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ABSTRACT

Application OF Floquet Theory on Hill’s Equation
John Olugbenga EDUNJOBI
M Sc., Department of Mathematics
January 2023, 62 pages

As an effective method of solving linear systems with periodic coefficients and obtaining
stability properties of periodic solutions of linear and nonlinear systems with periodic
coefficients, the Floquet theory was presented, which relies on the computation of
monodromy matrices for solving linear and nonlinear systems with periodic coefficients.
Periodic coefficient type of differential equations were studied for their linear stability in
floguet theory. A central concept in this theory are the Floquet exponents, which are
similar to eigenvalues of variational matrices (Jacobians) at a state of equilibrium.
Non-autonomous periodic differential equations can be analyzed using Floguet theory.
The stability or non-stability of the Hill’s equation under some cases were considered.

Key Words: floquet exponents, fundamental matrix, stability, eigen value, differential
equation



Ozet
Application OF Floquet Theory on Hill’s Equation
John Olugbenga EDUNJOBI
M Sc., Department of Mathematics
January 2023, 62 pages

Periyodik katsayili lineer sistemleri ¢ozmenin ve periyodik katsayili lineer ve lineer
olmayan sistemlerin periyodik ¢cézimlerinin stabilite 6zelliklerini elde etmenin etkili bir
yontemi olarak, periyodik katsayili lineer ve lineer olmayan sistemleri ¢ozmek igin
monodromi matrislerinin hesaplanmasina dayanan Floquet teorisi sunuldu. .

Periyodik katsayili tiirdeki diferansiyel denklemler, floket teorisinde dogrusal
kararliliklar1 i¢in incelenmistir. Bu teorideki merkezi bir kavram, bir denge durumunda
varyasyonel matrislerin (Jacobians) 6zdegerlerine benzeyen Floquet iistelleridir.

Otonom olmayan periyodik diferansiyel denklemler, Floquet teorisi kullanilarak analiz
edilebilir.

Bazi durumlarda Hill denkleminin kararli olup olmadig1 dikkate alinmistir.

Anahtar Kelimeler: floquet tisleri, temel matris, kararlilik, 6zdeger, diferansiyel denklem
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CHAPTER |
1.1 Introduction

A study of differential systems with periodic data is commonly used in physical and
natural sciences (such as elasticity, astronomy, ecology) for studying multiple phenomena
dynamics interactions (or interactions of multi-species). Thus, fundamental questions such
as existence, uniqueness and stability arise when dealing with systems of periodic
(ordinary) differential equations.

An important tool for the study and management of time-varying systems, the
Floquet Theory is specifically examined in this thesis. Based on Floquet's (1883)
pioneering work and Lyapunov's (1892) contribution, this theory is a systematic way of
studying linear systems including periodic coefficients. Further, it provides a formula for
resolving the resolution of a linear differential system with constant coefficients as well
as a modification of the variables that result in a linear differential system with periodic
coefficients.

The purpose of this thesis is to demonstrate the Floquet theory for assessing the

stability of periodic results whether linear or nonlinear to differential systems.
We will now look at some definitions and generalities

Definition 1.1. An ordinary differential equation (ODE) is simply a differential
equation that involves the derivatives of one or more functions of one variable as its

unknown.

Definition 1.2. A linear differential equation is an equation defined by a linear
polynomial in the unknown function and its derivatives, or one that has the following

form:

ao(P)q + a;(p)q’ + a,(P)q" + -+ a,(p)q™ = b(p)

where ay(p),..., a,(p) and b(p) are arbitrary differentiable functions that do not need to
be linear, and g, ..., q™ are successive derivatives of the unknown function g of the

variable p.

Definition 1.3. A periodic function is a function whose values repeat every so often.

The trigonometric functions, which repeat every two radians, provide a suitable


https://en.wikipedia.org/wiki/Linear_differential_equation
https://en.wikipedia.org/wiki/Differentiable_function
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illustration. Oscillations, waves and other periodic phenomena are described by these
functions across science. Any function that is not periodic is called aperiodic.

Definition 1.4. In matrix algebra, a fundamental matrix of a system

of n homogeneous linear ODE:
x =A(t)x(t)

is a matrix-valued function (t) whose columns are systems of linearly
independent solutions. We can write every solution to this system as x(t) = ¥ (t)c, for

some constant vector ¢ (written as a column vector of height n).

Definition 1.5. A linear space (or vector space) consists a set of vectors V, a scalar
field F and two operations + and = called vector addition and multiplication respectively

and complies with the following conditions:.

L (x+y)+z=x+W+2)Vx,yz€V.
. x+0=xvO0eVand x € X.
iii. For every x € X, there is a vector in X written —x and called the negative of x such
that x + (—x) = 0.
iv. (xy)z=x(yz)Vx,y € Fandz€X.
V. (a+b)p=ap+bpanda(p+q)=ap+aqVabeFandp,q€X.
vii Ip=pVpE€ELX.
Definition 1.6. A mapping p(.) = ||. ||: X - R where X is a linear space over a field
F and F holds either for R™ or C is said to be a norm if the following hold:
i) llpllz0vVpeXand|pll=0=p=0
i) llepll = Icllipll v c e F,p e X
iii) [lp + qll < llpll + llqll vV p,qg € X
Definition 1.7. A linear space on a mapping p(.) = ||.||: X - R over a field F is a
normed space provided the following conditions hold:
i) llapll = lalllpllva € F,p € X
i) [lp+qll < llpll + llqll vV p,q € X
A pair of a linear space X and a norm ||. || on X written as (X, ||. ||) is referred to as

normed linear space over field F.


https://en.wikipedia.org/wiki/Linear_independence
https://en.wikipedia.org/wiki/Linear_independence
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Example 1.8. The examples below define a norm on the vector space R":
i) Absolute norm:
lIxlly = Xisqlxil, Vy = (x, ..., x,) €R®

i) Euclidean norm:

lxll, = (Cealxi2, ¥ x = (xy, %) € R
i) Maximum norm:
Ixlleo = 1Zignlxil, ¥ x = (xq, .., %) € R™
Example 1.9. We will consider X = C([0,1]) as a vector space for all continuous
real-valued functions on [0,1]. On the vector space C[0,1], each of the following

expressions defines a norm which is commonly used:

1) lIflls = [;1f(®)ldt for every f € C([0,1]).

2) IIfll= (J (AF (©)1)z de)? for every C([0,1]).
3) llfllw=max{| f(O)I:¢ € [0,1]}.

Definition 1.10 (Equivalent norms). Let ||. ||;and ||. ||, be two norms defined on
the normed linear space X and a, 8 some constants. Then, |.|;and ||. ||, are said to be
equivalentif3a > 0and g > O:

allxlly < llxll; < Blixll, Vp € X

Definition 1.11. A metric d defined on E x E is canonically endowed with every
normed linear space E by:

dix,y) =llx—yllvx,yeX

Definition 1.12 (Cauchy sequence). Let (x,),s1 be a sequence of elements of a
normed vector space X. (x,),s1 IS Cauchy if:

im i, = pwll =0,
that is, for any € > 0, 3 an integer N = N(¢) such that ||p,, — p..|l < € whenever
n > Nand m> N.

Remark 1.13. Every Cauchy sequence (x,),»1 In a normed linear space is
enclosed; i.e. 3 M > 0 (a constant) in such a way that ||x,|| < M, vn > 1.

Definition 1.14 (Convergent sequence). The sequence (x,),»1 IS said to be
convergent if its elements in the normed vector space X converges to an element x € X

where:
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lim ||x, — x,|| =0
n-co

Remark 1.15. Any convergent sequence is Cauchy in a normed linear space.

Definition 1.16. If every Cauchy sequence in a normed linear space (X, ||.|)
converges, such a space is complete (i.e. has its limit in X). A complete normed linear
space is called a Banach space.

Example 1.17. The normed linear space (C([0,1]); . |l«) is a good example of a
Banach space.

Definition 1.18. Let X be a normed linear space. The sets:

B.(p) = {p € X:|lpll < r}and B.(p) = {p € X:|Ipll <1}
are referred to as open balls and closed balls respectively, with radius » > 0 and centered
atapoint x € X. If V x € A, there exists r > 0 such that B,.(x) S A, a nonempty subset
A of normed linear space X is said to be an open set. Furthermore, if X\ A is open, then A
is a closed set.

Proposition 1.19. Let X be a normed linear space. A subset A of X is closed if every
convergent sequence (a,),»1 Of elements of A has its limit in A.

Definition 1.20. For a subset A of a normed linear space X, the interior of A (written
as int(A)) is the union of all open sets in A. The intersection of all closed sets in A is
called the closure of A (written as cl(A) or A).

Theorem 1.21. Let A a normed linear space X and A a subset of X. Then
a)p €int(A) iffvr>0,B(p,r) € A.

b)p € cl(A) iff vr > 0,B(p,r) N A # Q.
Remark 1.22. In a given subset A and normed linear space X,

x € A< 3(a,), € A| lim a, = x
n—-oo

Definition 1.23 (Neighbourhood). In a given normed linear space X, with x € X
and VV a subset of X containing x. V is called a neighbourhood of x if 3 open set U of X
containing x and enclosed in V. The collection of all neighbourhoods of x is denoted by
N(x).

Theorem 1.24: A normed linear space is finite dimensional iff its closed unit ball is
compact, that is, every bounded sequence of the closed unit ball has a convergent

subsequence. This is called Riesz/Heine-Borel theorem.
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1.2 Linear operators

Given two normed linear spaces X and Y, over a field F,

Definition 1.25 (Linear operators). A F-linear operator T from X into Y is a map
T:X-Y:

T(ax + By) = aTx + BTy
Va,f € Fandx,y € X.

When Y = F, the map is known as a linear functional.

Proposition 1.26. A set of F-linear operators from X into Y has a natural structure
of linear space over F and can be written as L(X,Y). L(X, X) can simply be denoted as
L(X).

Proposition 1.27. If Z is a linear space, then

feLX,Y)andg € L(Y,Z) = gof € L(X,Z).

Theorem 1.28. Let T € L(X,Y). Then the following are equivalent:
i) At the origin, T is continuous if {x,},is a sequence in X such tha x, - 0 as n — oo,
thenT(x,) » 0inY asn — oo,
i) T is Lipschitz, that is, 3 a constant K > 0 and for every x € X,

ITCOIl < Kllx|]

iii) Image of T(B,(0)) is enclosed, T(B,(0)) being a closed unit ball.

Definition 1.29: If 3 some k > 0 such that

ITGOIl < KllxIIV x € X,
Then the linear operator T: X — Y is bounded
If T is bounded, the norm of T is defined as:
ITIl = inf{k: ITCOIl < llxll, x € X}

We denote the set of linear bounded operators from X to Y as B(X,Y). We simply
write B(X) if X =Y.

Proposition 1.30. Suppose Y # {0} and T € B(Y), then:

TIl = . S¥P||T —  Ssup|p —  SuPITwl
7] ||y||51” I ||y||=1” 621l lyll=0 ¥
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1.3 Matrix Concept and Basic Operator Theory
Definition 1.31. An x X y matrix A is a rectangular array of numbers that has m
rows and n columns and x,y € R or C. Let a;; denote numbers that appear in the row i

and column j of A. A can be written in its extended form as:

ai;; Q12 0 Qqp
a21 azz es aZn
Axy1 QAxz - Qyxy

or in more compact form as:
(au)xy
Let’s denote A = (aij)xy and1<j<yl1<i<x.

Definition 1.32. If the rows and columns of A are interchanged, a matrix A* that is

known as the transpose of A is created. Thus, if A = (aif)xy’ then A® = (aﬁ)yx.

Definition 1.33. The trace of B denoted by tr(B) is the sum of diagonal elements

of matrix B i.e.

n

tr(A) = Z aj;

i=1
Definition 1.34.
Two m X n matrices A and B are said to be equal if a;; = b;; for each i and j

LetD = (dy;), . A=(ay),  andB = (bif)n.p be matrices.
i) D+A=(dj+ ai,-)m’n
Similarly,
D-A=(d; - aij)m'n
if) Matrix A multiplied by a scalar « gives: @4 = (aaij)m,n
iii) An m x n matrix A multiplied by an x x y matrix B gives:

X
AB = (Z aikbkj>

k=1 mp
Some special matrices

1) A matrix with one (1) row is called a row-vector B or 1 X m matrix i.e.
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B = (bl’ bz, ey bn),
where the a}'s are scalars.

i) A matrix with only one (1) column is called a column-vector B or n X 1 matrix i.e.
by
B B < S )’
B,

iii) A matrix whose entries are all zero (0) is called a zero matrix is. It also serves as the

where the a}'s are scalars.

additive identity of n matrices. The zero m X n matrix is denoted by 0,, ,, or simply as 0.
iv) A matrix whose number of rows and columns are equal is called a square matrix i.e.
(n xn).
V) An identity matrix with order n has zeros everywhere else and one along its principal
diagonal, which runs from top left to bottom right. It is denoted by I,, = (&;;).

For a square matrix B, we have that

Bl =IB =B

vi) A non-singular matrix is a square matrix whose column vectors are independent along
linear axes or the determinant is not equal to zero, i.e. det(B) # 0.

If det(B) = 0, then B is said to be singular or degenerated.
vii) A diagonal matrix is a square matrix whose non-zero elements lie on the principal
diagonal.
viii) A square matrix M in which 3 k € Z* such that MX = 0 is referred to as nilpotent.

Definition 1.35. Two n X n matrices C and D are said to be similar (denoted by
C~D) if 3 a nonsingular matrix T such that T-1CT = D.

Definition 1.36. A scalar A of a square matrix B is an eigenvalue of | if 3 v €
R™: Bv = Av (v # 0), where v is a vector. The roots of the characteristic polynomial
p(A) = det(A — AI) with p(1) which has degree n are the eigenvalues A of B.

Remark 1.38. When the matrix A contains repeated eigenvalues, diagonalization
cannot be achieved. As a result, it is important to generalize the eigenvectors.

Definition 1.39. An eigenvector ranked k of B, is a nonzero vector v associated with
an eigenvalue A iff:

(B—AD*v = 0and (B—ADF1v %0



17

Lemma 1.40. The vectors v, (B — ADv, ..., (B — AI)*~1v are linearly independent
if v is a generalized eigenvector of rank k.

The vectors vy, v,, ..., Uy are linearly dependent if 3 some scalars c,, c5, ..., ¢ (not
necessarily zero) and

C1V1 + Uy + -+ v = 0.

If the set of vectors vy, v,,...,vkis not linearly dependent, then it is linearly
independent.

Definition 1.41 (Jordan form). We build a new basis for C* as a result of the
aforementioned lemma such that the matrix representation of B with regard to that new
basis is what we call the Jordan canonical form (J).

Theorem 1.42. For each n X n complex matrix B with eigenvalues A4, ..., A, of
multiplicities n,, ..., ng respectively, 3 a non-singular n X n matrix P such that

P71BP =] =diag(Jy, ..., Js),
where each of block matrices /;, ..., J; has the form:
A 1 0 . 0\
0 A4 1 .. 0
Je=|- o -~
\0 O 1/
0 - .. 0 A

k=1,..sand Y3_,n, = n.

The Jordan blocks, where J is the Jordan canonical form of A, are represented by the
block matrices /4, ..., Js. It is noteworthy that any Jordan block J, (1) may be expressed as

Jx = Al + Ny, where N, is a nilpotent of order k and A is similar to J i.e. A~].

1.4 Limits on operator of sequences
Limits in the norm and strong limits of operator sequences are introduced in this
section. As part of our discussion of series of operators, we shall introduce derivatives and
integrals of operators that depend on a criterion.
Definition 1.43 (Convergence). In a Banach space X and sequence (4,) of
operators in L(X), A, is said to converge in norm to an operator A € L(X) if
lim [l4, — Al =0 (1.1)

If, for each element x € X,
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lim||4,,x — Ax|| = 0, (1.2)
n—->0o

then A,, strongly converges to A € L(X).
Hence, (1.1) = (1.2), but in general, the converse is not true.
However, it is true for finite dimensional Banach spaces, if we put x = e®.

From (1.2), we have that:

lim ”a(l) (k)” =0 fori=1,..,k.

n—oco i’

The limit is uniform since there are only a finite number of components, and as a
result, all components tend to zero.

Now, we may define the series )52, As.

The series Y2, A, is said to be convergent if the partial sums ¥_, A, form a
sequence that converges in L(X).

Matrix YN, A, in this case corresponds to a matrix whose elements are

o 1a(s) = aij.
If the series )52, A converges, then we say that };o2, A converges absolutely.

This occurs in the case of matrices iff $32;|a;;(|converges with 4, = (as)).

n
Proposition 1.44. In a normed linear space X, the series Z(‘?% is absolutely

convergent if A € L(X),.

Proof. It is sufficient if we can prove that the partial sums {Sy }y-, for 28"% Isa

Cauchy sequence.
We will define 20 — 4 and note that a Cauchy sequence is formed by the partial sums

AT
of the convergent series of real number X5 ~—- I ” ellAll,

This fact implies that Sy, is a Cauchy sequence in £(X), hence converges absolutely.
Definition 1.45. An exponential map is the map defined as:
exp:g — G,
G being a normed linear space and g € G.
In series form, we can define the exponential map as:

pA = g i’
0 n

The next proposition gives the main properties of the exponential map:
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Proposition 1.46. Suppose A, B € L(R™).
e = (et

i) |le?] < ell4ll,

iii) e4 € L(R™) if A € L(R™).

iv) B~1e4B = eB 4B if b is nonsingular.

Definition 1.47. Let A be an operator that depends on a real parameter t with t, €
[a,b] and a < t < b. The operator
A(ty + h) — A(to)
h
is defined if h is sufficiently small. A is differentiable at t with respect to t if its limit as

h — 0 exists.
Definition 1.48. The symbol for the limiting operator is %A(t). Thus, we have:

A(to +h) —A(t,) dA
h dt

If each component a;; is differentiable, the limit exists for all matrices, so we have

=0

h-0

d A(t) = (d t )
dt =\ ®
If A and B are two differentiable operators in L(X), then

d (AB) = dAB +AdB
dt T dt dt

Definition 1.49. The series of operators converges uniformly if for every € > 0, 3
avg > 0suchthatVvt € [a,b] and every v > v,,

i/w)

Definition 1.50. If the operator Ag(t) is differentiable and Z?;O%As(t) is

<E&g

uniformly convergent, then the operator A = ».22,, A.(t) is differentiable, and

dA_idA
dt  Zudt™®
s=0

The following result serves as an illustration of this notion:
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Definition 1.51. If A € L(X),thentA € L(X) if Vt € R, t — e is differentiable

and
%(etA) = AetA

If A is a nonsingular matrix, then the logarithm of A, denoted by In(A4) is a well-
defined matrix.

Definition 1.52. Let A be an n X n matrix that is nonsingular. Then 3 ann xn
matrix B (called the logarithm of A) such that A = e?.

Definition 1.53. Suppose that the component a;; of the matrix A(t), which depends
on the parameter t are all integrable functions over the interval [t, t]. The matrix

j; tA(T)dT

0

is called the integral of A(t) between t, and t.

Definition 1.54. If the functions a;; are continuous in the definition,

d da;j
E(aij)m,n - (d_t])m_n '
then
%fA(T)dT = A(t).

Definition 1.55. If A isan n x n matrix and L > |a;;|, then

|1, Amdr || < vmm. Ll -t

1.5 Calculus in review

Here, we want to define differentiability in its broadest sense.

Let U be a nonempty open subset of Banach spaces X and Y and ||. || be the norm in
both Banach spaces.

Definition 1.56. A function f: U — Y is said to be differentiable at x € U if there

exists a linear map A € L(X,Y) such that:

I If(x +a) + f(x) — Aall _
1m =
a-0 llall

0
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Remark 1.57. This kind of map is unique if it exists and can be written as A =
f1(x), which is referred to as the derivative of f at x. Df and f, are other common
notations for the derivative.

Here are some general derivatives facts.

We will look at some standard facts about derivatives and the symbols X, Y, X; and
Y; will denote Banach spaces.

1) If f: X = Y is differentiable at a € X, then f is also continuous at a.

iIffi:X -V x..xY,isgivenby f(x) = (fi(x), ..., fn(x)), and if f; is differentiable
foreach i, thensois f and Df (x) = (Df;(x), ..., Df,,(x)).

i) If the function f:X; XX, X ..xX,—=>Y is given by xq,x,,..,x2,)—
f(x1, x5, ..., x,,), the ith partial derivative of f at (a;,a,,...,a,) € X; X X5 X .. X X, IS
the  derivative of the function g:X;->Y defined by g(x)=
f(ay, ., aj-1,%j, @11, .., ar). This derivative is denoted by D;f(a). All partial
derivatives of f exist if f is differentiable.. If h = (hy, hy, ..., hy,), then:

DFGOR = ) Dif () Iy
j=1

j
f is said to be continuously differentiable in U if all of its partial derivatives exist and are

continuous in the open set U c X; X X, X ... X X,,, but the converse is not true.
Theorem 1.50. Assume [a, b] is a closed interval, and f: [a, b] — Y is a continuous
function. If f is a differentiable function on the open interval (a, b) and 3 some number
M > 0 such that ||f' ()|l < M V t € (a,b), then
If ) = f(@)ll < M(b—a)
Theorem 1.51 (Mean value Theorem). Suppose that f: X — Y is differentiable on
anopensetU € X witha,beUanda+t(b—a)eUfor0<t<1.If3someM >0

such that:

sup

0<t< [IDf(a+tb—a)ll < M,

then
lf(b) — f(@)|l < Ml|b — all
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1.6 Integration in Banach Space

Definition 1.52. Sequel to definition 1.16, a Banach space (X, ||.]|) is a normed
linear space (over R or C) that is complete wrt d(x,y) = ||x — y||.

Let X be a Banach space, I = [a,b] c Rand a < b.

Definition 1.53. The following formula defines the integral in the sense of Riemann

if f:1 — X is continuous on I:

f f(tdt = hm —712 (a
k=0

and we know that:

|17 r@at]| < Jirlla

Theorem 1.54. Suppose U is an open, nonempty subset of X. If x + ty € U for 0 <

t <1andf:X — Y isadifferentiable function, then:

1
f@+w—ﬂ@=fDﬂwwat
0
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CHAPTER II

Basic notions of ordinary differential equations

What is an ordinary differential equation solution, for example? and other
fundamental questions are covered at the beginning of this chapter. Do differential
equations have solutions all the time? Are differential equation solutions unique? The
second strategy involves studying ordinary differential equations (ODEs) qualitatively

and considering the notion of stability.

2.1 General concept of ODE

Let f:1 x u — R™ be a vector-valued function defined by (¢t,x) — f(¢t, x) and let
I S Rand u € R™ be nonempty open sets.

We will consider an ODE system of the following first order:

x' = f(t x) (2.1)
where f = (fy, ..., f) is a vector-valued function as defined above, the unknown function
x = (x4, ..., %, ) is a vector, and the prime implies differentiation wrt t (an independent
variable which is usually a measure of time). It should be noted that (2.1) can be rewritten
as:
x" = f(x),where x € u

This differential equation is known as an autonomous differential equation.

If not, (2.1) is referred to as a non-autonomous differential equation.

Let/ € R and u € R™ be nonempty open sets and let f:1 x u — R™ be a vector-
valued function defined by (t, x) — f(t, x).

Note that if a vector-valued function f does not depend explicitly on the independent
variable t, then the corresponding differential equation is called autonomous differential
equation and (2.1) can be rewritten as:

x'=fx),x€u
If not, (2.1) is referred to as a non-autonomous differential equation.
An IVP associated to (2.1) for (t,, x,) is given by the differential equation together

with an IVP as follows:

{x' = f(t,x)

x(to) = xo
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Example 2.1. In the IVP
{xx(to;it’;co) ’ (23)
the vector valued function f is defined by f(t,x) = —x + e~ in R X R, the point (0,1)
corresponds to the IVP x(0) = 1.
Example 2.2. The IVP
x'=Ax x(0) = (1,0)¢ (2.4)

0 1
-1 0

Definition 2.3. We refer to the vector-valued function x: I, — u defined on some

where A = ( ) and x = (xq,x,)t € R?

non-empty open subinterval I, of I as the local solution of the differential equation (2.1)
and such that:

), ft,x@)eEIVte],

(i) x'(t) = ft,x(t) VtEI,.

Definition 2.4. Let x be a solution function of x" = f(t,x) on an interval (a, )
where a < B. (a, B) is a maximal domain of x if A any extension of x over any of the
intervals (a« —¢€,B8) or (a,B + €) with € > 0, such that x is still a solution of x' =
f (@ x).

Remark 2.5. If t, € I, satisfies the IVP x(t,) = x, and x is a solution of the
differential equation above, then x is a solution of the initial condition (2.2).

Example 2.6. The initial condition (2.3) above ha x(t) = (1 + t)e~¢ as solution,
and valid vV t € R. R is thus the maximum interval of existence.

Example 2.7. The scalar differential equation x’ = x?2 has the solution

1
x(0) =1

defined on I = (—1,1). That solution is considered continuous to the left to —oo, but not
continuous to the right. In this case, the interval I is not the maximal interval of existence
of the solution.

Proposition 2.8. An nth order system:

x™ =F(t,x,x', .., x""D) (2.5)
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where x: R — R is an unknown function, x(™ = ZT: and F is defined on R X R" to

R may also be treated as a type of the system (2.1).
Proof. If we set

dkx
W = Vk+1

for 0 < k < n—1, in which case

Ve =Y+, 0<k<n-—-1

Ya =F Y1, - Vn)
Le.ify = (y1,y2, .., ¥) and

f@&y) =z e, Y F(& Y10 0, ),
we have
y' =fty)
where f is considered as a vector-valued function defined on R x R™ to R, that is a system
of first order and has the form (2.3) as required.
Example 2.9. If we set x; = x and x, = x;, the equation x"" + x = b(t) can be

written as the system x; = x,, x; = —x; + b(t) or equivalent in the form (2.1) with
f(t,x) = Ax + B(t) where

A= (_01 (1)) and B = (b?t))

2.2 General existence and uniqueness theorem of system solutions
Let f: G € R X R®™ — R™ be a vector-valued function.

Definition 2.10. We say f is continuous if every component of f is continuous in

Definition 2.11. f is considered to be uniformly Lipschitzon G wrt x if vt € I, 3
a constant K > 0 such that
If (&%) = FENI < Kllx =yl (2.6)
Vv (t,x),(t,y) €EG.
The constant K is called a Lipschitz constant for f on G.
For example, the function f:R? — Rdefined by f(t,x) =t — x satisfies the
Lipschitz condition in R? with K = 1.
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Definition 2.12. A vector-valued function f definedon G € R x R™ to R™ is locally
Lipschitz wrt x if V (t,x) € G, 3 a neighborhood of (¢, x) for which f is Lipschitz.

Remark 2.13. If df;/dx; (i,j:1,..,n) exist and these partial derivatives are
continuous on some region G € R x R", then f satisfies a condition that is Lipschitz in
G.

Theorem 2.14. Let the function f be continuous vector-valued and defined thus:

U={(tx):|t—ty| <aand|x — x| <r}wherea >0, r>0;

Suppose f satisfies the Lipschitz condition on U and there is a constant M > 0

such that:
Ilf &)l <MV (t,x)€U.

then there is a unique solution on (2.4) on the interval

I, = {t:|t — ty| < a} where a = min{a,%,ﬁ}.
This is called the Local Existence Theorem.
A good knowledge of the following lemma and theorems will be needed for the
proof of the local existence theorem:

Lemma 2.15. A function @ is an IVP solution on the interval I iff it is an integral
equation solution:
x(t) = xo + ftto f(s,x(s))ds, vt €l (2.7)
Proof: Assume that @ is an I\VVP solution on I, then @ is differentiable on I and

o(t) = f(£,8(t)

If we take the integral from t, to any tin I, we get:
t
0 - 0(t) = [ £(5,0()ds
to

Using the initial condition @(t,) = x,, we see that @ satisfies (2.7)
By applying the fundamental theorem of calculus to (2.7), we get that @ satisfies
o'(t) = ft,B®) (tED)

and putting t = t, in (2.7), we have @(t,) = x,. This completes the proof.

Theorem 2.16 (Contraction mapping principle). If (X, d) is a complete metric

space and T: X — X acontraction mapping with k € [0,1) a contraction constant, then x €
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X is aunique fixed point on T. More so, for arbitrary a € X, the sequence {x,, };.-, defined

by:
xO =a
{xn =T(xp_1), forn=1

converges to x.

The contraction mapping concept is generalized by the Picard's iteration theorem.
The iteration method is extremely helpful for solving ordinary differential equations even
though the appropriate integral operator is not a contraction.

Theorem 2.17. Let (X, d) be a complete metric space and T: X — X a continuous
map. Let x, € X and define x,,; = T(x;) by induction.

If Yoo d(xp, xne1) < o0, the sequence (x,)nso COnverges to a fixed point x of T
and

A% %) < ) dCti Xir)
k=n

This is called the Picard iteration.
With the above lemma and theorems, we can now prove the local existence theorem.
Local existence theorem proof.
It is sufficient to prove from lemma (2.15) the existence and uniqueness of solution
of (2.7) in I,.
LetX = C(ly), S ={x:x € X and ||lx — x|l < 7}.
S is aclosed subset of X and (X, ||. ||) is complete. Hence, S is complete (]|. || in this
case is the supermom norm on X).
We will consider the map:
T:S5-S5
x+—Tx

defined by
(Tx)(t) = xo + ftto f(s,x(s))ds Vtel,

We need to show that T is well defined.
sup

Indeed, if x € S, then ||Tx — x,|| = ”ftto f(s,x(s))ds”
tel,

vVt e l,, itimplies that:
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f f(s,x())ds|| < || || (s,x(s))||ds
< Mty — t|
< Ma
=r

Therefore, ||Tx — x,|| < r.
Claim. T is a strict contraction on S.

Foreveryx € X,y e Xand t € I,, one has

ITx =Tyl =

] f(s,x(s))ds - j f(s,¥(s))ds

t
< | (s x() = f(s,y()]|ds

< Kllx —yllito —tl
< Kallx - yll

Since a < ﬁ therefore A = Ka < 1.

T is thus a strict contraction on S and has a unique fixed point (assume x) by the
contraction mapping theorem. Furthermore, this point is the unique solution of equation
(2.6).

Lemma 2.18. Let f: D — R" be continuous in some region D of R™*! and assume
3 M > Osuchthat ||[f(t,x)|| < MV (t,x) € D. Let x be a solution of IVP (2.4) that exists

on a finite interval /] = (a, 8). Then tlim+ x(t) and tlir[gl_ x(t) exist and are finite.
-a -

Simply put, x can by extension be continuous to a and £.
Proof. Let’s define t; and t, as two points on the interval J such that t; < t,. Then,

since x satisfies the integral equation (2.7),
x(ty) = xo + ftzlf(s,x(s))ds (2.8)
x(ty) = xo + ftzz f(s,x(s))ds (2.9)
Subtraction equation (2.9) from (2.8) gives:

x(t;) —x(ty) = f 2f(s,x(s))ds

and the assumption ||f(t, x(t))|| < M for (t,x) € D now gives
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llxx(t1) — x (el < Mty — ¢t
The Cauchy convergence criteria demonstrates that x(t) tends to a limit as ¢ tends
to B from below since the right side tends to zero as t; and t, both tend to g from below.
By allowing t; and t, tend to a from above, we may analogously demonstrate that x(t)
tends to a limit as t tends to a from above.

Let us now define x, = tlim+x(t) and xz = thr;?- x(t) and we have a solution x
->a -

defined on the closed interval [a, £].
Theorem 2.19. Leta < f € R, and f: D — R™ be continuous and suppose 3 M >
0 such that ||f (¢, x)|l < M for all (¢,x) € D and (a, x(a)), (B, x(B) € D.
Then the solution x of (2.4) in the interval (, ) can be extended to
(a,B+¢)or(a—¢g B)withe > 0.

Proof. From lemma (2.18) above, x, = tlim+ x(t) and xg = tlir[?_ x(t) exist.
-a -

We can define function u as follows:

x(t) ift € (a,B)
u(t) :{ xgift =B

ThenV t € (a, f], we have

u(t) =ulB) + fﬁf(s,u(s))ds

B t
= X, +f f(s,u(s))ds+fﬁf(s,u(s))ds
to

=x, + fttof(s,x(s))ds,
the left-hand derivative u;(B) exists and u;(B) = f (B, u(pB)). u is thus an extension of x

in (a, B].
Let v = v(t) be a solution of the IVP:

{x’ = f(t,x)
x(B) = u(p),

Then for some € > 0, v exists in the interval [, 8 + €).

If we define the function w(t) thus,

_( u(@)ift € (a,p)
w(t) = {v(t) ift € [B,B+¢)
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then w is continuous and differentiable in (a, B) U (B, 5 + ¢€). Also, w[’? and wy.(B)

both exist and are equal.

So, w/(B) = u'(B) = f(t, u(B)) and wy.(B) = v'(B) = f(t, v(B)) = f(t. u(B)).

Hence, w is a solution of IVVP (2.4) in the interval (a, f — ¢€), and an extension of x
in the interval (a, f — €).

It can be shown that x can also be extended to (a — ¢, 8) if we follow the same
argument, which completes the proof.

We next give the local existence theorem without Lipschitz condition in a
generalized

Theorem 2.20. Let f be a continuous vector-valued function defined on

A={(t,x): |t —ty] <aand ||x|]| < ©}a >0
and assume that f satisfies a Lipschitz condition on the operator A and there exists a
constant M > 0 such that
If ()]l < MV(t,x) €A

Then (2.4) has a unique solution in the entire interval [t, — a, t, + a.

Proof. From the local existence theorem, 3 a unique solution x of (2.4) and @ > 0
that existon I = [t, — a, ty + a].

Assuming I to be the maximum interval of existence of solution, we shall set t; =
to—aandt, =ty + a.

By lemma (2.18), x(t,) = tllrtr;r x(t) and x(t,) = tllrgl_ x(t) exist.

We claimthatt, = t, + a,t; = t, + a.

By contradiction, suppose t, < t, + a, since (1, x(t;)) € A, by theorem (2.19), we
can extend the IVP solution of x over (t;,t, + €) forsome € > 0 suchthatt, <t, + ¢ <
to + a. Since I, is the maximal interval of existence of the solution, this is a contradiction.

So, t, =ty + a.

Similarly, we show that t; = t, + asothatl = [t, — a,t, + a].

Hence, the proof.

Theorem 2.21. Let the region D € R"*! be a continuous function f: D — R".

Suppose M > 0 exists such that |[f (¢, x)|| < M V (t,x) € D and fis uniformly Lipschitz
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on D, then the unique solution x of (2.4) can be extended up to the point where the graph
of D meets the boundary.

Proof. Let’s assume that x cannot be extended up to the boundary of D, but can be
extended to the right only to [t,, s).

x(s) = tlir;n_ x(t) exists by lemma (2.18).

The proof is complete if (s, x(s)) is a boundary point of D.

If (s, x(s)) is not a boundary point of D, then there exists a box centered at (s, x(s))
that lies in D. However, by the method in theorem (2.19), we may now extend the solution
x to the right of s, which is a contradiction. It implies that x can be extended to the

boundary of D. This completes the proof.

2.3 Linear systems of Ordinary Differential Equations

We say that (2.3) is a linear system if f is linear, i.e. each component f; of f is of the

form:
fi(t,x) = Xi=1a;;(0)x; + bi(t) (i=1,..,n)
This can be written as:
x'=A(t)x + b(t) (2.10)

where A(t) is an n x n matrix whose elements are a;;(t), b(t) € n X 1 vector with b;(x)
components and x(t) € n X 1 unknown vector with x; (t) components.

Definition 2.22. If b(t) = 0, (2.11) below is called a homogeneous linear system

x'=A(t)x (2.11)

If otherwise, we have a nonhomogeneous system.

The ODE in (2.8) is a good example of a linear system.

We will make ||x|| any convenient norm on R" and ”xﬁiﬁllA(x)ll in this section.

Proposition 2.23. The linear system (2.10) where t — A(t) and t +— b(t) are
continuous functions on an interval I € t,. If x, € u, then 3 one and only one solution x
of (2.12) on I.

{x’ = A(t)x + b(t)
x(to) = %o

Proof. Each function f; may be shown to satisfy the Lipchitz condition (2.6) on I,

(2.12)

which is required to prove this contradiction, using the global existence theorem. We
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assume that I is both closed and finite. Otherwise, we choose a closed, finite subinterval
I, of I. The absolute value of any function a;; is therefore less than some positive number
V t € I since t — A(t) is continuous on I. If N is the biggest of these numbers, then v
t € I, we have:
la;j(®O|<N i=1..,nandj=1,..,n
Let t € I be fixed and x, y € R"™, we have

n n

Ifi(t, x) = fi(e, Wl = z a;j(t)x; — Z a;;j()y;

j=1 j=1

< Zlaij(t)(xj - }’j)|
=1

n

S Zlaijllxj -yl

j=1

n
< NZ|XJ - jl
j=1

< N|lx—y|l VxyeR"

From the inequality above, since each f; (i = 1,...,n) is Lipschitz on J with a
Lipschitz constant N, the vector-valued function f is Lipschitz on I. Hence, the initial
condition (2.12) has a unique solution on the interval | from the global existence theorem.

Definition 2.24. If all of the n solutions to the ODE in (2.12) defined on the same
interval I are linearly independent functions on I, then the set of n solutions is referred to
as a fundamental set of solutions on I.

Definition 2.25. Let X = (x; ... x,) and x; ... x,, be nsolutions of (2.11). X is called
a fundamental matrix of (2.11) if the n solutions are linearly independent.

Furthermore, if X(ty) = I, X is called a principal fundamental matrix.

Theorem 2.26. If X is a fundamental matrix on I for x’ = A(t)x and C is a
nonsingular constant matrix, then XC is likewise a fundamental matrix of x" = A(t)x on
l.

Corollary 2.27. A solution u of x" = A(t)x is of the form:

u(t) = X(t).c
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where c is a constant vector and X = X(t) is a fundamental matrix solution.
Corollary 2.28. The matrix X(t) = e% is the fundamental matrix of x’ = Ax if A
is a constant matrix. The IVP x" = Ax, x(0) = x, therefore has a unique solution
x(t) = etx,.
e The solutions are linear combinations of e™f, .., et ie. x(t) =
i=1 cje"it if the eigenvalues 4,4, ..., 1,, of A are all distinct

e If the eigenvalues A4,...,4, of A are not all distinct and n; are their
respective multiplicities with n; + -+ n;, = n,then the solutions are linear
combinations of pnle“, s pnke’lkt, where the degree of polynomial p; < (nj — 1),
=12, ..,k

Theorem 2.29. If ¢ and ) are two solutions of system (2.10) and are defined on
some interval (a, b) with a < b. Then t +— ¢, ¢(t) + c,(t) is also a solution if ¢; and
c, are constants and defined on the same interval.

Theorem 2.30. Assume that X is a fundamental matrix of the homogeneous system
(2.11) on 1, an open interval. If t, € I and the Wronskian W (t) of X(t) is det(X(t)),
then,

t
W(t) = W(ty)exp <j; tr(a(s)> ds

0

Proof. t — X(t) is a differentiable function that is a matrix solution. Expanding
around t, in a Taylor series of order 1 gives:
X(t) = X(to) + (t — to) X' (to) + o((t — to)
= X(to) + (t — to)A(to)X (to) + o((t — to)
= [I + (¢t — to)A(t0)1X (to) + o((t — to)
so that
det(X(t)) = det[I + (t — to)A(to)] det(X (to))
W(t) = det[l + (¢ — to)A(to)] W (to)
It is clear that the function € — ¢ (&) = det(I + €C) is differentiable.
If C is any nonsingular square matrix and we expand around 0 in a Taylor series of
order 1, then:
det(I+eC) =1+ etr(C)o(e),
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From this last equation, we have that:
W(t) = W(ty)[1 + (t — to)tr(A(ty))]
By expanding t — W (t) in a Taylor series, we now obtain:
W () = W(ty) + (t — to))W'(to) + o((t — &),
so that

W'(to) = W(to)tr(A((to)).
Since no assumption about t, has been made, we can then write

wW'(t) = W(t)tr(A(t)

Hence, the solution to this is given by:

t

W(t) = W(ty)exp <f tr(A(s))> ds
t

0

Theorem 2.31. If x is any particular solution of (2.10), then any solution of such
can be expressed in the form:
x(t) =x+ X(t)c (2.13)
with ¢ a constant vector and X a fundamental matrix solution of ( 2.11).
Proof. Setting x(t) = x + X(t)c, we have:
x'(t) = %' () + X' (t)c
=A()x + b(t) + A(t)Xc
= A(t) (X + X(t)c) + b(t)
= A()x(t) + b(t)
Hence, x(t) is a solution of (2.10), a nonhomogeneous equation.

Setting u(t) as any solution of (2.10), it is required to prove that u(t) is of the form
(2.13).

Whereas,
u'(t) = A()u + b(t) (2.14)
As X is a particular solution of (2.10),
x'(t) = A(t)x + b(t); (2.15)
Subtracting (2.15) from (2.14), we obtain
u'(t) — x'(t) = A(D)(u — %) (2.16)

(2.16) means that (u — X) is a solution of (2.11), a homogeneous equation.

The solution of (2.11) has a fundamental matrix X and 3 a constant vector c so that
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u(t) —x(t) = X(t)c
Hence,

u(t) = x(t) + X(t)c
and this completes the proof.

Theorem 2.32 (Variation of constant). If X is a fundamental matrix solution of
(2.11), then,

x(t) =X(). | X7'(s)b(s)ds

to

is a particular solution to nonhomogeneous equation (2.10).
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CHAPTER 111

Stability Theory

Approximations are commonly used in various applications to enter (numerical)
data into differential systems (with a certain degree of error). Thus, the subject of stability,
often referred to as robustness, sensitivity, or continuity, concerns how solutions, which
may potentially take the form of physical systems, respond to small perturbations of the
data.

Nonetheless, it should be noted that a physical system is stable if only a very small
deviation from its current state results in a very small change in the state. If no such exists,

such system is unstable.

3.1 Phase space
The autonomous systems below will be taken into consideration:
x'=f(x); xeMcR" (3.2)
where the vector-valued function f is continuous on M to R™.

We can plot the solution x of (3.1) above in the space x; — x,,. This space is called
phase space.

A solution of an ODE can be referred to by several different geometric terms
namely: orbit, trajectory and integral curve.

Definition 3.1. The integral curve of an ODE solution, shown by the graph
{(t,x) e RXR": x = x(t), t € I} represents the time interval throughout which the
solution x exists.

Definition 3.2. The projection of an integral curve along the axis t in phase space
is referred to as a phase curve or trajectories of solutions.

Definition 3.3. In the phase space of, let x, be a point (3.1). For x, € M < R", the
orbit through x, denoted ¢(x,) is defined as:

@(xy) = {x € R™:x = x(t,ty,x0),t € I}
We will look at the example below to illustrate the concept of the phase space:
Example 3.4. Consider the differential equation:
d?u

W+u=0 (t,bu) eRXR
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By setting x = uand y = x’, this system of equation can be transformed to the form:
X' =A4X, X€eR?

where X = (i) and A = (_01 é)

A, =iand A, = —i are the eigenvalues of A. An eigenvector correspondingto A =
iisv=k ((1)) where k # 0 is constant. Hence, the general solution is X (t) = e‘v.

The phase space is at plane R?.
The solution through (x,y) = (1,0) att = 0 is:
(x(t),y(t)) = (cos t,—sint)
The integral curve through (1,0) att = 0 is:
{(t, (cos t,sint)):t € R}

The orbit through (0,1) is given by: x? +y2 =1 (which corresponds to the
equation of a circle).

In addition to the different types of orbits that can be obtained by trying to solve
ordinary differential equations, two special types will be defined: the rest point and the
periodic orbit.

Definition 3.4. A rest point, also called critical point, singular point, stationary
point, steady state or an equilibrium point is a point x, € R"such that f(x,) = 0. This
type of solution remains constant over time.

Definition 3.5. In the ODE (3.1), the solution x is known as a periodic solution if
there exists a constant T, such that (¢t + T) = x(t) V t € I. Periodic solutions have closed

phase curves, known as cycles or periodic orbits.

3.2 General definition of stability

Definition 3.6. The equilibrium point x, of (3.1) is stable if for every € > 0, there
exists a number § = §(&) > 0 such that for any solution x of (3.1), if ||x, — x(t,l| < 6,
then the solution x exists V t > t, and ||x, — x(t)|| < e V t > t,.

Example 3.7. The equation x" = 1 — x is stable at the equilibrium point x, = 1.

Definition 3.8. If x,, of (3.1) is stable and 3 §, > 0 such that

lim x(t) = x, if llx(to) — xell < o
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Then the equilibrium solution x, of (3.1) is said to be asymptotically stable.

Example 3.9. The equilibrium solution x, = 0 of x' = —ax,a > 0 is not only
stable, but asymptotically stable.

If x is any solution of x" = —ax, the solution x of x" = —ax with the IVP x(0) =1
isx(t) =e %, s0 th_)rg x(t) =0 = x,.

If it is not stable, then the equilibrium solution x, is unstable

Example 3.10. The solution x, = 0 of x’ = x? is unstable, since for t,, x, > 0, the

X0

solution x(t) = ) fails to existat t = x5! + to.

1+x¢(to—t

To understand stability of solution of non-autonomous systems in (2.3), we will
generalize to arbitrary solutions, where the real valued-vector function f is defined and
continuous in D ={(t,x):0 <t<oo,||x|]| <a}, where a=>0 is a constant.
Furthermore, we will set x := x(t, to, x¢) to be any solution of (2.3) with IVP x(¢ty) = xq,
where t, = 0.

Definition 3.11. If V€ > 0, 3 § = §(¢, t,) such that for any other solution
y = y(t, to, xo) Of (2.3) existing for t > t, and satisfying |x(t,) — y(t,)| < &, one has
lx(t) — y(t) < €] for t > t,, then the solution x of (2.3) is stable.

Definition 3.12. The solution x of (2.3) is asymptotically stable if it is stable and
there is a constant §, = &,(ty) > 0 such that, if |x(ty) — y(ty)| < &, then gl_glo y(t) =

x(t).

Example 3.13. Every solution of x' = —tx is asymptotically stable, and hence
stable.

Next, we will find a method of examining the stability of a solution of an ODE.

To understand how stable x is, we need to know the nature of the solution around
x. This is accomplished via a term called linearization.

Definition 3.14 (Linearization). Linearization involves approximating a
complicated nonlinear system to a linear one. The concept of linearization is to
approximate a nonlinear map with one that is linear.

We will now describe the method of linearization for any solution x of (.3.1).

Suppose that u = x + y is solution of (3.1), then u satisfies (3.1) and the Taylor’s

expansion of f around x gives:
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u'=x"+y" = f(x(@®)+Df x()y + o(llylD 3.2)
where Df is the derivative of £, o(|ly|]) = lly|l € (y) with 31/1_r)r(1) e(y) =0.

Since x is a solution of (3.1), then (3.2) above becomes:
y' =Df(x(©))y + o(llyll) (3.3)
and this explains the evolution of orbits around x.
The question of stability concerns solutions arbitrarily close to x, so we can answer
this question by investigating the related linear system:
y' = Df(x(t))y (3.4)
In the case of constant coefficients, stability of x therefore entails stability of an

eigenvalue question, which is an eigenvalue problem.

3.3 Linear systems' stability
Considering the linear system below:
x'=A)x, (t,x) ERXR" (3.5)

t = A(t) is a continuous matrix-valued function and X a fundamental matrix of (3.5) that
satisfies X (t,) = I.

Theorem 3.15. All solutions of (3.5) are stable iff each solution is bounded.

Proof. We will make X a fundamental matrix of (3.5). There exists a constant M
such that || X (t)|| < M v t € R if (3.5) has all solutions bounded.

Given any € > 0, then
llxo — woll < ﬁ = ||lx (¢, to, x0) — ¥ (&, to, Yo)ll = IX () (%0 — yo)ll < Mllxo — yoll <e,
y being any solution with IVP y(t,) = y,. All solutions are therefore stable.

In converse, x(t, ty, 0) = 0 is stable if all solutions are stable.

Given e > 0,3 6 = §(¢&) such that ||y,ll < 6 implies
10 — y(t, to, yo)ll = IX(®)yoll < e.

If we let y, be a vector and g in the ith place with zero everywhere else, then

é
IX®yoll = 1X:(Oll 5 < e
where X; is the ith column of X. Hence,
IX(O|l < 2nes~ 1=k
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Therefore for any solution,
ly(t, to, yo)ll = [IX(®)xoll < kllxoll
and hence, all solutions are bounded.

We next consider the ODE (3.5) when the matrix A = A(t) is constant.

Definition 3.16. A polynomial P(4) is stable when all solutions (roots) of the
characteristic polynomial P(A) have negative real parts.

Theorem 3.17. If A4,4,, ..., A, eigenvalues of A that are distinct, with 4; having
multiplicity n; and ny +n, + -+ n = n. If p > ;_ "%/ Re(4;), then 3 a constant M >
0 such that:

|le®®]|| < MePt(0 < t < )

Proof. From (2.28), e® is a fundamental matrix of x! = Ax (a linear ODE) and of

the form:
pth — Zf pj(t)ea,-t’

Where the polynomial p;(t) < (n; — 1).

Recall: For 4; € C, [|eM*|| = eRe@t,

If p >, JjZkRe(4;), we may write

eRe(Aj)tlpj(t)l — epte—(p—Re(/lj)tlpj(t)l
and since p > Re(4;), we deduce that lim Examplep(— (p — Re(4)t|p;(®)| = 0.

Hence, 3 M > 0 such that:

;‘zlexp(—(p - Re(/lj)t |pj(t)| <M, t=0

Thus, we deduce that

k
llet4| < Z exp(Re(4)t|p;(D| <M, t=0
=

Theorem 3.18. Every solution of (3.5) is asymptotically stable if the characteristic
polynomial of A = A(t) is stable.

Proof. Let 3 positive constants M and p such that ||X(t)|| < Me™Pt,t > 0 (since
the characteristic polynomial is stable).

We know that t — Me Pt is a decreasing function, so, given £ > 0, then

llxo — voll < eM~1ePt implies that:
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12 (t, to, x0) — ¥ (&, to, yo)ll < XD llIxo — woll
< Me ™ P|xo — x4l

The RHS is less than € V t > t, and tends to zero as t approaches 1.

Hence, all solutions of (3.5) are asymptotically stable.

Proposition 3.19 (Stability test using eigenvalues)
a) If each real portion of the eigenvalue of A is strictly less than zero, the constant-
coefficient system (2.28) is said to be asymptotically stable.
b) (2.28) is stable if all eigenvalues of A have real parts zero and each eigenvalue is less
than or equal to zero.

Next, we will consider a system of the form:

x' = Ax + f(t,x) (3.6)

where A = (a;;),, is a constant matrix and f a vector-valued function defined as
f = (f1, .-, fn) satisfies:
i) (t,x) — f(t,x) is continuous for ||x|| < aand t > 0,
i) lim L&

A = 0 with respect to t.
Theorem 3.20. If the characteristic polynomial of A in equation (3.6) is stable, then
the solution x(t) = 0 of (3.6) is asymptotically stable.
The solution x(t) = 0 of (3.6) is asymptotically stable if the characteristic
polynomial of A in (3.6) is stable.
It is important to introduce the Gronwall's inequality to prove theorem 3.20.
Theorem 3.21 (Gronwall's inequality). Let K >0 and f,g be continuous

nonnegative functions on the interval a < t < b. If
fH) <K+ fatf(s)g(s)ds fora<t<b.
Then
f(t) <Kexp (f;g(s)ds) fora <t <b.
Proof. Let h(t) = K + f: f(s)g(s)ds and observe that h(a) = K.

By hypothesis,
f(@) = h(t)

Recall that g is non-negative and by fundamental theoRemark of calculus.
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() =f(Og) <h)g(t) a<t<b
We multiply this inequality by exp (— f;g(s)ds) and apply the identity:

t t d t
h'(t)exp (—f g(s)ds — h(t)g(t)exp (—f g(s)ds)) = E(h(t)exp —f g(s)ds)

to obtain:

d t
d—t<h(t)Examplep(—Lg(s)ds)> <0

Integrating from a to t gives:
t
h(t)exp <—f g(s)ds) —h(a) <0
a

Since f(t) < h(t) and h(a) = K,
f() <h(t) < Kexp ([ g(s)ds) a<t<b
We will now proceed to prove theorem 3.20

Proof. First, we will prove that the solution x(t) = x(t, 0, x,) is definedont > 0

when x, — 0. If X is the fundamental matrix of x! = Ax with X(0) =1,then3 R > 0 and

a > 0 such that:
IX()| <Re *vt=>0

Since matrix A is constant, x satisfies the relation:
t
x(t) = X(t)x, + f X(t— S)f(s,x(s))ds
0
Therefore,

Ix@lle < Rllxoll + | Rew[[£(s,x()) s
0

The first and second relations are definitely valid for t in the interval [0,T) if
lx ()|l < aand ||x,]| < a on assumption.

It follows from condition (ii) that given any m > 0, 3 d > 0 such that for ||x|| < d
and t > 0, we have ||f(t,x)|l < ml|lx]|. If we assume ||x,|| < d, then by continuity of
t—x(t),3t; >0:[lx(®)]| <dVO<t<t.

Therefore,
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t
x(©)lle® < Rllx,ll + f mRe|x(s)llds
0

foro <t <t.

From the Gronwall’s inequality, it implies that:

lx(®)Il < Rllxolle ™R 0<st< ty

Choosing m such that mR < a and x(0) = x, since x, and m are at our disposal, so
that ||xo|] < d/2R = ||x(t)|| < d/2for0 <t < t,.

Solution x, which exists locally at every point (t,x),t > 0,]||x|| <a can be
extended interval by interval once f is defined for [|x|| < a and t > 0.

Therefore, for any solution x with ||x,|| < d/2R, it is defined for t > 0 and satisfies
llx(t)|] < d/2. Obviously, we can make d small and by doing so, x(t) = 0 is stable,

hence mR < a is asymptotically stable.
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CHAPTER IV

Floquet Theory: Presentation of Periodic Solutions and their Stability

The Floquet theory is a fundamental subject in the qualitative theory of ordinary
differential equation (ODE). By using the Floquet theory, periodic linear systems can be
represented and periodic solutions' stability can be analyzed. The purpose of this chapter
is to first present main results concerning Floquet theory, then we will finish this up by
applying this theory in the next and final chapter to the problem of the stability of periodic
solutions. The Hill's equation’s stability will then be concluded by using the Floquet's
theory.

Definition 4.1. If A(t + T) = A(t) V t € R, then an n X n matrix-valued function
t +— A(t) is said to be T-periodic.

4.1 Linear systems with periodic coefficients
We will take the n x n homogeneous linear systems below:

x'=A)x (t,x) ERxXR" (4.1)
where t — A(t) is a continuous, T-periodic matrix-valued function defined thus:
At+T)=A1)VteR (4.2)
Example 4.2. The system x" = A(t)x where
_(1+cos(t) O
A = ( A =)

is 2m-periodic.

Theorem 4.3. Let A be a matrix with period T. If t — X (¢t) is a fundamental matrix
of (4.1), thenso is t — X (t + T) and 3 a nonsingular constant matrix B such that:
)X(t+T)=X(t)BVteER

ii) det(B) = exp (fOT tr(A(s)) ds
Proof. Since t +— A(t) is periodic, it is defined V t € R. As a result, the system's
solutions are all defined for t € R.
IfwesetY(t) = X(t + T), then
Y'() =X'(t+T) = At + T)X(t +T) = A()X(t +T) = A(t)Y (b)
which shows that Y is the linear system’s solution matrix of (4.1).
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Furthermore, as det(X(t +T)) # 0 V t € R, we have that detY(t) # 0V t € R.
Consequently, Y is a fundamental matrix of (4.1).
i) Define B(t) = X~1(t)Y (¢t), B is nonsingular and a product of two nonsingular matrices.

Moreover, Y(t) = X(£)X~1(t)Y(t). The proof that B is a constant matrix is still
needed.

Let B, = B(t,), we know by Chapter 2 that Y,(t) = X(t)B, is a fundamental
matrix, but by definition, Y,(t,) = Y (t,). Since both are solutions to (4.1), we must have

Yo(t) = Y(¢t) for all time by the uniqueness of solution.

So, B, = B(t), and thus B is independent of time.

ii) By using Abel's formula, we get:

W(t) = W(ty)exp <jttr(A(s))ds>

0

t t+T
Wt+T)=W(ty)exp <f tr(A(s))ds + f tr(A(s))ds)
to t
t+T
W(t+T)=W(t)exp (f tr(A(s))ds)

Wit+T)=W(t)exp (thr(A(s))ds>
0

We know that:

X(t+T)=X(t)B
det(X(t +T)) = det(X(t))det(B)
W(t+T)=W(t)det(B) VteR

taking t = 0, we get

det(B) = exp (thr(A(s))ds>
0

Remark 4.4. Since the matrix B is independent of time, B can be calculated by
setting t = 0, so that B = X~1(0)X(T). By taking the initial condition X(0) = I, then
B = X(T).

Definition 4.5. Matrix B = X(T) from remark 4.4 above is known as a monodromy

matrix.
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Theorem 4.6 (Floquet's Theorem). Let X be any fundamental matrix of (4.1) and
A be a continuous periodic matrix with period T. Then
X(t) = P(t)exp(tR), (4.3)
where P is a periodic nonsingular matrix with period T and R is a constant matrix.
The representation X (t) = P(t) exp(tR) is a Floquet normal form for X.
Proof. Let X be an arbitrary fundamental matrix of (4.1) and from theorem (4.3),
matrix B is non-singular. By theorem (1.47), 3 a matrix R such that:
e’® =B
Let us define P(t) = X(t)e R v t € R. P is obviously the product of two
nonsingular matrices.
Furthermore,
P(t+T)=X(t+T)exp(—(t+T)R)
= X(t) exp(TR)exp(—(t + T)R)
= X(t)exp(—tR) = P(t) —oo<t< o
Thus P has period T and solving P(t) = X (t)e'® for X, (4.3) is obtained.

4.2 Characteristic multipliers and exponents

Definition 4.7 (Characteristic multipliers). The eigenvalues 4, ..., 4,, of matrix B
are known as the characteristic or Floquet multipliers of (4.1).

Definition 4.8 (Characteristic exponents). The number ry, ..., r;,, defined by the
relations 4; = e’iT,j =1,...,n are known as the characteristic or Floquet exponents of
4.1).

Floquet exponents have real parts called Lyapunov exponents.

Proposition 4.9. The characteristic multipliers and exponents properties are stated
below:
i) The trace of matrix B denoted by tr(B) is given as:
tr(B) =4, + A, + - +4,

il) The characteristic multipliers 4,4, ..., 4,, of matrix B satisfy

T
det(B) = 144, ... A, = exp <f tr(A(s))ds)
0
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with X(0) = I.
1ii) There is no dependence between fundamental matrix and characteristic multipliers.
Iv) Characteristic exponents are not all the same (unique).

V) The Floquet exponents r; that correspond to A; satisfy the equation:

1 (7 21
ntrtetn = Tf tr(A(t)dt (mod?L)
0

Corollary 4.10. The periodic system (4.1), where P is the periodic matrix of the
Floquet's theorem, is changed to the system with constant coefficients by the variable
change x = P(t)y.

Proof. As X'(t) = A(t)X(t), (3.1.3) will give:

(P(t) exp(tR))' = P'(t) exp(tR) + P(t)Rexp(tR)
= A(t)P(t) exp(tR)
It follows that
P'(t) = A(t)P(t) — P(t)R
Thus,
x'(t) = P(O)y" + P'(O)y = P(O)y" + (A(DP(t) — P(H)R)y
= APy
and therefore
P(t)y'—P(t) Ry =0
or
y' = Ry (whose system is linear system and has constant
coefficients).

Theorem 4.11. Let A be a characteristic multiplier and r a corresponding
characteristic exponent of the homogeneous linear T-periodic system (3.1.1), so that A =
e"T. Then 3 is a nontrivial solution x of (4.1) such that:

)x(t+T)=Ax(t)
ii) 3 a T-periodic function p such that x(t) = e"*p(t).

Proof.

i) Let v # 0 be an eigenvector of matrix B that corresponds to the eigenvalue A.

Also, we will let
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x(t) =X(t)v
Then,
x'(t) = Ax
and
x(t+T)=X({t+T)v
= X(t)Bv = AX(t)v
= Ax(t)
so that

x(t+T)=Ax(t)
i) Let p(t) = x(t)e~"t. We are required to show that p is T-periodic.
p(t+T) =x(t+T)e 7D
= Ax(t)e” D

A -rt
= orT x(t)e

=x(t)e " =p(t)
Thus, we get a solution x(t) = e"*p(t) where p real valued function of period T.

Corollary 4.12. The system (4.1) has a periodic solution with period T if at least
one characteristic multiplier is equal to unity.

Theorem 4.13. System (4.1) has a periodic solution with period kT if at least one
of the characteristic multipliers is the k-th root of unity.

Proof. Consider (44, ...,4,) and x = (x4, ..., x,,) be characteristic multipliers and
solution of (4.1) respectively. It is enough to show that x;(t + kT) = A]’ij(t).

We need to go by induction. If k = 1, from proposition (4.9i), we have

xi(t+T) = Ax;(t)

If this is true for k > 1, we can now prove for k = k + 1.

We get x;(t + (k + 1T) = x;(t + T + kT) = Afx;(t + T) induction at step k.

Consequently, x;(t+ (k+ 1)T) = A}‘*lxj vV t € R and as A; is the k-th root of
unity, it implies that /1]’-“ = 1sothat x;(t + kT) = x;(t), j = 1,..,nV t € R. Hence, the

proof.
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4.3 Nonhomogeneous linear systems
Here, we shall take the following linear system under consideration:

x! = A(t)x + b(t) (4.4)
where n x n matrix function t — A(t) and t +— b(t) are both periodic and continuous
and have period T.

Theorem 4.14. A solution x of (4.4) is periodic that has a period T iff x(T) = x(0).

Proof. It is obvious that x(T) = x(0) if x is periodic of period T.

In converse, we will suppose x as a solution of (4.4) where x(t) = x(0).

If we define y(t) = x(t + T), then both x and y are solutions of (4.4) and y(0) =
x(T) = x(0). As a result, x and y have the same initial values, thus x(t) = y(t) =
y(t + T),—o < t < oo, from the uniqueness theorem in Chapter 2.

This shows that x is periodic.

A superior property for periodicity of solutions can be found in the next theorem.

Theorem 4.15. For every periodic vector b of period T, the system (4.4) will have
a periodic solution with period T iff the corresponding homogeneous system does not have
a nontrivial solution with period T

Proof. Consider the following homogeneous system with X as the fundamental
matrix where, X(0) = I.

We will assume that x is a solution of (4.4) that satisfies x(0) = x,,

From Chapter 2, we know that each solution x of (4.4) is of the form:
t
x(t) = X(t)xy + X(t)f X Y(s)b(s)ds, tE€eR
0

By theorem 4.3, the solution x is periodic iff x(0) = x, = x(T).
But

T
x(T) = X(T)x, + X(t)f X~1(s)b(s)ds
0
and the periodicity condition x(T) = x, becomes

[I — X(T)]x, = X(T)J X 1(s)b(s)ds
0
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This system is composed of linear nonhomogeneous algebraic equations for
components of the vector x,, solvable for each periodic vector b. This becomes possible
iff the determinant of

(I — X(T)) isnotequal to zero i.e. [det(I — X(T)) # 0], which is equivalent to our
earlier assertion that X (T)x, = x, has only x, as its trivial solution.

Moreover, the solution of this homogeneous system can be expressed as:

u(t) = X(t)x,
Therefore the relation
u(T) = X(T)xy = u(0) = x,
can only be satisfied by the trivial solution u(t) = 0.
It follows that from corollary 4.11, there is only a trivial solution which is a periodic

solution of period T for the homogeneous system. Hence the proof.

4.4 Periodic solution stability

Here, we will examine the periodic solutions’ stability based on the Floquet theory.
We will first look at the linear system in (4.1) from the Floquet's theorem and theorem
4.10. The behavior of this system is then determined by the distribution of Floquet
multipliers.

Lemma 4.16. Let r and A1 be Floquet exponent and characteristic multiplier
respectively and correspond to (4.1). Then;
i)Re(r) =0if|A| =1
ii) Re(r) < 0if |A] > 1, and so th_f?o x(t) = o
iii) Re(r) < 0if|A] < 1, and so tlil?ox(t) =0

Theorem 4.17 (Criterion of Stability). The periodic linear system (4.1) is
considered:
a) stable iff |A] <1 (Re(r;) < Orespectively) V characteristic multipliers 2
(characteristic exponents 7;) of (4.1), and for |/1j| = 1 (respectively r; = 0) the associated

Jordan block of eTR (respectively. R), its eigenvalue is semisimple and of 1 x 1

dimension.
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b) asymptotically stable iff the real component of each characteristic exponent is strictly
less than zero (0) or the moduli of each characteristic multiplier is strictly less than one

D).

4.5 Autonomous systems

We shall look at a system of the form:

x'=f(x), x eR" (4.5)

where f is of class C* on R™.

Theorem 4.18. If u is a T-periodic solution, then one characteristic multiplier of
this problem related to the linearization of the solution around u will be unity.

Proof. Assume that u is a solution of period T. The solution can be linearized about
u if we write x = u + v, and we get v’ = A(t)v, where the Jacobian of f is A = A(t) i.e.

a0 = (s @)

So, u and A are both T-periodic.

Then a fundamental matrix X with X (0) = I can be defined, so that X(T) = B.

As u is the solution of (4.5),

u'(t) = f(u(t))
Differentiating with respect to t again gives:
u'(0) = f'(u®). @' ®)
that is
u'(t) = A()u'(t)

u' satisfies the linear system v’ = A(t)v.

As assumed before, u is T-periodic, so, u'(t) = u'(t + T) and the corresponding
characteristic multiplier is 1.

The consequence is that the periodic solution of (4.5) has a local stability around u
that depends on the linear stability problem v’ = A(t)v.

Generalized result at n = 2

We will take a problem that has the form x” = f(x) and x € R? which has a periodic

solution x := @(t) with period T.
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Theorem 4.19. @ is a stable solution if

fTV.f|x=¢ds = fT(%+%>

ds <0,

6x; Ox, 0(s)

§ 6
where V= (5_961,6_362)

Proof. Let @ be a periodic solution of x" = f(x), with period T. So the periodic

matrix will be:
A(t) = Df(@(1))
We know from the above result that we must have A, = 1 and from earlier,
M, = exp (fOT tr(A(s))ds)
A, = exp (fOT tr(A(s))ds)

From the criterion of stability, we know that to have bounded perturbation, 4; < 1

(4.6)

and A, < 1 and hence it is known that 4; = 1 and we want 4, and A, to be distinct, 1, <
1. So,

0> foT tr(A(s))ds = fOT tr (ng;) ds, i,j =12

0> fy (5 +52)

5x1 5.X'2

ds (4.7)
B(s)

0> fOTV.flxzq)ds as desired.

Instability is achieved when:

T
f V.f|x=@ds >0
0

Example 4.20. Consider the system below:
x'=x—y—x(x?+vy?)
4.8
{y’=X+y—y(x2+y2) (48)
Let x = r(t)cos(6(1)),y = r(t)sin(8(t)) and where (r,8) is a polar coordinate.
Problem (4.8) then becomes:

sin(8) (r —r8’) = cos(O)(r —r3 —1")
cos(8) (r —r8") = —sin(@)(r —r3 —1")

Squaring and adding (4.9), we obtain:
(r—r8)=(@r—r3—-1r")2 (4.10)

Again, settinga = r —r8’, we have sa = r —r3 —r' withs; = 1and s, = —1.

(4.9)
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This gives:
asin(@) = sa cos(6)
a cos(0) = —sa sin(6) (4.11)
which can be rewritten as
asin(@) = sa cos(0)
412
—s?asin(0) = sa cos(6) (4.12)
so that we must have
asin(0) = —a sin(6) (4.13)

asin(6) =0
As a result, we have
asin(@) = sa cos(f) =0
so that we must have a = 0.
This means that:
r—r8 =r—r3—1'"=0
We have that:
r'=r(1—-1?)
which gives radius r = +1 as non-trivial solutions
We will consider r = 1 of course without losing generality,
Asrf’ =r,weget 8’ =1,sothatd =t + ¢, where ¢ is a constant. This results in
a solution with period T = 2m.
Furthermore, we have:

5f,  of
V.flr=1= [5—;4‘5—;

=[(1-3x* -y + (1 —x* = 3y*)],= (4.14)
=2

so that

T
A, = exp (f tr(A(s))ds)
0

= exp (f02n —2ds) (4.15)
= Examplep(—4n) < 1

The periodic orbit is thus stable at radius r = 1.



4.6 Non-autonomous systems
Let us consider the n component linear system below:

x' = f(t, x)
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(4.16)

with f being periodic of period T in t. Assume that f continuous in (t,y) and has

continuous second partial derivatives wrt the x-components in the domain D =

{(t,x):0< t < T,|lx|| < r}, where r > 0 is some constant.

To test the stability of the periodic solution x, let's assume that (4.16) has a periodic

solution u with period T.
Consider v as the solution of (4.16) which is:
v(t) = u(t) + y(t)
So,
v'(t) = f(tu(®) +y(©) = u'(t) +y'(t)
But
u'(t) = f(t,u(®)
Hence, y satisfies the equation:
Y'(©) = f(tu® +y®) = f(t,u(®)
By Taylor expansion, we have:

f(tu@® +y(@®)
of
= f(t, u(t)) + 5z (t, u(t))Y(t)

1 52
4 jo 1- s)gjs(t,u(t) +sy(0)(y(0), y(8))ds

That is:
y' =Df(t,u(®).y + g(t,y)
where
1 52
9(t,y) = fo (1= 5L u) + 530, y)ds

(4.17)

(4.18)

It is clear that g is continuous in (t,y) V t, periodic of period T in t and for ||y||

small and

llg(t, ¥l
m ———-= 0
Iyli-o Iyl
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Moreover, the matrix Df (t, u(t)) is periodic and continuous in t for period T.

It is obvious that y = 0 is a solution of (4.19) and that the periodic solution u(t) of
the system (4.16) is stable or asymptotically stable iff y := 0 is respectively a stable or
asymptotically stable solution of (4.11).

This leads us to study the stability of the system with the form:

y' =AMy +9(ty) (4.19)

where A(t) = Df (t,u(t)) is a periodic matrix that has a period T and g a continuous

vector-valued function in (t,y), periodic wrt t of period T and small by definition. The

system associated to (4.19) which is homogeneous has periodic coefficients of period T.

From Floquet's theorem, 3 a T-periodic matrix P and a nonsingular constant matrix R,
such that a change of variable y = Pz changes (4.19) to a suitable system.

Hence,

z' =Rz + P 1(t)g(t, P(t)z) (4.20)
which has constant coefficients.
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CHAPTER V
Application and conclusion
5.1 Application
A very important and common application of the Floquet theory is the stability of
Hill’s equation. We will now apply this theory in studying the Hill's equation shown
below:
x"+a(lt)x =0 (5.1)
where t +— a(t) is continuous, real-valued and periodic with period T.

If we set x; = x and x, = x;, ODE (3.3.1) can be rewritten as

{ X; = Xy
X, = —a(t)xy

which is of the form of the first order linear ODE:
x' = A(t)x (5.2)

where A(t) = ( ) is periodic with period T and x = (2)

0 1
—a(t) 0
If X is the fundamental matrix associated to (5.2), then 3 constant B (a non-singular
matrix) such that:
X(t+T)=X(t)B,t € R (from theorem (4.3)).
We choose a fundamental system of solution x; (t), x, (t) that satisfies the IVP:

{xl(O) =1 x;(0)=0
x,(0) =0 x5(0)=1

and so X (0) = I. This implies that
B = (x1(T) xz(T)>
x1(T)  x2(T)
Let 1,4, be the characteristic multipliers of (5.2) and r,,r, the corresponding
characteristic exponents.

We have from property (i) of (4.6) that:

T
MA, = expf tr(A(s))ds =1
0
and from (ii) of same lemma, we have:
A+ A, =tr(B) = x1(T) + x5(T)

Let'sset K = ";—m, so that
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{ AIAZ == 1
Al'i‘lz = 2K

Therefore, 1,, A, are roots of equation
A=2KA+1=0
whose solution is given by A, = K — VK2 —1or 1, = K + VK2 — 1. We know that
A; = exp(r;T) where j = 1,2.
Thus, for stability of (5.2), depending on the value of K, we will consider the
following cases:
Case 1. If K > 1,then 1,4, € R*: 1,1, = 1.

We may assume thus: 0 < 4; <1< A, 44 = Aiand thereisr >0: 1, = e’ and
2

A, = e T, A basic set of solutions of the form e ~"p, (t), e"tp, (t), where the real valued
functions p; and p, are T-periodic, are given by (4.20).

As a result, since at least one of these solutions is unbounded, it is unstable.
Therefore, the zero solution is unstable.

Case 2. If [K| < 1,thenA, =K —iv1 —K2or A, = K + iv'1 — K?

We know that [1,]| = 1 because 1,4, = 1. Asaresult, both characteristic multipliers
are located on the complex plane's unit circle. Since the imaginary parts of 4, and 4, are
nonzero, one of the characteristic multipliers, say A, is located in the upper half plane. As
a result, there is a real number 8 with 0 < T < m and 1, = e%T. In fact, a solution of
the type e'9t(u(t) + is(t)) exists, where u and s are both T-periodic functions. Hence,
there is a fundamental set of solutions of the form:

u(t)cos 6t — s(t)sin 6t, u(t) sin 6t + s(t) cos 6t

In this case, (5.2) is stable.

Case 3. If K =1, hence A, = 1, = 1. Theorem (4.16) only ensures that we have
one solution x(t) = e"*p(t), where p is a T-periodic real-valued function. If B = X(T) =
1, then X(t) = P(t), where P is a T-periodic and invertible matrix, has a Floquet normal
form. As a result, there is a basic set of solutions, and the stable zero solution is one of
them. There exists a nonsingular matrix C such that CX(T)C™* =1+ N = e" and so
X(T) = e“"INC,where N # 0 is nilpotent, if B = X(T) is not the identity matrix. Thus,
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X(@) =P(t)eR and X(T) = B = e™®, where R =C? (g) C, X has a Floquet normal
form.
Hence, the zero solution is unstable since the matrix function t — e® is unbounded.
Case 4. If K = —1, we have a similar situation as case 3, with the exception that the

fundamental matrix is represented by Q(t)e*® where Q is a 2T-periodic matrix function.

5.2 Conclusion

As an effective method of solving linear systems with periodic coefficients and
obtaining stability properties of periodic solutions of linear and nonlinear systems with
periodic coefficients, we present in this work the Floquet theory, which relies on the
computation of monodromy matrices for solving linear and nonlinear systems with
periodic coefficients.

In perspective, other tools such as Poincaré map p,,1 = @(p,), could be used to
study the existence of periodic solutions and their qualitative properties. Research can also
be carried out on Floguet Theory for Partial Differential Equations, a subject that has
recently attracted interest due to advancement of Elasticity Theory and Parametric

Resonance Theory.



59

REFERENCES

Alain J. Laub; Matrix Analysis for Scientists and Engineers, Copyright 2005 by the
Society for Industrial and Applied Mathematics.

B. Weyh: Calculations of Stability Maps of Time-varying Systems. Twelfth Biennial
ASME Conference on Mechanical Vibration and Noise (1989) in Montreal, Canada.

Carmen Chicone. Ordinary Differential Equation with Applications, Springer-Verlag
New York. Inc, 1999.

C.E. Chidume; Applicable functional analysis, International Centre for Theoretical
Physics Trieste, Italy, July 2006.

David A. Sanchez; Ordinary Differential Equations and Stability Theory: An introduction,
Dover Publications,Inc. New York. 1979.

Denk, R. (1995). On the Floquet exponents of Hill's equation systems. Mathematische
Nachrichten, 172(1), 87-94.

Dorota Mozyrska; Lecture Notes on Ordinary Differential Equations in R™, African

University of Science and Technology, 2010.

E. Adams, D. Corollarydes, H. Keppler: Enclosure Methods as Applied to Linear Periodic
ODE’s and Matrices. Z. angew. Math. Mech. 70 (1990) 12, 565 — 578.

Earl A. Coddington; An Introduction to Ordinary Differential Equations, Dover
Publications, Inc. New York. 1989.

Ebengne, K. R. (2010). Floquet Theory and Applications (Doctoral dissertation).

L. Cesari: Asymptotic Behavior and Stability Problems in Ordinary Differential
Equations. Springer Verlag, Berlin 1963.

Fred Brauer and John A. Nohel. The qualitative theory of ordinary differential equations.
An introduction, Dover Publications, INC., New York ,19809.

Kevin Zumbrun; Lecture notes on Ordinary differential equation and Floquet Theory,
Indiana University, Bloomington. December 8, 2007.

G. W. Hill: On the Part of the Motion of the Lunar Perigee which is a Function of the
Mean Motions of the Sun and the Moon. Acta Math. 8 (1886), 1 — 36.

K. O. Friedrichs: Advanced Ordinary Differential Equations. Nelson, London 1965

L.C. Piccinini; G. Stampacchia; G. Vidossich Ordinary Differential Equations in R",
Springer-Verlag New York Inc. 1984.



60

M. Koecher: Lineare Algebra und analytische Geometrie. Springer-Verlag, Berlin 1983.

V. A. Yakubovich, V. M. Starzhinskii: Linear Differential Equations with Periodic
Coefficients. J. Wiley & Sons, New York 1975.

W. Magnus, S. Winkler: Hill’s Equation. Interscience Publishers, New York 1966.

W. T. Reid: Ordinary Differential Equations. John Wiley & Sons, New York 197194
Math. Nachr. 172 (1995).



APPENDIX
Some notations and abbreviations used in this research
SIN Notation/Abbreviation Meaning
1. || Absolute value of x
2. [ Norm of x
3. = Implies that
4. = Equivalent to
5. wrt With respect to
6. v For all
7. 3 There exists
8. There does not exist
9. iff If and only if
10. 2 or | Such that
11. = Definitionined as
12. Real number
13. C ComplExample number
14. det Determinant of
15. tr(4) Trace of A
16. int(A) Interior of A
17. cl(A) Closure of A
18. * Not equal to
19. A~B Ais similar to B
20. I Identity of a matrix
21. IVP Initial value problem
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