methodology in literature (Hosseinnia et al., 2010; Tavazoei and Haeri, 2008).
Some of the applications of FO SMC have been given by (Yin et al., 2013; Yin et al.,
2014).

2.4.4 Fractional Order Optimal Controllers

Fractional Optimal Control Problems (FOCPs) are those problems of optimal control
that contains fractional order models, they can be termed as the universal form of
traditional optimal control problems (OCPs). The differential equations in FOCP are
of fractional order that is FDEs, and its performance index is represented with the
fractional operator of integration (Choi et al., 2015). Several works in the literature
give basic theories and essential foundation for FOCPs, many of them studied in detail
the procedure of designing FOCPs and found the conditions of the optimal control for
different states variables by the use of both numerical technique and analytical
techniques (Agarwal, 2004; Agarwal and Baleanu, 2007; Agarwal, 2008; Jelicic and
Petrovacki, 2009; Agarwal et al., 2010; Odzijewicz et al., 2012; Kamocki, 2014;
Chinnathambi et al., 2019; Al-Mdallal and Abu Omer, 2018; Al-Mdallal and Hajji,
2015; Hajji and Al-Mdallal, 2018).

The general method of forming and solving the problem of fractional optimal control
(FOCP) is given by (Agrawal et al., 2004). In their formulation, they use the left and

right R-L definitions of FO derivatives as in the form expressed below:

T

Ju) = j F(x,u,t)dt. (2.44)
0

Based on the following constraints of the dynamic system.
EDEx = Glx,u,t)0<a<1), (2.45)
and the initial conditions:
x(0) = x,
where x(t)is the state variable.

The cost criteria for the integral in the quadratic form are given below:

1

1
J(u) = Ef [q ()x%(t) + r( t)u?]dt. (2.46)
0
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Subject to the following:
¢DEx = a(t)x + b(t)u. (2.47)

Using the derivation given in (Agrawal et al., 2004), then the Euler-Lagrange
equations for the above FOCP can be obtained as:

Dfx = G(x,u,t),

cpag =215 (2.48)
LT 9x dx '
g _OF G

" Ox u

with x(0) = x, and A(1) = 0.

The solution of the fractional Euler-Lagrange equation and many more methods of

FOCPs with their results were all available in the literature.

2.5 COVID - 19 Mathematical Models

Since the beginning of COVID —19 pandemic many researchers collaborated to
provide mathematical models of the disease dynamics to analyze the effect of the
pandemic on susceptible populations some of the models are presented as follows;

e SIR Model

The SIR model is one of the most common structures to model diseases the basic idea
of the model is to create 3 classes or compartments of the population the first one is a
susceptible population which the letter ‘S’ stand for, and then the infected population
which ‘I’ stand for, lastly ‘R’ is the recovered population. The model dynamic of
disease transmission will be added through these parameters and equations would be
derived subsequently (Gul et al., 2008).

e SEIR Model

This model is similar to the SIR model but one extra compartment is added which is
the exposed population which ‘E’ stand for. This model was used frequently to model
COVID -19 since the exposed population was important to be analyzed especially in
lockdown phases (Guihua, and Zhen, 2005; Algahtani and Yusuf, 2022).

e Modified Compartment Model
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These models’ compartments were modified by adding new classes to the model and
changing the methods of disease transmission rates. For example, adding quarantine
population in SUQC and SEIQR maodels. In this thesis, a unique modified model was
used for modeling COVID-19 which more specified classes were added regarding

awareness and vaccination.
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CHAPTER 3

Fractional COVID - 19 Modeling and Analysis on Successive Optimal Control
Policies

3.1 Introduction

Many sectors of life were heavily impacted by the damaging effects of COVID-19
which started by the end of December 2019. The world economy still recovering from
the effect of that pandemic. Many people die from the pandemic, while many have
been infected and are battling for their lives. The COVID -19 outbreak lifts many
unanswered questions for researchers to answer. Some critical biological information
about COVID-19 is still unknown. Many research works were dedicated to finding
new and adequate vaccines for the disease. Many items such as ventilators were used
to help infected individuals in many countries. The main target is to reduce the number
of infected individuals and subsequently deaths due to the pandemic which is why
many countries adopt non—pharmaceutical measures such as lockdowns, Airport
closures, use of sanitizers, and social distancing. Many studies from theoretical to
practical points of view about the pandemic are carried out (Al-sheikh et al., 2011;
Owolabi and Atanga, 2019; Do and Lee, 2016; Chowell et al., 2015; Liu et al., 2020;
Chen et al., 2020; Khan and Atanga, 2020; Chen et al., 2020; Coccia, 2021a; Coccia,
2021b).

While 75% of the infected individuals recover without falling seriously sick, most of
the infected individuals recover naturally (Ivorra et al., 2020). Throat infection, chest
pain, runny nose or nasal congestion, losing smell and taste, vomiting, diarrhea, and
nausea are some of the symptoms of COVID — 19. In most cases, these symptoms
appear slowly. Older age suffers major complications compared to younger age. In
general, an infected person takes two days to two weeks to show symptoms of the
disease (Zamir et al., 2021). Mostly mild cases take two weeks to recover, whereas
critical cases take three to six weeks to recover (Gomes, 2020). Now that COVID -19
vaccine is available and the non-pharmaceutical interventions to avert the
transmission of the outbreak such as; quarantine, self-isolation, social distancing, and
use of (PPE) personal protective equipment (face masks, hand gloves, etc.) Also, using
sanitizer and washing hands regularly, avoiding contact with people showing the

symptoms, and reporting any suspected case. There is a need to increase awareness
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levels among people. This will help in total compliance and subsequent eradication of
the disease.

Since the inception of the pandemic in 2019, it caused millions of infections and
thousands of deaths. It also caused a predicament in the socio-economic growth of the
entire world. Hence, there is an urgent need to clearly understand the transmission
dynamics of the disease. This leads to the need of developing mathematical models
that study the dynamics of the disease and the impact of the control measures in

curtailing the spread of the disease.

Because the majority of physical phenomena, such as biological systems, have an
after-effect or a persistent memory property, it is possible that fractional differential
equations could more accurately describe these phenomena. This is because fractional
differential equations also have an after-effect memory built into their structure. This
is why many researchers about real-life phenomena use fractional order differential
equations (Escalante et al., 2018a; Escalante et al., 2018b; Ullah et al., 2018; Gomez,
2018). Caputo-Fabrizio (CF) fractional-order derivative is one of the recent senses of
fractional-order differential equations that was introduced in 2015. The CF derivative
is based on a kernel of 1 exponential more details of the equation are found in (Caputo,
2015). Caputo-Fabrizio sense was implemented in modeling many systems in various
fields (Saad and Gomez, 2018; Abdeljawad, 2017; Abdeljawad and Baleanu, 2017),
also used in modeling COVID -19 pandemic (Thabet et al., 2021; Bonyah et al., 2022;
Pandey et al., 2022; Kumar et al., 2022a). The Caputo—Fabrizio fractional derivative
introduces fewer noises than the Riemann-Liouville fractional derivative (Atanga,
2018). Therefore, Caputo—Fabrizio fractional derivative was selected to be used in this

research.

Most mathematical models of COVID — 19 that studied control in literature did not
consider time-dependent control strategies which are the most realistic approach (Baba
et al., 2022; Baba et al., 2021; Baba et al., 2020; Baba and Nasidi, 2021; Baba et al.,
2020; Baba and Nasidi, 2020; Baba and Baleanu, 2020; Ahmed et al., 2020).

However, very little research in this direction does exist, such as (Jajarmi et al., 2019;
Baleanu et al., 2019; Sweilam et al., 2019; Yildiz et al., 2018a; Yildiz et al., 2018b;
Baleanu et al., 2016) and this sort of policy could be used to propose or design

programs of epidemic controls (Baba et al., 2020; Treesatayapum, 2022). Many
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researchers consider different parameters such as geolocation in different countries as
(Pandey et al., 2022) for India, (Kumar et al., 2022b) for Japan, and (Batiha et al.,
2022) for Saudi Arabia. The global and local dynamics of COVID - 19 may be
completely characterized by mathematical models operating under fractional order
derivatives. In addition, models of this type that make use of fractional calculus are
superior in terms of their ability to precisely and accurately represent the observed
occurrences (Nunez et al., 2021; Saha et al., 2020; Batiha et al., 2022; Nana-kyere et
al., 2022; Ghosh et al., 2021; Khan et al., 2022; Dhar et al., 2022; Mohammadi and
Rezapour, 2022; Nadim et al., 2021). The researchers utilize models to track the
evolution epidemic over a period such as SEIR in (Algahtani and Yusuf, 2022) which
consider four compartments as follows; Susceptible, Exposed, Infected, and
Recovered.

In (Zeb et al., 2022; Benati and Coccia, 2022; Coccia, 2022a) researchers developed
models and applied optimal control for vaccination or restriction methods. In (Coccia,
2022b) conclude that regardless of control measures and the vaccination process

COVID - 19 is pretentious by environmental and seasonal factors.

3.2 Formation of the Model

Consists of a system of fractional order differential equations the model was formed
by Caputo — Fabrizio sense with five compartments. The compartments are; Us (t), As
(), Vs (1), I(t), and R(t) stand for susceptible unaware compartment, Susceptible aware
compartment, Susceptible vaccinated compartment, Infected compartment, and
recovered compartment respectively. The model is given below;

CODEUS(t) = 1% — BFU(DI(t) — p“Us(D),

CthaAs(t) = - éxAs (t)l(t) - ,uaAs (t):

CODEVs(t) = —BSV()I(E) — u Vi (0),

CODEI() = BFUS(DI(E) + BFAI(E) + BSV(DI(E) — (u* +y* + DI(D),
CODER(E) = §1(t) — u*R(D),

The initial conditions used for this model are presented below;
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Us(0) = ay,45(0) = ay, V;(0) = a3, 1(0) = a,andR(0) = as.

Table 1 below shows the parameters used in the model and their respective

meanings.

Table 3.1. Meaning of Parameters

Parameter Meaning

T Recruitment rate
B The transmission rate of COVID-19 in a susceptible unaware
compartment

B, < By The transmission rate of COVID-19 in a susceptible aware
compartment

B3 < B,  The transmission rate of COVID-19 in a susceptible

< B vaccinated compartment
n Natural death rate
y Recovery rate
6 Disease-induced death rate

0<a<1 Fraction order

3.3 Analysis of the Model

Here Equilibria, basic reproduction number, existence, and uniqueness analysis of the
solution of the model are carried out.

3.3.1 Equilibria Analysis and Deriving the Basic reproduction number

The method of finding equilibrium solutions is straightforward, whereby equating the
equations in the model to zero afterward the system should simultaneously be solved.

five equilibrium solutions were attained,;

I. Disease-free equilibrium (E,)
a

T
Eo = {(U®, 49, V2, 1° R%} = {#—a, 0,0,0,0}.

i. Endemic with respect to U only (E;)
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Ii. Endemic with respect to A only (E,)

This equilibrium point doesn’t exist as we have;

a
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which is not biologically meaningful as we don’t have a negative population.

iv. Endemic with respect to V; only (E5)
This equilibrium point doesn’t exist as we have;
—uc

a ’
2

13

which is not biologically meaningful as we don’t have a negative population.

V. Endemic with respect to U, A;andV; (E,)

This equilibrium point doesn’t exist as we have;

I* = —_'li orl3 = _lfx :
1 2

which is not biologically meaningful as we don’t have a negative population.

Hence the only feasible endemic equilibrium solution is E;.

Now E; only exists if

mBr — p Wt +y® + %)

>0
BE +y 489

This implies;
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whereR,, is the basic reproduction ratio.

3.3.2 Existence and Uniqueness of a Solution of The Model

46

In this section, a fixed-point result is applied to check the existence and uniqueness of

the solution of the model. Let the system be rewritten as;
“ODEUS(t) = Fy(t, Uy),

CODEA(t) = Fy(t, Ay),
CEDEVL(t) = Fs(t, Uy),
CEDEI(E) = Fy(t, D),
CEDER(t) = F5(t, R).

Applying the Caputo — Fabrizio operator, the system becomes;

2(1-a)

Us(t) — Us(0) = Z =M@

F(tU)+2—afF( U.)d
1\ Ysg (Z—a)M(a)o 1771 S TI:

A(t)—A(O)zMF(tA)+2—afF( A)d
A T oM@ Y T 2 am@ )
t
V(t)—V(O):MF(thZ—“fF( V)d
s s Q-a)M(a) > (Z—a)M(a)O 3\ V)60,

2(1- 2 g
1(6) - 1(0) = %FARD +(2TSXM@JF4(UJ)61U.
0
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2(1—-a)

2a g
R(t) — R(0) = mF5(t,R) + mof FS(T],R)dT].

Now, we need to prove F;, ..., Fz satisfy Lipschitz continuity and contraction. See the

theorem below;

Theorem 3.1:F; is Lipschitz and if
0<pBfh,+u*<1,

it is a contraction.

Proof of Theorem 3.1:

|F1(t, Us) — Fi (¢, Us)l
= |lm® = BFU(O)I(t) — p*Us(t) — m® — B U (OI(8) — p*Us (Ol

= ||-BEI®) (Us(6) — Uy (8)) — u*(Us(8) — Uy ()|
< BEWTOINUs (@) — Uy (Ol + u¥[[Us(8) — Us1 (Ol
< (Bfhy + uHINU(E) — Ug ()]

< Li|[Us(®) — Us1 (O,

Where,

Ly = Bi'hy + p*andhy = ||1(0)]].

In the same way, the Lipschitz continuity and contraction were shown for F,, ..., Fs,

where we obtain L,, ..., Ls respectively as their Lipschitz constants.

In recursive form, let
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q1n(t) = Uy, (t) = Us,,_, ()

- % (Fl(t’ Usn-l) - Fi(t, Usn_z))

t

2a
(Fl (n’ Usn—l) - Fl (n' Usn—z)) dT],

* 2—-a)M(a) )

Gon(t) = Asn () — Asn_1 (1)

2(1 -
= (Rt A, - Fe )

t
2a

+ (ZTW@ (FZ (n’ Asn—l) - FZ (n’ASn—z)) dT],
0

qzn(t) =V, (&) — Vs, _ ()
- %(}% (t Veu_,) = Fa(t, Vsn_z))

t
2a

+ (ZTW@O (F3(T], V5n—1) - F3(TI’ VSn—z)) dT],

Qan(t) = I (&) — L1 (t)
_ 2(1-a)
=~ Z-oM@ (Fa(t, Inmy) = Fo(t, In—3))

+(a—w() f (Fa,In-1) = Fa(, o)) d1,

qsn(t) = Rp(t) — R4 (0)
21—
T 2-a)M(a)

2a
T oM@ )

(Fs(t,Rp—1) — Fs(t, Rp—3))
t
(Fs(m, Ry-1) — Fs(1, Ry—2))dn,

with initial conditions;

Us° (1) = U(0), As°(6) = A5(0), :° (1) = V4(0),1,(0) = I(0)andR,(0) = R(0).
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Taking norm of g,,,, we have;

lgin Il = [|Us, () = Us,_, @

2(1—
- % (Fl(t' Usn-l) — Fy(t, Usn_z))

t

2a
T @) (F(n.Us,,) = Fa(.Us,._,) ) .

Applying triangular inequality, we have;

g (Ol = ||Us, (&) = Us,_, @]
—2(1 F U F U
(2 _ a)M(a) ” 1(t Sp— 1) 1(t Sp— 2)”

t

f (Fl (n.Us,_,) —Fi(m, Usn_z)) dn

2x
"M@

21—-a)
< G bl = Vol + s j V... = Ui, lan.

This implies;

t
g (O € =22 | g Ol + et [Nawsotan
Z=— M@ CERITORS

Similarly,

2(1-a)
lg2n DIl < (Z—W()Lz||CI2n—1(t)|| + C

t
e fn olld
Z_a)M(a) 2 q2n—1() 77'
0

1asn (Ol < == lgsna Ol + ot fn ©ld
d3n =2 - M) 3l193n-1 2 - a)M(a) 30 q3n-1 m,

2(1 —a)
lasn (Ol <

TML4||Q4n—1(t)|| +

2a :
Y Oj qan-1(®)lldn,

lasn (Ol € 2D asna Ol + e, fn ®lld
dsn =2 - M) 51q5n-1 2 - a)M(a) 50 As5n-1 1.
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Subsequently, we have;

Us, (©) = Z aui(®), As, () = Z 420(0), V5, (8) = Z 450(0), 1n(©

Z 4ut(0), Ra(8) = Z 4si(®)

To show the existence of the solution, the following theorem was proven;

Theorem 3.2: The solution exists if there exist t; such that the following inequality is
true,

2(1-a) L 2aty
C-on@ i te-om@®”

Proof of Theorem 3.2: Recursively, we have

n

2(1—a) 2a
g1 < ||Us (())II[(2 oM@ T oM@ Ll]

1420 (1 < 45, O] [ <L 22,
dan =M@= a)M(a) T M@

- ) 2a
llasn (Ol < [|Ve, (O] [(2 — @) M(a) Lto "y M(a) ks

1-a) 2a
19201 < VO [ (7= g0 4+ =y g

1-a 2a
50O < IRnOl 3= o s + s < L

Hence solutions are existed and continuous. To demonstrate that the above functions
construct the solutions, consider:;

Us(t) — Us(0) = Usn(t) - Kln(t):
As(t) — As(0) = Asn () - KZn(t);
Vs () = V5(0) = V5, () — K3, (0),

1) = 1(0) = I,(t) — K4, (2),



R(®) — R(0) = Ry (t) — K5, ().

Hence,
21— a)
(MOl | oy v7oms (F(tUs,.) - Fi(6.Us,.,))
2 t
a
OETII) f (F1 (n.Us,_,) = Fi(n, Usn_z)) dn
0
21—-a)
S Z-oM@ 1F2(e, Us,,_,) = F(&,Us, )|
t
2a
oM@ j (F1 (1. Us,,_,) = Fi(n, USn—z)) dn
0
< 20Dy 2 ve—vs e
= 2= om0 = Vol + G allVs = Vsl
Carrying out the procedure, we get
2(1-a) 2at e
[, 0]l < [(2 oM@ (- a)M(a)] bk
Att =t,, we get
2(1 - @) 2at, 1YL
”Kln(t)” = [(2 —a)M(a) + 2—-a)M(a) L7 k.
Taking the limit as n — oo, we get
1K1, @] - 0.
Similarly, we get
1Kz, O[], 1] Ko, @ [l | K 4, O ][] K5, 0 ]| = 0.
Finally, to show uniqueness, assume there exists some solutions say,
U (), AL (1), Vi1 (1), IT(t) and R(t), then
U yt 1 2(1-a) L 2at L><0
[PAGERA (t)||( TCeoM@t  Geom@) =Y

The following theorem completes the result.

51
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Theorem 3.3: If

21—-a) L 2at L 0
( T R-oM@ ' 2-a)M(a) 1)> '

then the solution is unique.

Proof of Theorem 3.3: Consider

o0 = 001 (1~ = 30 =~ =y i ) =
Since,
21-a) 2at
(1—m L -GN @ L1> >0,
then
|us(® — U@ = o.
This implies,

Us(t) = Us* (D).

This applies to the remaining functions.
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CHAPTER 4
Optimal Control and Numerical Simulation

4.1 Optimal Control Analysis

This chapter follows the next phase of research which includes formulating the optimal
control problem and finding the existence of a solution for the problem. Furthermore,
the numerical simulation will be presented with a detailed discussion and

interpretation.

4.1.1. Formation of Optimal Control Problem
The dynamics of the control system can be described by the following system of

Fractional-order differential equations in the Caputo—Fabrizio sense;
“PFDEUS(t) = % — BRUST — u®Us — Ou, Ug+€ As,

CSDf‘As(t) = P73 Asl — u*Ag—€ As — QuyAg + pusVs, (4.1)
CngVs(t) = Qu,As — B3Vl — uVs — pusVs,

“CDEI(L) = BIUSI + BSAsI + Vsl — (u™ +y® + 81,

“"DER(t) = 8% — u*R

Where,

u, = Awareness campaign about COVID — 19

u, = vaccination for the aware class

uz = taking optimal vaccine

The following objective function will be minimized:
ty
J(uy ,uy,uz) = j (aUg + bAg + cVg + du? + eus + fud)dt, (4.2)
0

The objective here is minimizing Us, As and Vsat the same time to minimize the cost
of the three controlsu,,u, and u;. Hence, we need to get the optimal

control uj ,u; and uj such that:

Jui,uz,uz) = lfplun{](u1 , Uy, Uz)|Uq, Uy, Uz € 0. (4.3)
1,U42

The set of control as:
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Q= {(ul,uz,u3)|ui: [O, tf] — [0,0)Lebesguemeasurable, i = 1,2,3}.

The expenses of minimizing U is represented by the term aUys, and that of minimizing
Aglis represented by bAg, while the one for minimizing Vsis represented by cVs.
Likewise, all the expenses associated with the control u, is represented by du?, all the
expenses associated with the control u, are represented by eusand also all the
expenses associated with the control u; is represented by fuZ The sufficient conditions
required for the optimal control to be fulfilled can be found by using the most popular
PMP. The said principle can be used to turn (4.1) and (4.3) equations to a point-wise
minimizing problem of the Hamiltonian H for( u,, u,u5) stated as follows:

H = aUs + bAg + cVs + duf + euj + fub + Ay {n® — B{UsI — p*Us —

Ou Us+€ At + Aa {3 Asl — p*As—€ As — QuzAs + pusVs} + Ay {PuyAs —

B3 Vsl — uVs — pusVe I+ {B{ Usl + B3 Asl + B3 Vsl — (u* +y* + 6} +
Ap{8%I — u*R } (4.4)

where, Ay, Aag, Ay, A1, andAg are the adjoint variables or co-state variables.

diy. OH
_ dts =35, = Ay {—BET — u* — Ouy} + 4B,
_Bas O 4 Ay, € +Au {BE] — uP—€ —Buy} + A,B81 (4.5)
” oA Ug As1P2 H 2 P2 1, .

di,. oH
_ dts =57 = ¢+ Aagpus + Ay {—BS1 — u® — pus} + ,pS1,

di _ OH
——r =57 = —AyPTUs + AagBE As + AvsBSVs + L {BTUs + BFAs + B5Vs —

W*+y*+ 6%},

(W _OH - aR

dt —ar _ RH
The transversality —conditions are Ay (tr) = Aa,(tr) = Av,(t) = 4(tr) =
Az(tr) = 0, for 0 <u;<1, for i= 1, 2,3,

From the interior of the controls, we have:

0H

a_lh = 2du1 - AUSHUS = O,

0H

—_— = zeuz - /1A ®AS + /1V ®AS = 0 (46)
ou, s s

0H

EY 2fus + AppVs — AygpVs = 0
Uz
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From where;
1
U, = ﬂ/‘lUSHUS’
1
uz = Z@As[zAS - AVS]’ (4‘7)

1
Uz = ﬁpVS[/‘lVS - AAS]'

4.1.2. Existence of Optimal Solutions

We give the following theorem for the existence of the optimal controls;
Theorem 4.1: The control values (uj,u;,u3) which can minimize(u, , u,, u;) over
U are given by,

L1
u; = max {0, min _1,ﬁ/’lUSHUS]},

1
ub = max {0, min _LZ DAs|Aag — Avs]l}, (4.8)

o1
'u; = max {O, min 1,ﬁpVS[/1VS - AAS]]}'

Where, Ay, Aag, Avg , Ar, andAgare, co-state variables that satisfy(4.1- 4.8)as well as
the transversality conditions that followA, (t;) = A4,(t7) = Ay (tr) = Ai(tr) =
Ar(tr) = 0 and
0, ifu; <0,

u; =1{UuUy, if O0<u; <1,
1, ifu; = 0,
0, ifu, <0,
u; =14 Uy, if O<u,<1, (4.9
1, qu2 > 0.
0, ifus; <0,
u; =14us, if 0<uz<1,
1, qu3 > 0.

Proof of Theorem 4.1: To prove the existence of the optimal control solution we use

the convexity of the integrand of J to controlsu,, u, and u; for the boundedness of the
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solutions of the state and the Lipschitz properties of the state concerning the variables
of the state. Hence, we apply PMP and get the following:

0H

)
“EDF Ay (6) = P “EDFAag(t) = a—i; (4.10)
“EDEAy (1) = ETA “EDEA(L) = Tk FDEAR(L) = =2

with, Ayg(tr) = Aag(tr) = Avs(tr) = Ai(tr) = 2A=(tr) =0
The conditions for the optimality can be gotten after differentiating the Hamiltonian

Hwith respect to u,, u, andus:

aH_O_ aH_O_ aH_O 411
ou, ' ou, ' Oug (4:11)

The adjoint system (4.4) and (4.5) come from the solution of (3.1), and the optimal
controls (4.7) can be gotten from (4.8). The optimal system is comprised of the
controlled system (4.1) and its initial conditions, the system of adjoint (4.4), and

conditions for transversality.

4.2. Numerical Simulation

The numerical simulations were done by Matlab 2021b software. Variable and
parameter values are given as, mw=1,p3;=0.0007,5,=0.00007,8;=
0.000007,u = 0.02,y =0.2,6 = 0.01,6 = 0.002,0 = 0.0012,p = 0.001.

X 104
16 ¢
Suscetible Unaware Population
14 - Suscetible Aware Population T
Suscetible Vaccinated Population
12 i Infected Population T
S Recowered Population
10 -

Population

Time

Figure 1. Dynamics of the model
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Figure 1 depicts the dynamics of the model. It can be seen that without any control,
the susceptible unaware population, susceptible aware population, and susceptible
vaccinated populations all go to extinction, whereas infected and recovered
populations proliferate. This clearly shows the need for the application of various
control measures to control the pandemic.

x 10°

alpha=0.2
alpha=0.4
alpha=0.6 ||
alpha=0.8
alpha=1.0

Population

Time

Figure 2. Dynamics of the infected population for various values of o

Figure 2 shows the variation of biological behavior of the infected population when
fractional-order a is varied. It can be noticed that the population of the infected class
was reduced when a the fraction order is decreased from 1 to 0.2. Hence, the memory

effect can be seen clearly.

x 10"

15

------ Infected population without controls
Infected popuation with ul

Population

Time

Figure 3. Comparing the dynamics of the infected population without control and with
control u,
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------ Infected population without controls
Infected popuation with u2

Population

Time

Figure 4. Comparing the dynamics of the infected population without control and with
control u,

15 T T T T
------ Infected population without controls

Infected popuation with u3

Population

Time

Figure 5. Comparing the dynamics of the infected population without control and with
control us

Figures 3,4 and 5 compare the effect of controls u,, u,&u; respectively on the
dynamics of the infected population. It is clear that when any control is observed, the
population of the infected individuals is reduced. This is a positive effect and hence

there is a need for compliance with the control measures.
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x 10

------ Infected population with ul and u2
Infected population without controls

Population

Time

Figure 6. Comparing the dynamics of the infected population without control and with
control u,; &u,

x 10°

Infected population with ul and u3
Infected population without controls

Population

Time

Figure 7. Comparing the dynamics of the infected population without control and with
control u; &u,
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x 10°
2.5
Infected population with u2 and u3
Infected population without controls
2 L -
< 15H -
S ‘
= ‘
= {
=3 {
IS] i
o 1 i
0.5~ -
0 L
(0] 2 4 6 8 10
Time

Figure 8. Comparing the dynamics of the infected population without control and with
control u,&us

Figures 6, 7, and 8 compare the effect of two controls, i.e. u;&u,, u;&us,
andu, &usrespectively on the dynamics of the infected population. It is clear that

when two controls are applied the drastic change in the population of infected
individuals is seen more than in the application of a single control. Hence to control
the pandemic there is a need for the application of more than one control measure.

However, the economic implication of combining and applying more than one control
measure must be taken into consideration.

x 107
15

===e== INnfected population without control
Infected population with ul, u2 and u3

4
|
1
[}
)
10

Population

1
1
5
11
1
1
1
1
L4
S|
1
Y
1
)
)

10
Time

Figure 9. Comparing the dynamics of the infected population without control and with
control u,, u,&us;.

Figure 9 compares the effect of the three controls, i.e. u;, u,&us0n the dynamics of

the infected population. The application of all the control measures in the partitioned
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susceptible population leads to the desired outcome. The effect is seen clearly. Hence
to obtain the desired result, there is a need for awareness, and not only vaccinating the
susceptible population but making sure that full dosage is given.

These results show the significant impact of awareness about COVID — 19 and the
vaccination process, other models investigate the optimal control of vaccination or the
restriction measures applied to susceptible classes which do not reflect the social

awareness about infections.
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CHAPTER 5

Conclusion

In this thesis, Caputo — Fabrizio's sense is used to develop the fractional-order COVID
-19 model, which consists of five compartments: susceptible unaware compartment,
susceptible aware compartment, susceptible vaccinated compartment, infected
compartment, and recovered compartment. Three types of susceptible classes are
studied in this paper: a susceptible class of an unaware population with awareness
control is detected, a susceptible class of an aware population with vaccine control is
found, and a susceptible class of the vaccinated population with optimal vaccination
control is found. The calculation of equilibrium points leads to the determination of
the basic reproduction ratio. The model's properties of existence and uniqueness are
confirmed. Also, the optimal control formula was developed and consequently
analyzed the presence of an optimal solution was achieved. The biological significance
of fractional order modeling is established by the use of numerical simulations, which
are conducted. By utilizing a variety of control functions, it is evident that combining
the three control methods has a significant impact on decreasing the number of infected
individuals. This study approach incorporates both vaccination and awareness into
consideration about the COVID-19 epidemic. For further studies, it’s suggested to
utilize the environmental conditions with the awareness of the susceptible class to see
the impact of optimal control on such a model.



63

References

Abdeljawad, T. (2017). Fractional operators with exponential kernels and a Lyapunov
type inequality. Adv. Differ. Equ., 2017(1). https://doi.org/10.1186/s13662-017-
1285-0

Abdeljawad, T., & Baleanu, D. (2017). On fractional derivatives with exponential
kernel and their discrete versions. Rep. Math. Phys., 80(1), 11-27.
https://doi.org/10.1016/s0034-4877(17)30059-9

Abramowitz, M., Stegun, I.A. (1968).Handbook of Mathematical FunctionsDover

publications, New York

Adams, B. M., Banks, H. T., Kwon Hee-Dae, T. T., and Hien, T. (2004). Dynamic
multidrug therapies for HIV: Optimal and STI control approaches, Math. Biosci.
Eng. 1,223-241.

Agrawal, O. P. (2004). A General formulation and solution scheme for fractional

optimal control problems. Nonlinear Dynamics, 38(1-4), 323-337.

Agrawal, O. P. (2008). A formulation and numerical scheme for fractional optimal
control problems. Journal of Vibrationand Control, 14(9-10), 1291-1299.

Agrawal, O. P., and Baleanu, D. (2007). A Hamiltonian formulation and a direct
numerical scheme for fractional optimal control problems. Journal of Vibration
and Control, 13(9-10), 1269-1281.

Agrawal, O. P., Defterli, O., and Baleanu, D. (2010). Fractional optimal control
problems with several state and control variables. Journal of Vibration and Control,
16(13), 1967-1976.

Ahmed I, Baba IA, Yusuf A, Kumam P, Wiyada P (2020), Analysis of Caputo
fractional — order model for COVID — 19 with lockdown, Advances in

Difference Equations, 394.

Ahmed, I., Baba, I.A., and Yusuf. (2020). Analysis of Caputo fractional-order model
for COVID-19 with lockdown. Adv. Differential Equation,394 (2020).
https://doi.org/10.1186/s13662-020-02853-0


https://doi.org/10.1186/s13662-020-02853-0

64

Akman Yildiz, T., Arshad, S., & Baleanu, D. (2018a). New observations on optimal
cancer treatments for a fractional tumor  growth model with and without singular
kernel. Chaos Solitons Fractals, 117, 226-239.
https://doi.org/10.1016/j.chaos.2018.10.029

Akman Yildiz, T., Arshad, S., & Baleanu, D. (2018b). Optimal chemotherapy and
immunotherapy schedules for a cancer-obesity model with Caputo time
fractional derivative. Math. Methods Appl. Sci., 41(18), 9390-9407.
https://doi.org/10.1002/mma.5298

Ali, H. M., Pereira, F. L., and Gama, S. (2016). A new approach to the Pontryagin
maximum principle for nonlinear fractional optimal control problems, Math. Meth.
Appl. Sci 39(13), 3640-3649.

Ali, M. and Ameen, I. G. (2020). Save the pine forests of wilt disease using a fractional

optimal control strategy. Chaos,Solitons & Fractals, 132, Article ID 109554.

Al-Mdallal, Q. M., and Abu Omer, A. S. (2018). Fractional-order Legendre-
collocation method for solving fractional initial value problems. Applied
Mathematics and Computation, 321, 74-84.

Al-Mdallal, Q. M., and Hajji, M. A. (2015). A convergent algorithm for solving
higher-order nonlinear fractional boundary value problems. Fractional Calculus
and Applied Analysis, 18(6), 1423-1440.

Algahtani, R. T., & Yusuf, A. (2022). Development and analysis of a seir model for
covid-19 epidemic with  vaccination and nonsingular kernel. Fractals, 30(01).
https://doi.org/10.1142/s0218348x22400400

Al-Sheikh, S., Musali, F. M., & Alsolami, M. R. (2011). Stability Analysis of an
HIV/AIDS Epidemic Model with Screening. International Mathematical Forum,
6(66), 3251-3273.

Atangana, A. (2018). Blind in a commutative world: Simple illustrations with
functions and chaotic attractors. Chaos Solitons Fractals, 114, 347-363.
https://doi.org/10.1016/j.chaos.2018.07.022

Axtell, M., and Bise, E. M. (1990). Fractional calculus applications in control systems.



65

In Proceeding of the IEEE international conference on Nat. Aerospace and
Electronics, (pp. 563-566).

Baba IA, Baba BA, Esmaili P (2020), A Mathematical Model to Study the
Effectiveness of Some of the Strategies Adopted in Curtailing the Spread of
COVID - 19, Computational and Mathematical Methods in Medicine, Article
ID 5248569.

Baba IA, Baleanu D (2020), Awareness as the Most Effective Measure to Mitigate
the Spread of COVID-19 in Nigeria, Computers, Materials and Continua
65(3):1945-1957.

Baba IA, Nasidi BA (2020), Fractional order epidemic model for the dynamics of
novel COVID-19, Alexandria Engineering Journal, 60(1): 537-548.

Baba IA, Nasidi BA (2021), Fractional Order Model for the Role of Mild Cases in
the Transmission of COVID-19, Chaos Solitons & Fractals, 142:110374.

Baba IA, Nasidi BA, Baleanu D (2021), Optimal Control Model for the Transmission
of Novel COVID - 19, Computers, Materials and Continua 66(3): 3089 — 3106.

Baba IA, Rihan FA (2022), A fractional-order model with different strains of COVID-
19, Physica A. 2022 Oct 1; 603:127813

Baba IA, Sani MA, Nasidi BA (2022), Fractional dynamical model to assess the
efficacy of facemask to the community transmission of COVID-19,
Computational Methods in Biomechanics and Biomedical Engineering, 11:1-11.

Baba IA, Yusuf A, Nisar KS, Abdel — Aty A, Nofal T.A (2020), Mathematical Model
to Assess the Imposition of Lockdown During COVID- 19 Pandemic, Results in
Physics, 20: 103716

Baba, I. A. (2019). Existence and uniqueness of a fractional order tuberculosis model.

Eur. Phys. J. plus. 134:489. DOI: 10.1140/epjp/i2019-13009-1

Baba, I. A., Abdulkadir, R. A., & Esmaili, P. (2020). Analysis of tuberculosis model
with saturated incidence rate and optimal control. Physica A, 540(123237),
123237. https://doi.org/10.1016/j.physa.2019.123237

Baba, I. A., and Nasidi, B. A. (2020b). Fractional order epidemic model for the
dynamics of novel COVID-19, Alexandria Eng. J.



66

https://doi.org/10.1016/j.aej.2020.09.029

Baba, I. A., and Nasidi, B.A. (2020a). Fractional Order Model for the Role of Mild
Cases in the Transmission of COVID-19. Chaos, Solitons & Fractals,
10.1016/j.chaos.2020.110374

Baba, I. A., Baba, B.A., and Esmaili, P. (2020). A Mathematical Model to Study the
Effectiveness of Some of the Strategies Adopted in Curtailing the Spread of
COVID-19. Computational and Mathematical Methods in Medicine.VVol. 2020.
https://doi.org/10.1155/2020/5248569

Baleanu, D., Jajarmi, A., Sajjadi, S. S., & Mozyrska, D. (2019). A new fractional
model and optimal control of a tumor-immune surveillance  with non-singular
derivative operator. Chaos, 29(8), 083127. https://doi.org/10.1063/1.5096159

Baleanu, D., Joseph, C., & Mophou, G. (2016). Low-regret control for a fractional
wave equation with incomplete data. Adv. Differ. Equ., 2016(1).
https://doi.org/10.1186/s13662-016-0970-8

Barbosa, R. S., Machado, J. A. T., Ferreira, I. M., and Tar, J. K. (2004). Dynamics of
the fractional order Van der Pol oscillator. In Proceedings of the IEEE
International Conference on Computational Cybernetics (ICCC'04), Vienna,

Austria.

Basir, F. A., Elaiw, A. M., Kesh, D., and Roy, P. K. (2015). Optimal control of a

fractional-order enzyme kinetic model. ControlCybernet, 44, 1-18.

Batiha, I. M., Al-Nana, A. A., Albadarneh, R. B., Ouannas, A., Al-Khasawneh, A., &
Momani, S. (2022). Fractional-order coronavirus models with vaccination
strategies impacted on Saudi Arabia’s infections. AIMS Math., 7(7), 12842—
12858. https://doi.org/10.3934/math.2022711

Batiha, 1. M., Momani, S., Ouannas, A., Momani, Z., & Hadid, S. B. (2022).
Fractional-order COVID-19 pandemic outbreak: Modeling and
stability analysis. Int. J. Biomath., 15(01).
https://doi.org/10.1142/s179352452150090x


https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1016%2Fj.chaos.2020.110374?_sg%5B0%5D=5VqSgoFKROCiH4vGuVw34e06mvQVnY2p4BS7dQnCkCmtsn1XVvOcvz-EL3nNWjK0K_V4_DTCO_AOHZU6qwhU3i67dA.-_CUW9NLCWCDwTkKDEnlQaV7Wh7rtc-8D9lQAfJkEn5a5Jdbz8vxAF0madFOu4ju6vFRcxVW-sLEcFS4q1JEdQ
https://doi.org/10.1155/2020/5248569

67

Becerra, V. (2008). Optimal control. Scholarpedia J., 3(1), 5354.
https://doi.org/10.4249/scholarpedia.5354

Bemporad, A. (2006). Model predictive control design: New trends and tools. In

proceedings of[EEE Conference on Decision and Control.San Diego, CA, USA.

Benati, 1., & Coccia, M. (2022). Global analysis of timely COVID-19 vaccinations:
improving governance to  reinforce response policies for pandemic crises. Int. J.
Health Gov. https://doi.org/10.1108/ijhg-07-2021-0072

Bonyah, E., & M. Juga, F. (2022). Fractional dynamics of coronavirus with
comorbidity via Caputo-Fabrizio derivative. Communications in Mathematical
Biology and Neuroscience. https://doi.org/10.28919/cmbn/6964

Bryson Jr, A. E. (1996). Optimal control 1950 to 1985. IEEE Control Systems
Magazine, 26-33.

Chachuat, B. (2007). Nonlinear and Dynamic Optimization: From Theory to Practice.

Automatic Control Laboratory, EPFL, Switzerland.

Chaurasia, V. B. L., and Pandey, S. C. (2010). On the fractional calculus of generalized
Mittag-Leffer function. SCIENTIA Series A: Mathematical Sciences, 20, 113-122.

Chen, T.-M., Rui, J., Wang, Q.-P., Zhao, Z.-Y., Cui, J.-A., & Yin, L. (2020a). A
mathematical model for simulating the phase-based transmissibility of a  novel
coronavirus. Infect. Dis. Poverty, 9(1), 24. https://doi.org/10.1186/s40249-020-
00640-3

Chen, T.-M., Rui, J., Wang, Q.-P., Zhao, Z.-Y., Cui, J.-A., & Yin, L. (2020b). A
mathematical model for simulating the phase-based transmissibility of a  novel
coronavirus. Infect. Dis. Poverty, 9(1), 24. https://doi.org/10.1186/s40249-020-
00640-3

Chen, Y (2006). Ubiquitous Fractional Order Controls?In Proceedings of the Second
IFAC Symposium on Fractional Derivatives and Applications (IFAC FDAQ6) 19 -
21 July, 2006. Porto, Portugal.

Chinnathambi, R., Rihan, F. A., and Alsakaji, H. J. (2019). A fractional order model

with time delay for tuberculosis with endogenous reactivation and exogenous



68

reinfections. Mathematical Methods in the Applied Sciences, 2019, 1-15.

Choi, S., Jung, E., and Lee, S.M. (2015). Optimal intervention strategy for prevention
tuberculosis using a smoking-tuberculosis model. J. Theor. Biol. 380, 256-270.

Chowell, D., Castillo-Chavez, C., Krishna, S., Qiu, X., & Anderson, K. S. (2015).
Modelling the effect of early detection of Ebola. Lancet Infect. Dis., 15(2), 148—
149. https://doi.org/10.1016/S1473-3099(14)71084-9

Coccia, M. (2021a). High health expenditures and low exposure of population to air
pollution as critical factors that can reduce fatality rate in COVID-19
pandemic crisis: a global analysis. Environ. Res., 199(111339), 1113309.
https://doi.org/10.1016/j.envres.2021.111339

Coccia, M. (2021b). Pandemic prevention: Lessons from COVID-19. Encyclopedia,
1(2), 433-444. https://doi.org/10.3390/encyclopedial020036

Coccia, M. (2021c). The impact of first and second wave of the COVID-19 pandemic
in society: comparative analysis to support control measures to cope with
negative effects of future infectious diseases. Environ. Res., 197(111099),
111099. https://doi.org/10.1016/j.envres.2021.111099

Coccia, M. (2022a). COVID-19 pandemic over 2020 (withlockdowns) and 2021 (with
vaccinations):  similar effects for seasonality and environmental factors. Environ.
Res., 208(112711), 112711. https://doi.org/10.1016/j.envres.2022.112711

Coccia, M. (2022b). Optimal levels of vaccination to reduce COVID-19 infected
individuals and deaths: A global analysis. Environ. Res., 204(Pt C), 112314.
https://doi.org/10.1016/j.envres.2021.112314

Coccia, M. (2022c). Preparedness of countries to face COVID-19 pandemic crisis:
Strategic  positioning and factors supporting effective strategies of prevention
of pandemic threats. Environ. Res., 203(111678), 111678.
https://doi.org/10.1016/j.envres.2021.111678

Delvari, H., Baleanu, D., and Sadati, J. (2012). Stability analysis of Caputo fractional-

order nonlinear systems revisited. J: Nonlinear dynamics. 67, 2433-2439.

Der Pol, B. V., and Der Mark, J. V. (1927). Frequency de multiplication. Nature,



69

120,363-364.

Der pol, B.V. (2003). Fractional Van der Pol equations. Journal of Sound and
Vibration, 259(2) 457-460.

Dhar, B., Gupta, P. K., & Sajid, M. (2022). Solution of a dynamical memory effect
COVID-19 infection system with leaky  vaccination efficacy by non-singular
kernel fractional derivatives. Math. Biosci. Eng., 19(5), 4341-4367.
https://doi.org/10.3934/mbe.2022201

Ding, Y., Wang, Z., and Ye, H. (2012). Optimal control of a fractional order HIV-
immune system with memory. IEEE Transactionson Control Systems Technology,
20(3), 763-769.

Djouima, M., Azar, A. T., Drid, S., & Mehdi, D. (2017). Higher Order Sliding Mode
Control for Blood Glucose Regulation of Type 1 Diabetic Patients. International
Journal of System Dynamics Applications, 7(1), 65-84.
https://doi.org/10.4018/ijsda.2018010104

Do, T. S., & Lee, Y. S. (2016). Modeling the spread of Ebola. Osong Public Health
Res. Perspect., 7(1), 43-48. https://doi.org/10.1016/j.phrp.2015.12.012

El, A., Laaroussi, A., Ghazzali, R., Rachik, M., & Benrhila, S. (2019). Modeling the
spatiotemporal transmission of Ebola disease and optimal control : a regional

approach. International Journal of Dynamics and Control, 7(3), 1110-1124.

Escalante-Martinez, J. E., Gomez-Aguilar, J. F., Calderén-Ramoén, C., Aguilar-
Meléndez, A., & Padilla-Longoria, P. (2018a). A mathematical model of circadian
rhythms synchronization using fractional differential equations system of
coupled van der Pol oscillators. Int. J. Biomath., 11(01), 1850014.
https://doi.org/10.1142/s1793524518500146

Escalante-Martinez, J. E., Gomez-Aguilar, J. F., Calderon-Ramon, C., Aguilar-
Meléndez, A., & Padilla-Longoria, P. (2018b). Synchronized bioluminescence
behavior of a set of fireflies involving  fractional operators of Liouville-Caputo
type. Int. J. Biomath., 11(03), 1850041.
https://doi.org/10.1142/s1793524518500419



70

European Center for Disease Prevention and Control (ECDC). (2019). Disease
background of COVID-19. Available from: www.ecdc.europa.eu/en/2019-ncov-

background-disease

Fang, Ferric C., Constance A. Benson, Carlos Del Rio, Kathryn M. Edwards, Vance
G. Fowler Jr, David N. Fredricks, Ajit P. Limaye et al. "COVID-19—Ilessons
learned and questions remaining.” Clinical Infectious Diseases 72, no. 12 (2021):
2225-2240.

Fourer, R., Gay, D. M., and Kernighan, B. W. (2002). AMPL: A Modeling Language
for Mathematical Programming. Duxbury Press Brooks Cole Publishing Company,
2002.

Gambhire, S. J., Kishore, D. R., Londhe, P. S., & Pawar, S. N. (2020). Review of
sliding mode based control techniques for control system applications.
International Journal of Dynamics and Control. https://doi.org/10.1007/s40435-
020-00638-7

Gani, S. R., & Halawar, S. V. (2018). Optimal control for the spread of infectious
disease: The role of awareness programs by media and antiviral treatment. Optimal
Control Applications and Methods, 39(4), 1407-1430.
https://doi.org/10.1002/0ca.2418

Garcia, C., Prett, D., and Morari, M. (1989). Model predictive control: Theory and
practice a survey. Automatica, 25(3), 335-348.

Gerdts. M. (2009). User's guide OC-ODE (version 1.4). Technical report, University
at Wurzburg.

Ghosh, S., Samanta, G., & Nieto, J. J. (2021). Application of non-parametric models
for analyzing survival data of COVID-19 patients. J. Infect. Public Health,
14(10), 1328-1333. https://doi.org/10.1016/j.jiph.2021.08.025

Gobmez-Aguilar, J. F. (2018). Fundamental solutions to electrical circuits of non-
integer order via  fractional derivatives with and without singular kernels. Eur.
Phys. J. Plus, 133(5). https://doi.org/10.1140/epjp/i2018-12018-x

Gu, X. (2003). Paradox and mathematics teaching (in Chinese).Gu F., Huang R., Gu


http://www.ecdc.europa.eu/en/2019-ncov-background-disease
http://www.ecdc.europa.eu/en/2019-ncov-background-disease

71

L. Theory and Development of Teaching Through Variation in Mathematics in
ChinaResearch and Practice on Teaching and Education.(pp.131-141).

Guihua, L., and Zhen, J. (2005). Global stability of a SEIR epidemic model with
infectious force in latent, infected and immune period, Chaos Soliton. Fract. 25(5),
1177-1184.

Gul, Z., Yong, H. K., and 11, H. J. (2008). Stability analysis and optimal vaccination
of an SIR epidemic model, BioSystems. 93, 240-249.

Hajji, M. A., and Al-Mdallal, Q. M. (2018). Numerical simulations of a delay model
for immune system-tumor interaction. SultanQaboos University Journal for
Science, 23(1), 19-31.

He, H., Shen, Y., Jiang, C., Li, T., Guo, M., & Yao, L. (2020). Spatiotemporal big data
for PM2. 5 exposure and health risk assessment during COVID-19. International
Journal of Environmental Research and Public Health, 17(20), 7664.

Hindmarsh, A. C., Brown, p., Grant, K.E., Lee, S.L., Serban, R., Shumaker, D.E., and
Woodward, C.S. (2004). Sundials: Suite of nonlinear and differential algebraic

equation solvers. ACM Transactions on Mathematical Software, 31(3), 363-396.

Hirmajer, T., Balsa-Canto, E., and Banga, J. R. (2009). Dotcvpsb, a software toolbox
for dynamic optimization in systems biology. Bioinformatics, 10, 199-213.

Hosseinnia, S. H., Ghaderi, R., Ranjbar, N. A., Mahmoudian, M., and Momani, S.
(2010). Sliding mode synchronization of an uncertain fractional order chaotic
system," Comput. Appl. Math., 59, 1637-1643.

Img. Corona Ebook. (2019). Pdf available from:

http://www.1mg.com/articles/coronavirus-all-your-questions-answered.

Ivorra, B., Ferrandez, M. R., Vela-Pérez, M., & Ramos, A. M. (2020). Mathematical
modeling of the spread of the coronavirus disease 2019  (COVID-19) taking into
account the undetected infections. The case of ~ China. Commun. Nonlinear Sci.
Numer. Simul., 88(105303), 105303. https://doi.org/10.1016/j.cnsns.2020.105303

J.H.  university, medicine, Recent opening and closing policy

decisions(2020). https://coronavirus.jhu.edu/data/state-timeline/new-confirmed-



http://www.1mg.com/articles/coronavirus-all-your-questions-answered
https://coronavirus.jhu.edu/data/state-timeline/new-confirmed-cases/hawaii

72

cases/hawalii.

Jabbari, A., kheiri, H., Jodayree, A., and Bekir, A. (2016). Dynamical analysis of the
avian-human influenza epidemic model using multistage analytical method, Int.J.
biomath. 09, 1650090.

Jajarmi, A., Ghanbari, B., & Baleanu, D. (2019). A new and efficient numerical
method for the fractional modeling and optimal control of diabetes and
tuberculosis co-existence. Chaos, 29(9), 093111.
https://doi.org/10.1063/1.5112177

Jelicic, Z. D., and Petrovacki, N. (2009). Optimality conditions and a solution scheme
for fractional optimal control problems. Structural and Multidisciplinary
Optimization, 38(6), 571-581.

Jiang, P., Fu, X., Van Fan, Y., Klemes, J. J., Chen, P., Ma, S., & Zhang, W. (2021).
Spatial-temporal potential exposure risk analytics and urban sustainability impacts
related to COVID-19 mitigation: A perspective from car mobility
behaviour. Journal of cleaner production, 279, 123673.

Kamien, M. I, and Schwartz, N. L. (1991). Dynamic Optimization: the Calculus of

Variations and Optimal Control in Economics and Management. North-Holland.

Kamocki, R. (2014). Pontryagin maximum principle for fractional ordinary optimal
control problems. Mathematical Methodsin the Applied Sciences, 37(11), 1668—
1686.

Karrakchou, M., and Gourari, S. (2006). Optimal control and infectiology:
Application to an HIV/AIDS model, Appl. Math. Comput. 177, 807-818.

Kassa, S. M., Njagarah, J. B., & Terefe, Y. A. (2020). Analysis of the mitigation
strategies for COVID-19: from mathematical modelling perspective. Chaos,
Solitons & Fractals, 138, 109968.

Khan, A., Zarin, R., Khan, S., Saeed, A., Gul, T., & Humphries, U. W. (2022).
Fractional dynamics and stability analysis of COVID-19 pandemic model  under
the harmonic mean type incidence rate. Comput. Methods Biomech. Biomed.
Engin., 25(6), 619-640. https://doi.org/10.1080/10255842.2021.1972096


https://coronavirus.jhu.edu/data/state-timeline/new-confirmed-cases/hawaii

73

Khan, M. A., & Atangana, A. (2020). Modeling the dynamics of novel coronavirus
(2019-nCov) with fractional derivative. Alex. Eng. J., 59(4), 2379-2389.
https://doi.org/10.1016/j.aej.2020.02.033

Kheiri, H., and Jafari, M. (2018). Optimal control of a fractional-order model for the
HIV/AIDS epidemic. International Journal ofBiomathematics, 11(7), Article ID
1750095, 23 pages, 2018.

Kirk, D. E. (1998). Optimal Control Theory: An Introduction. Dover Publications.

Kuhl, P., Albersmeyer, J., Kirches, C., Wirsching, L., Sager, S., Potschka, A., Diehl,
M., Leineweber, D.B., Schafer, A. A. S. (2001). MUSCOD-II User’s Manual.
University of Heidelberg.

Kumar, A., Prakash, A., & Mehmet Baskonus, H. (2022). The epidemic COVID-19
model via Caputo—Fabrizio fractional operator. Waves Random Complex Media, 1—
15. https://doi.org/10.1080/17455030.2022.2075954

Kumar, P., Rangaig, N. A., Abboubakar, H., Kumar, A., & Manickam, A. (2022).
Prediction studies of the epidemic peak of coronavirus disease in Japan:  From
Caputo derivatives to Atangana—Baleanu derivatives. Adv. Complex Syst., 13(01).
https://doi.org/10.1142/s179396232250012x

Lahey, B. (2010). Psychology: An introduction. Boston, MA: McGraw-Hill, 2010.

Lambura, A. G., Mwanga, G. G., & Luboobi, L. (2020). Mathematical Model for
Optimal Control of Soil-Transmitted Helminth Infection. Computational and
Mathematical Methods in Medicine, 2020, 1-15.

Le Mehaut, A., Machado, J. A., Trigeassou, J. C., and Sabatier, J. (2004). Symposium
onFractional Differentiation and its Application. In Proceedings of the First IFAC
s (FDAO4), Bordeaux, France, IFAC, Elsevier Science.

Leibniz, G. W. (1962). Mathematische Schiften. Hildesheim: G. Olms, Verlagsbuch-
handlung, 1962.

Leitmann, G. (1997). The calculus of variations and optimal control. An introduction.
Mathematical Concepts and Methods in Science and Engineering, 24. New York:

Plenum Press.



74

Lenhart, S., and Workman, J. T. (2007). Optimal control applied to biological models.
Chapman & Hall/CRC Mathematical and Computational Biology Series. Chapman
& Hall/CRC, Boca Raton, FL.

Lewis, F. L. (1992). Applied Optimal Control and Estimation., Chapter 1introduction

to Modern Control Theory. Prentice-Hall.

Li, R., Pei, S., Chen, B., Song, Y., Zhang, T., Yang, W., & Shaman, J. (2020).
Substantial undocumented infection facilitates the rapid dissemination of novel
coronavirus (SARS-CoV-2). Science, 368(6490), 489-493.

Lin, Q., Zhao, S., Gao, D., Lou, Y., Yang, S., & Musa, S. S. (2020). A conceptual
model for the outbreak of Coronavirus disease 2019 (COVID-19) in Wuhan, China
with individual reaction and governmental action. International Journal of
Infectious Diseases, 93(61373005), 211-216.
https://doi.org/10.1016/j.ijid.2020.02.058

Machado, J. T., Kiryakova, V., and Mainardi, F. (2011). Recent history of fractional
calculus. Commun Nonlinear Sci Numer Simulat., 16, 1140-1153.

Magin, R. L. (2006). Fractional calculus in bioengineering. Begell House Inc.

Mainardi, F., and Pironi, P. (1996). The fractional Langevin equation: Brownian
motion revisited. Extracta Mathematicae, 11(1), 140-154.

Makinde, O. D., and Okosun, K. O. (2011). Impact of chemo-therapy on optimal
control of malaria disease with infected immigrants. BioSystems 104(1), 32—-41.

Matignon, D. (1996). Stability result for fractional differential equations with
application to control processing. J: computational engineering in system and
application. 2, 963-968.

Miller, K. S., and Ross, B. (1993). An Introduction to the Fractional Calculus and
Fractional Differential Equations, 1st edition. New York, NY, USA: Wiley-

Interscience.

Modchang, C., lamsirithaworn, S., Auewarakul, P., and Triampo, W. (2012). A
modeling study of school closure to reduce influenza transmission: A case study of

an influenza A (H1N1) outbreak in a private Thai school. Mathematical and



75

Computer Modelling, 55(3-4), 1021-1033.

Mohamadou, Y., Halidou, A., & Kapen, P. T. (2020). A review of mathematical
modeling, artificial intelligence and datasets used in the study, prediction and
management of COVID-19. Applied Intelligence, 50(11), 3913-3925.

Mohammadi, H., & Rezapour, S. (2022). Some fractional mathematical models of the
COVID-19 outbreak. In Modeling, Control and Drug Development for COVID-19
Outbreak Prevention (pp. 957-1021). Springer International Publishing.
https://doi.org/10.1007/978-3-030-72834-2_28

Mojaver, A., and Kheiri, H. (2016). Dynamical analysis of a class of hepatitis C virus
infection models with application of optimal control. Int. J. Biomath. 09, 1650038.

Monje, A., Chen, Y., Vinagre, B., Xue, D., and Fileu, v. (2009). Fractional Order
Controls - Fundamentals and Applications. Springer-Verlag London, Advances in

Industrial Control series.

Monje, C. A., Vinagre, B. M., Chen, Y. Q., Feliu, V., Lanusse, P., and Sabatier, J.
(2004). Proposals for fractional PI*D®tuning. In the Proceedings of the First IFAC
Symposium on Fractional Differentiation and its Applications (FDAO4), Bordeaux,

France.

Monje, C.A. M. (2006). Design Methods of Fractional Order Controllers for Industrial
Applications. PhD thesis, University of Extremadura, Spain, 2006.

Monje, C.A., Vinagre, B. M., Feliu, V., and Chen, Y. (2008). Tuning and Auto-Tuning
of Fractional Order Controllers for Industry Applications. IFAC Journal of Control
Engineering Practice, 16 (7), 798-812.

Morari, M. and Lee, J. H. (1999). Model predictive control: Past, present and future.
The Journal of Computersand Chemical Engineering.

Mukandavire, Z., Gumel, A. B., Garira W., and Tchuenche, J. M. (2009).
Mathematical analysis of a model for HIV-Malaria co-infection, Math. Biosci.
Engr. 6, 333-362.

Muske, K. R. and Rawlings, J. B. (1993). Model predictive Control with linear models.
Process Systems Engineering, 39(2), 262—-287.



76

Mwanga, G. G., Aly, S., Haario, H., and Nannyonga, B. K. (2014). Optimal control of
malaria model with drug resistance in presence of parameter uncertainty. App.
Math. Sci. 8, 2701-2730.

Nadim, S. S., Ghosh, I., & Chattopadhyay, J. (2021). Short-term predictions and
prevention strategies for COVID-19: A model-based study. Appl. Math.
Comput., 404(126251), 126251. https://doi.org/10.1016/j.amc.2021.126251

Nana-Kyere, S., Boateng, F. A., Jonathan, P., Donkor, A., Hoggar, G. K., Titus, B. D.,
Kwarteng, D., & Adu, I. K. (2022). Global analysis and optimal control model of
COVID-19. Comput. Math. Methods Med., 2022, 9491847.
https://doi.org/10.1155/2022/9491847

Nof, S. Y. (2009). Springer Handbook of Automation. Springer, 2009.

Nufez-Delgado, A., Bontempi, E., Coccia, M., Kumar, M., Farkas, K., & Domingo, J.
L. (2021). SARS-CoV-2 and other pathogenic microorganisms in the environment.
Environ. Res., 201(111606), 111606. https://doi.org/10.1016/j.envres.2021.111606

Odzijewicz, T., Malinowska, A. B., and Torres, D. F. M. (2012). Fractional Calculus
of variations in terms of a generalized fractional integral with applications to
physics. Abstract andApplied Analysis, Article ID 871912.

Okyere, E., Oduro, F. T., Amponsah, S. K., and Dontwi, I. K. (2016). Fractional order
optimal control model for malaria infection. arXiv preprint arXiv: 1607.01612.
http://arxiv.org/abs/1607.01612.

Ortiz, M., Hernandez, J.R., and Adriana, L. (2013). The theorem existence and
uniqueness of the solution of fractional differential equation. Redalyc J. Scientific
information system. Vol. 23 (NE-2), 2013. ISSN: 0188-6266.

Oustaloup, A. (2006). Proceedings of the Second IFAC Symposium on Fractional
Differentiation and its Applications. IFAC, Elsevier Science Ltd., Oxford, UK.

Owolabi, K. M., & Atangana, A. (2019). Mathematical analysis and computational
experiments for an epidemic system  with nonlocal and nonsingular derivative.
Chaos Solitons Fractals, 126, 41-49. https://doi.org/10.1016/j.chaos.2019.06.001



77

Pandey, P., Gomez-Aguilar, J. F., Kaabar, M. K. A., Siri, Z., & Mousa, A. A. A.
(2022). Mathematical modeling of COVID-19 pandemic in India using Caputo-
Fabrizio fractional derivative. Comput. Biol. Med., 145(105518), 105518.
https://doi.org/10.1016/j.compbiomed.2022.105518

Pereira, E. Monje, C., Vinagre, B., and Gordillho, F. (2004). Matlab toolbox for the
analysis of fractional order systems with hard nonlinearities. In Proceedings of the
1st IFAC Workshop on Fractional Differentiation and Its Applications (FDA'04),
Bordeaux, France, 214-2109.

Peter, O. J., Shaik, A., and lbrahim, M. O. (2020). Analysis and Dynamics of
Fractional order Mathematical Model of COVID-19 in Nigeria using Atangana-

Baleanue operator, Computers, Materials & Continua, (2020).

Petras, 1. (1999). The fractional-order controllers: methods for their synthesis and
application, J. of Electrical Engineering, 50(9-10), 284-288.

Podlubny, I. (1999a). Fractional Differential Equations. Academic Press, San Diego,
1999.

Podlubny, 1. (1999b).  Fractional-order systems and PI*DH-controllers. IEEE
Transactions on Automatic Control, 44(1), 208-214.

Pontryagin, S., and Boltyanskii, V. (1986). The Mathematical Theory of Optimal

Processes. Gordon and Breach Science Publishers,London, UK, 1986.

Prajapati, J. C., and Shukla, A. K. (2012). Decomposition of generalized Mittag-Leffer

function and its properties. Advances in Pure Mathematics, 2, 8-14.

Press, W.H., Flannery, B.P., Teukolsky, S.A., and Vetterling, W.T. (1987).
Numerical Recipes 3rd Edition: The Art of Scientific Computing.Cambridge
University Press, Cambridge.

Qian, D., and Wong, P.J.Y. (2010). Stability analysis of fractional differential system
with Rieman-Liouville derivative. Elsavier J. Maths and Computer modeling. 52
(5-6), 862-874.

Rao, A. V., (2009). A survey of numerical method for optimal control. Technical

Report AAS. 09-334, Dep. of Mechanical and Aerospace Engineering, University



78

of Florida.

Rawlings, J. B. (2000). Tutorial overview of model predictive control. IEEE Control

Systems Magazine.

Rihan, F. A., Abdelraham, D. H., Al-Maskari, F., Ibrahim, F., and Abdeen, M. A.
(2014). Delay differential model for tumor-immune response with chemo
immunotherapy and optimal control. Comput. Math. Meth. Med. 2014, Article ID
982978, 15 pages.

Rt COVID-19 effective reproductive number (Rt) analysis 1st November, 2020,

2020b, http://epidemicforecasting.org/country-rt-estimates?region=US

Saad, F. T., & Hincal, E. (2018). An optimal control approach for the interaction of
immune checkpoints, immune system, and BCG in the treatment of superficial
bladder cancer. Eur. Phys. J. Plus, 133(J241), 1-14.
https://doi.org/10.1140/epjp/i2018-12092-0

Saad, K. M., & Gomez-Aguilar, J. F. (2018). Analysis of reaction—diffusion system
via a new fractional derivative with  non-singular kernel. Physica A, 509, 703—
716. https://doi.org/10.1016/j.physa.2018.05.137

Sadique, M. Z., Adams, E. J., and Edmunds, W. J. (2008). Estimating the costs of
school closure for mitigating an influenza pandemic. BMC public health, 8(1), 1-7.

Saha, S., Samanta, G. P., & Nieto, J. J. (2020). Epidemic model of COVID-19 outbreak
by inducing behavioural response in ~ population. Nonlinear Dyn., 102(1), 455—
487. https://doi.org/10.1007/s11071-020-05896-w

Shukla, A. K., and Prajapati, J. C. (2007). On a generalization of Mittag-Leffer
function and its properties. J. Math. Anal. Appl, 336, 797-811.

Snapper, E. (1979). The three crises in mathematics: Logicism, intuitionism and

formalism. Mathematics Magazine, 52, 207-216.

Sofia, H., Monteiro, M. T. T., & Torres, D. F. M. (2015). Coexistence of two dengue
virus serotypes and forecasting for Madeira Island. Operations Research for Health
Care, 7, 122-131. https://doi.org/10.1016/j.0rhc.2015.07.003


http://epidemicforecasting.org/country-rt-estimates?region=US

79

Sussmann, H. J., and Willems, J. C. (1997). 300 years of optimal control: from the
Brachystochrone to the Maximum Principle. IEEE Control Systems Magazine, 32-
44,

Sweilam, N. H., Al-Mekhlafi, S. M., & Baleanu, D. (2019). Optimal control for a
fractional tuberculosis infection model including the impact of diabetes and
resistant strains. J. Adv. Res., 17, 125-137.
https://doi.org/10.1016/j.jare.2019.01.007

Sweilam, N. H., Saad, O. M., and Mohamed, D. G. (2017). Comparative studies for
the fractional optimal control in transmission dynamics of West Nile virus.

International Journal ofBiomathematics, 10(7), 31 pages.

Tahir, M., Shah, S. I. A., Zamzn, G., and Khan, T. (2019). Stability behavior of
mathematical model of MERS Corona virus spread in population. J: Filomat
33(12), 3947-3960.

Tang, L., Zhou, Y., Wang, L., Purkayastha, S., Zhang, L., He, J., ... & Song, P. X. K.
(2020). A review of multi-compartment infectious disease models. International
Statistical Review, 88(2), 462-513.

Tavazoei, M. S., and Haeri, M. (2008). Synchronization of chaotic fractional-order

systems via active sliding mode controller. Phys. A, 387, 57-70.

Thabet, S. T. M., Abdo, M. S., & Shah, K. (2021). Theoretical and numerical analysis
for transmission dynamics of COVID-19  mathematical model involving Caputo-
Fabrizio derivative. Adv. Differ. Equ., 2021(1), 184.
https://doi.org/10.1186/s13662-021-03316-w

Transmission of SARS-CoV-2: implications for infection prevention precautions,
July, 2020, 2020, https://www.who.int/news-room/commentari

es/detail/transmission-of-sars-cov-2-implications-for-infection-prevention-

precautions.

Treesatayapun, C. (2022). Epidemic model dynamics and fuzzy neural-network
optimal control with  impulsive traveling and migrating: Case study of COVID-
19 vaccination. Biomed. Signal Process. Control, 71(103227), 103227.
https://doi.org/10.1016/j.bspc.2021.103227


https://www.who.int/news-room/commentaries/detail/transmission-of-sars-cov-2-implications-for-infection-prevention-precautions
https://www.who.int/news-room/commentaries/detail/transmission-of-sars-cov-2-implications-for-infection-prevention-precautions
https://www.who.int/news-room/commentaries/detail/transmission-of-sars-cov-2-implications-for-infection-prevention-precautions

80

Ullah, S., Altaf Khan, M., & Farooq, M. (2018). A fractional model for the dynamics
of B virus. Chaos Solitons Fractals, 116, 63-71.
https://doi.org/10.1016/j.chaos.2018.09.001

Vaishya, R., Javaid, M., Khan, I. H., & Haleem, A. (2020). Artificial Intelligence (Al)
applications for COVID-19 pandemic. Diabetes & Metabolic Syndrome: Clinical
Research & Reviews, 14(4), 337-339.

Vergas-De-Leon, C. (2015). Volterra-type Lyapunov function for fractional-order
epidemic sustems. J: communications in nonlinear science and numerical
simulation. 24 (1-3), 75-85.

Vinagre, B. M., and Chen, Y. (2002). Lecture notes on fractional calculus applications
in automatic control and robotics. In the 41st IEEE CDC2002 Tutorial Workshop #
2, 1-310.

Vinagre, B. M., and Feliu, V. (2000). Optimal fractional controllers for commensurate
order systems: A special case of the Wiener-Hopf method. In Proc. of the 39th
IEEE Conference on Decision and Control (CDC), Sydney, Australia.

Wang, J. C. (1987). Realizations of generalized warburg impedance with RC ladder

networks and transmission lines, J. of Electrochem. Soc., 134(8), 1915-1920.

World  Health  Organization (WHO). (2019). Coronavirus.  Available

from:www.who.int/health-topics/corona-virus.

Xue, D., and Chen, Y. Q. (2002). A Comparative Introduction of Four Fractional
Order Controllers, In Proceedings of the 4th World Congresson Intelligent Control

and Automation.

Yang, G., Cao, P., Wang, X., & He, D. (2020). Modelling the Measles Outbreak at
Hong Kong International Airport in 2019: A Data-Driven Analysis on the Effects
of Timely Reporting and Public Awareness. Infection and Drug Resistance, 13(6),
1851-1861. https://doi.org/10.2147/IDR.S258035

Yaro, D., Osafo, W., Saviour, A., Akuamoah, W., & Lu, D. (2019). Analysis and
Optimal Control of Fractional-Order Transmission of a Respiratory Epidemic
Model. International Journal of Applied and Computational Mathematics, 5(4), 1—-
21. https://doi.org/10.1007/s40819-019-0699-7


http://www.who.int/health-topics/corona-virus

81

Yin, C., Chen, Y., and Zhong, S. (2014). Fractional-order sliding mode based
extremum seeking control of a class of nonlinear system. Automatica, 50, 3173-
3181.

Yin, C., Stark, B., Chen, Y., and Zhong, S. (2013). Adaptive minimum energy
cognitive lighting control: integer order vs fractional order strategies in sliding

mode based extremum seeking. Mechatronics, 23, 863-872.

Yusuf, T. T., and Benyah, F. (2012). Optimal strategy for controlling the spread of
HIV/AIDS disease: A case study of South Africa. J. Biol. Dyn. 6,475-494.

Zaman, G., Jung, I. H., Torres, D. F. M., & Zeb, A. (2017). Mathematical Modeling

and Control of Infectious Diseases. 2017

Zamir, M., Nadeem, F., Abdeljawad, T., & Hammouch, Z. (2021). Threshold
condition and non pharmaceutical interventions’s control strategies for
elimination of COVID-19. Results Phys.,, 20(103698), 103698.
https://doi.org/10.1016/j.rinp.2020.103698

Zeb, A., Kumar, P., Erturk, V. S., & Sitthiwirattham, T. (2022). A new study on two
different vaccinated fractional-order COVID-19 models via numerical
algorithms. J. King Saud Univ. Sci., 34(4), 101914.
https://doi.org/10.1016/j.jksus.2022.101914



APPENDIX 1
Ethical Approval Letter

82



APPENDIX 2
Similarity Report

83



84

APPENDIX 3

Curriculum Vitae

Personal Information

Surname, Name : HADI, Mohammed Subhi Hadi Hadi
Nationality > Iraqi
Date and Place of Birth : 31 October 1988, Mosul
Marital Status : Married
Education
Degree Institution Year of Graduation
M.Sc. Newcastle University, Newcastle Upon 2012
Tyne, UK. Automation and control
Engineering
B.Sc. University of Duhok, Duhok, Iraq, 2010
Electrical and Computer Engineering

Work Experience

Year
Enrollment

2011 — Present

2017 — 2018

Place

Department of Electrical and Assistant Lecturer
Computer Engineering, UoD
Department of Electrical and Assistant

Electronics Engineering, NEU

Foreign Languages

Kurdish, Mother language.

English, spoken and written very good.

Arabic, spoken

and written fluently.



85

Honors and Awards

e HCDP Scholarship, 2010

Publication In International Refereed Journals (In Coverage Of Ssci And Sci-
Expanded):

e Hadi, M. S., & Bilgehan, B. (2022). Fractional COVID-19 Modeling and
Analysis on Successive Optimal Control Policies. Fractal and Fractional,
6(10), 533. https://doi.org/10.3390/fractalfract6100533

Publication In International Refereed Journals:

e SAMANN, F. E., & SUBHI HADI, M. (2018). Human To Television
Interface For Disabled People Based On EOG. Journal of Duhok
University, 21(1), 54-64. https://doi.org/10.26682/sjuod.2018.21.1.5

Bulletin Presented In International Academic Meetings And Published In
Proceeding Books:

e Hadi, M. S., & Esmaili, P. (2019, October). Brain Computer Interface (BCI)
For Controlling Path Planning Mobile Robots: A Review. In 2019 3rd
International Symposium on Multidisciplinary Studies and Innovative
Technologies (ISMSIT) (pp. 1-4).
https://doi.org/10.1109/ISMSIT.2019.8932902

Courses Given (from 2011 to 2022)
Undergraduate:

e Mechatronic Components and Instruments.
e Control engineering.

e Computer Architecture.

e Operating Systems.

e Power Electronic.

e DC Machines and Transformer.

e Data Structure.

e Control Lab.

e Mechatronic Lab.

e Power Electronic Lab

HOBBIES

e Coin collecting, Swimming.


https://doi.org/10.3390/fractalfract6100533
https://doi.org/10.26682/sjuod.2018.21.1.5
https://doi.org/10.1109/ISMSIT.2019.8932902

