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In the present thesis, an abstract Cauchy problem for stochastic differential
equation of parabolic type in a Hilbert space with the time-dependent positive
operators is considered. The stability of an abstract Cauchy problem for differential
equation of parabolic type is established. In practice, theorems on stability estimates
for the initial boundary value problem for one dimensional and multidimensional
stochastic parabolic equation with coefficients dependent in t are proved. The main
theorems of the convergence of difference schemes for approximate solutions of this
abstract Cauchy problem for differential equation of parabolic type are presented. In
applications, the convergence estimates for the solution of difference schemes for
approximate solutions for four types of stochastic differential equations are obtained.
Numerical results for the accuracy difference schemes of the approximate solution of
Cauchy problem for stochastic differential equations with Dirichlet, Neumann
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OZET
Stokastik diferansiyel denklemlerin ¢6ziimii icin Operator Yaklasimi
Okur, Ulker
Doktora Tezi, Matematik Anabilim Dah
Damisman: Prof. Dr. Allaberen Ashyralyev
Eyliil, 2023, 140 sayfa

Bu tezde, Hilbert uzayinda zamana bagl pozitif operatorlerle parabolik tipte
stokastik diferansiyel denklem i¢in soyut bir Cauchy problemi ele alinmustir.
Parabolik tipte bir diferansiyel denklem i¢in soyut bir Cauchy probleminin kararlilig
belirlenir. Uygulamada kat sayilari, t'ye bagimli olan tek boyutlu ve ¢ok boyutlu
stokastik parabolik denklem i¢in baslangi¢ sinir deger problemi i¢in kararlilik
tahminlerine iliskin teoremler kanitlanmistir. Bu soyut Cauchy probleminin
parabolik tipteki diferansiyel denklemin yaklasik ¢oziimleri i¢in fark semalarinin
yakinsakliginin ana teoremleri sunulmustur. Uygulamalarda, dort tiir stokastik
diferansiyel = denklemlerin  yaklasitk  ¢ozlimleri i¢in  fark  semalarinin
¢Oziimii ve yakinsaklik tahminleri elde edilir. Dirichlet, Neumann kosullar1 ile
stokastik diferansiyel denklemler i¢in Cauchy probleminin yaklagik ¢dziimiiniin

dogruluk fark: semalar1 i¢in sayisal sonuglar verilmistir.

Anahtar Kelimeler: farksemasi; stokastik parabolik denklem; yakinsama tahmin

etmek; kararlilik; pozitif, operator; Hilbert uzay1



Table of Contents

ADPPTOVAL ..ottt et et ettt st e bt e e nb e e teesabeebteeabeeeene 2
DIECIATALION. ...ttt ettt 3
ACKNOWICAZEIMENLS......ccutieiiiieeiiie e et stee et e e e e e e enanaeees 4
YN 0] 1 ¢ 1o AR 5
OZEL. ettt 6
Table Of CONLENLS ..c..eevieiiiiieiieieeitee ettt sttt e st e et e e 7
List Of TabIEs ....neeei e 9
List of ADDreviations. ........ovuiiiniii i 10
CHAPTER 1
INtrOdUCTION. . ... 11
Historical Note and Literature SUrvey.........c.vviuiiiiiiiiiiiieiie i eee e e, 11
Layout of the Present Thesis ........oouiiuiiiiiiiii e, 14
Basic Concept and Definions ............coooiiiiiiiiiiii e 16
Sturm-Liouville Problem ... 16
FOUTIET SETICS . .viitt it e e e e 18
Laplace Transform ..........ooouiiiiiiii e, 19
Fourier Transform (Bracewell, 1999).............ooiiiiiiiiiii e, 19
Basic formulas ......... .o, 20
Burkholder-Davis-Gundy intequality ...............coooiiiiiiiiii e, 20
Paley-Wiener-Zygmund ...........ooooiiiiiiiiii e 20
Tto INte@ral ..ot 21
[0 ISOMELIIC ..ot 22
CHAPTER II
Methods of solutions of linear stochasric parabolic differential equations............. 25
INtrodUCHION . ..c.ue e 25
The Fourier series method ..., 25
The Laplace transform solution ...............oooiiiiiiiiiiiiiiiiiii e, 36

The Fourier transform SOIULION ... .....ee e, 41



CHAPTER III

The abstract Cauchy problem for the stochastic differential equation

in Hilbert spaces with the time-dependent positive operator ...................... 45
The main theorem on stability .............coooiiiiiiiiiii e, 45
APPICAIONS. ...ttt e 51

CHAPTER 1V

The single step stable difference schemes.................ccoooiiiiiiiiiinn, 57

Rothe difference scheme with the standard Wiener process .................... 57
The main theorem on stability and convergence ....................coevin. 60
APPLICALIONS .\ttt 66
Rothe difference scheme without the standard Wiener process ................. 72
The main theorem on stability and convergence ...................cooevenn.e 73
APPLICALIONS ...ttt 75
Crank-Nicholson difference scheme with the standard Wiener process........ 80
The main theorem on stability ............ccoiiiiiiiiiiiiii e, 83
APPICALIONS ..vet i e 90
Crank-Nicolson Difference Scheme without the Standard Wiener Process....93
The main theorem on stability.............coooiiiiiiiiiiii e, 93
APPICALIONS . .uete e e 96
CHAPTER V

NUMETICAL TESUILS ...uetteie e 100

The mixed problem with Dirichlet condition ...................oo 100

The mixed problem with Neumann condition ...................coeiiiiiiiinnnn. 105

CHAPTER VI
CONCIUSION ..ttt e 112
RETRIENCES ..., 113

APPENAICE. ..ottt e 118



List of Tables

page
8 07T 1) (e 103
0 17T 1) 1N 105
121 0 K 108
711 1 e 111

List of Abbreviations



10

SDE
SPDE
IBVP
DS
RDS
PD
CNDS

Stochastic Differential Equation
Stochastic Parabolic Differential Equation
Initial-Boundary Value Problem
Difference Scheme

Rothe Difference Scheme

Positive Definite

Crank-Nicholson Difference Schemes



SuoI11enba |B1IUBJBHIP J11SBYI0IS JO
SIS3IHL dyd uoI1n|os ay3 4o} yoeosdde solesadQ MO JB)”['_]

€coc¢

NEAR EAST UNIVERSITY
INSTITUTE OF GRADUATE STUDIES
DEPARTMENT OF MATHEMATICS

OPERATOR APPROACH
FOR THE SOLUTION OF
STOCHASTIC DIFFERENTIAL EQUATIONS

PhD THESIS

Ulker OKUR

Nicosia
September, 2023



NEAR EAST UNIVERSITY
INSTITUTE OF GRADUATE STUDIES
DEPARTMENT OF MATHEMATICS

OPERATOR APPROACH
FOR THE SOLUTION OF
STOCHASTIC DIFFERENTIAL EQUATIONS

PhD THESIS

Ulker OKUR

Supervisor

Prof. Dr. Allaberen ASHYRALYEV

Nicosia
September, 2023



Approval

We certify that we have read the thesis submitted by Ulker Okur titled “Operator Approach
for the solution of the stochastic differential equations” and that in our combined opinion
it is fully adequate, in scope and in quality, as a thesis for the degree of Doctor of Philosophy

in Mathematics.

Examining Committee Name-Surname Signature
Head of the Committee: Prof. Dr. Deniz Agirseven ..
Supervisor: Prof. Dr. Allaberen Ashyralyev ...l
Committee Member*:  Prof. Dr. Evren Hingal ...

Committee Member*:  Assoc. Prof. Dr. Nuriye Sancar ~ .............oooeeeee.

Committee Member*:  Assoc. Prof. Dr. Okan Gergek ...

Approved by the Head of the Department

13/09/2023

Prof. Dr. Evren Hincal

Head of Department

Approved by the Institute of Graduate Studies

13/09/2023

Prof. Dr. Kemal Hisnii Can Baser
Head of the Institute



Declaration

| hereby declare that all information, documents, analysis and results in this thesis have
been collected and presented according to the academic rules and ethical guidelines of
Institute of Graduate Studies, Near East University. | also declare that as required by
these rules and conduct, | have fully cited and referenced information and data that are

not original to this study.

Ulker Okur
LU

LUHex Clawwr

13/09/2023



Acknowledgments

Though only my name appears on the cover of this dissertation, a great many

people have contributed to its production.

| will forever be thankful to my advisor, Professor Dr. Allaberen Ashralyev for
the continuous support of my Ph.D. study and related research, for his patience,
motivation, and immense knowledge. His guidance helped me in all the time of research
and writing this thesis. He was and remains a role model for a scientist, mentor, and

teacher.

Besides my advisor, | would like to thank Professor Dr. Evren Hincal and

Professor Dr. Feyzi Basar for his encouragement.

Last but not the least, | would like to thank my family: my parents, my sister

and my brother for the support they provided me through my entire life.

Ulker Okur



Abstract
Operator Approach for the solution of the stochastic differential equations
Okur, Ulker
PhD, Department of Mathematics
Supervisor: Prof. Dr. Allaberen Ashyralyev
September, 2023, 140 pages

In the present thesis, an abstract Cauchy problem for stochastic differential
equation of parabolic type in a Hilbert space with the time-dependent positive
operators is considered. The stability of an abstract Cauchy problem for differential
equation of parabolic type is established. In practice, theorems on stability estimates
for the initial boundary value problem for one dimensional and multidimensional
stochastic parabolic equation with coefficients dependent in t are proved. The main
theorems of the convergence of difference schemes for approximate solutions of this
abstract Cauchy problem for differential equation of parabolic type are presented. In
applications, the convergence estimates for the solution of difference schemes for
approximate solutions for four types of stochastic differential equations are obtained.
Numerical results for the accuracy difference schemes of the approximate solution of
Cauchy problem for stochastic differential equations with Dirichlet, Neumann

conditions are proved.

Key Words: difference scheme, stochastic parabolic equation, convergence estimates,

stability, positive operator, Hilbert spac



OZET
Stokastik diferansiyel denklemlerin ¢oziimii icin Operator Yaklasim
Okur, Ulker
Doktora Tezi, Matematik Anabilim Dah
Damisman: Prof. Dr. Allaberen Ashyralyev
Eylul, 2023, 140 sayfa

Bu tezde, Hilbert uzayinda zamana bagl pozitif operatorlerle parabolik tipte
stokastik diferansiyel denklem icin soyut bir Cauchy problemi ele alinmustir.
Parabolik tipte bir diferansiyel denklem icin soyut bir Cauchy probleminin kararlilig
belirlenir. Uygulamada kat sayilari, t'ye bagimli olan tek boyutlu ve ¢ok boyutlu
stokastik parabolik denklem igin baslangi¢c smir deger problemi igin kararlilik
tahminlerine iliskin teoremler kanitlanmigtir. Bu soyut Cauchy probleminin parabolik
tipteki diferansiyel denklemin yaklasik c¢oziimleri i¢in fark semalarinin
yakinsakliginin ana teoremleri sunulmustur. Uygulamalarda, dort tiir stokastik
diferansiyel = denklemlerin = yaklasitk  ¢dziimleri icin  fark  semalarinin
¢Oziimii ve yakinsaklik tahminleri elde edilir. Dirichlet, Neumann kosullari ile
stokastik diferansiyel denklemler icin Cauchy probleminin yaklagik ¢dziimiiniin

dogruluk farki semalar1 i¢in sayisal sonuglar verilmistir.

Anahtar Kelimeler: farksemasi; stokastik parabolik denklem; yakinsama tahmin

etmek; kararllik; pozitif, operatdr; Hilbert uzay1



Table of Contents

N 0] 01 (017 | SO USURSTSSSRPR 2
DECIATALION ...ttt bbbt 3
ACKNOWIEAGEMENTS ... 4
N 1L Tod USSR 5
OZBE ..ottt ettt n ettt n et 6
Table OF CONENES ....ocviiiiiicieiee bbbt 7
LiSt Of Tables ... 9
List of ADDreviations............oiiiiiii 10
CHAPTER |
INtrOAUCHION. ... e e 11
Historical Note and Literature Survey..........coovoveiiiiiiiiiiiiiieecee e, 11
Layout of the Present Thesis ........c.ooieiiiiiii e 14
Basic Concept and Definions ............ccooiiiiiiiiiiii e, 16
Sturm-Liouville Problem ... ..o, 16
FOUTIET SETIES ...ttt e e 18
Laplace Transform ... ..o 19
Fourier Transform (Bracewell, 1999)........ccooiiiiiiiiiiii e, 19
Basic formulas ..........ooiiiii e 20
Burkholder-Davis-Gundy intequality ..............cooeiiiriiiiiiiiiiiie e, 20
Paley-Wiener-Zygmund ............ooouiiiiiiniii i 20
O INte@ral «....oeei 21
10 110701 ] 3 0 U<t 22
CHAPTER II
Methods of solutions of linear stochasric parabolic differential equations............. 25
INtrOdUCHION .. .ee e e 25
The Fourier series method ..., 25
The Laplace transform solution ..............ccooviiiiiiiiiii i 36

The Fourier transform SOIULION ..., 41



CHAPTER IlI

The abstract Cauchy problem for the stochastic differential equation

in Hilbert spaces with the time-dependent positive operator ...................... 45
The main theorem on Stability ...........oooiiiiiiiiii e 45
APPHCALIONS. .. e 51

CHAPTER IV

The single step stable difference schemes...................cccooiiiiiiii, 57

Rothe difference scheme with the standard Wiener process .................... 57
The main theorem on stability and convergence .................coovvvininnnn. 60
APPICALIONS L..utie e e 66
Rothe difference scheme without the standard Wiener process ................. 72
The main theorem on stability and convergence .................cccoeevvnnn. 73
APPLICALIONS ..., 75
Crank-Nicholson difference scheme with the standard Wiener process........ 80
The main theorem on stability .............ccoiiiiiiiiiiii e, 83
APPHICALIONS ... e 90
Crank-Nicolson Difference Scheme without the Standard Wiener Process....93
The main theorem on stability.............ooooiiiiiiiiiie e, 93
APPHICALIONS ...t 96
CHAPTER V

NUMEFICAI TESUILS ....vittei e 100

The mixed problem with Dirichlet condition ..................cooviiiiiiiiin 100

The mixed problem with Neumann condition ..................cooeviiiiiiinnn 105

CHAPTER VI
CONCIUSION .. .eeei e 112
RO BNCES ...t 113

APPENAICE. ..., 118



List of Tables

page
15 0 [ e 103
= 0 (- 105
L= 0 1= N 108



SDE
SPDE
IBVP
DS
RDS
PD
CNDS

List of Abbreviations

Stochastic Differential Equation
Stochastic Parabolic Differential Equation
Initial-Boundary Value Problem
Difference Scheme

Rothe Difference Scheme

Positive Definite

Crank-Nicholson Difference Schemes

10



11

CHAPTER 1

Introduction

Historical Note and Literature Survey

Initial value and the boundary value problems for stochastic ordinary and partial
differential equations take an important place in applied sciences and engineering
applications. Methods for numerically solving the initial value and the boundary
value problems for stochastic ordinary differential equations have been studied
and developed over the last three decades. It is known that most problems in
heat flow, fusion process, modelling financial instruments like options, bonds and
interest rates and other areas which are involved with uncertainty correspond to
SDE’s. The stochastic partial equations appear in several different applications.
One of them is the random evolution of systems with a spatial extension such
as random interface growth, random evolution of surfaces and fluids subject to
random forcing. In particular, for mathematical finance they have been used
to model term structure of finance, term structure of interest rates or volatility
surfaces.

When we study SDE’s, then we commonly uses the following shorthand no-

tation:
dajt = f(t7 xt)dt + g(ta 'It)dwt

z(0) = o,
where w € R? is a Wiener process and f : R x R” — R" is the drift function.
Let zp € R™ be the initial condition and let g(¢,z) : R x R" — R"” the diffusion
function. The stochastic process x; is called an It6 process. So, the SDE has
a deterministic part and a random part. For a better understanding, we can

describe the equation as
dxy = determanistic part dt + random part dw;
The random part is given by the Wiener process.

Methods of the solutions of stochastic partial differential equations (SPDE’s)

have been studied extensively. A number of stochastic processes is given by
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(SDE), i.e. they are solutions of the corresponding integral equations. A func-
tion, which is dependent of these stochastic processes for example a portfolio of
shares can also be represented by means of a stochastic integral equation. The
stochastic integrals, which possess in the stochastics of the financial markets are
of paramount importance. The most algorithms that are used for the solution of
ordinary differential equations will work very poorly for SDEs, which have very
poor numerical convergence. Many stochastic partial differential equations are
popular to investigate the solutions to stochastic equations in Hilbert and Banach
spaces with the method of operators as a tool. Also estimate of the convergence
by the difference between the exact and approximate solution have been studied

extensively by some researches.

SDE can be derived as models of indeterministic systems and considered as
methods for solving boundary value problems and have been studied by many
authors (E. Pardoux, 1979; S. Peszat and J Zabczyk, 2000). The stochastic
partial differential equations have been studied by many authors (A. Yurtsever
and A. Yazliyev, 2000; G. Da Prato and A. Lunardi, 1998; Ashyralyev A. and
G. Michaletzky, 1993; A. Ashyralyev and I. Hasgur, 1995; A. Yurtsever and A.
Yazliyev, 2000; A. Ashyralyev and M.E. San, 2012). SDE can be derived as mod-
els of indeterministic systems and considered as methods for solving boundary
value problems and have been studied by (E. Pardoux, 1979; and S. Peszat and
J. Zabczyk, 2000). Numerical solutions of stochastic differential equations and
stochastic partial differential equations have been studied of many different al-
gorithms by (P. Kloeden and E. Platen, 1995) The partial differential equations
of parabolic type in the Banach space have been extensively studied by many
researchers ( A. Ashyralyev, P.E. Sobolevski, 1994; A. Ashyralyev and M. Akat,
2011; A. Ashyralyev and P.E. Sobolevskii, 2004). Many various properties of
boundary value problems for partial differential equations, of stability of DS’s
for partial differential equations, and of summation of Fourier series is studied in
various papers (P.E. Sobolevskii, 2005; Krein, S.G., 1966; Prato G. Da, Grisvard,
P., 1975; H.O. Fattorini, 1985). The operator approach of permitted essentially

extends a class of problems where the theory of difference methods is applicable
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are studied in many parers by (Ashyralyev, A., Michaletzky,G.,1993; A. Ashyra-
lyev and I. Hasgur, 1995; A. Yurtsever and A. Yazliyev, 2000; A. Ashyralyev,
2008; A. Ashyralyev and M.E. San, 2012; . E. San, 2012; A. Ashyralyev, and
M. Akat, 2011; N. Aggez, N., and M. Ashyralyyewa, 2012; Hausenblas, E., 2002).
The optimal regularity of the stochastic convolution is studied by (G. Da Prato
and A. Lunardi, 1998). A proof of the convergence of finite difference approxima-
tions of the solution of initial value problem for the nonlinear stochastic partial
differential equation of the form is presented by (T. Shardlow, 1998). Neverthe-
less the 3/2-th order of approximation of implicit and CNDS’s for the solution
of the initial value Cauchy problem are presented (A. Ashyralyev and 1. Hasgur,
1995; A. Yurtsever and A. Yazliyev, 2000). The modified CNDS for the approxi-
mate solution of the initial value Cauchy problem was studied in (A. Ashyralyev,
2008). The multipoint nonlocal-boundary value problem for stochastic parabolic
differential equations (SPDE’s) in Hilbert spaceis studied by (A. Ashyralyev and
M.E. San, 2012). E.J. Allen, S.J. Novosel, and Z. Zhang.

In the book (A. Ashyralyev and P.E. Sobolevskii, 1994), the well-posedness

of an abstract Cauchy problem for differential equation of parabolic type
V(t) + A()u(t) = f(t),0 <t < T,v(0) = vy (1)

in an arbitrary Banach space E with the dependent positive operators A(t) was
established. Theorems on well-posedness of initial-boundary value problems for
parabolic equations in various Banach spaces were proved. The high order of
accuracy DS’s generated by an exact difference scheme or by the Taylor’s de-
composition on the two points for the numerical solutions of the problem (1)
were presented. The well-posedness of these SD’s in various Banach spaces was
studied. The stability and coercive stability estimates in various Banach norms
for the solutions of the high order of accuracy DS’s of the mixed type boundary

value problems for parabolic equations were obtained.

The exact DS approach permitted essentially to extend a class of problems
where the theory of difference methods is applicable. Namely, now it is possible
to investigate the single step DS’s of numerical solutions for stochastic parabolic

equations with depended coeffcients A(t) in ¢ and the space variables.
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IBVP’s for stochastic partial differential equations of parabolic type with time-
dependent coefficients and with white noise in the right-hand side have been
investigated by many scientists (see, for examples, (I. I. Gikhman, 1980; A. Ya.
Dorogovtsev, S.D. Ivasishen, A.G. Kukush, 1985;H. M. Perun,2008;A. Ichikawa,
1978;1. 1. Gikhman, 1979;R. F. Curtain and A. J. Pritchard, 1976;G. Da prato
and A. Lunardi, 2007), and the references given therein).

In the papers (I. I. Gikhman, 1980; A. Ya. Dorogovtsev, S.D. Ivasishen,
A.G. Kukush, 1985;H. M. Perun, 2008) boundary-value problems for second-
order parabolic equations with white noise were investigated by different meth-
ods. In the paper (H. M. Perun, 2008) a theorem on the well-posedness of the
Cauchy problem for a linear higher-order stochastic equation of parabolic type
with time-dependent coefficients and continuous perturbations whose solutions
are subjected to pulse action at fixed times was proved.

In the paper (A. Ichikawa, 1978) linear stochastic integral evolution equations
were studied. They were associated with formal stochastic partial differential
equations as well as stochastic delay differential equations. The existence and
uniqueness of a solution was established for systems with disturbances depending
on the state, both current and past, using semigroups or more generally evolution
operators and known properties of such operators. In future, we will consider
integral equations described by mild evolution operators which were introduced
in (G. Da prato and A. Lunardi; 2007).

In the PhD Thesis M.E. San, application of semigroups method for stochastic
parabolic equations with depended in the space variables operator A(t) = A was
considered. The single step DS’s for numerical solutions for the local and nonlocal
problems for stochastic parabolic equations with depended in the space variables

coeficients were studied.

1.1 Layout of the Present Thesis

In the present chapter we consider the initial value problem for the stochastic
partial differential equation of parabolic type and the single-step exact DS for

the solution of this problem.
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It is well known that various IBVP’s for stochastic parabolic equations can

be reduced to the Cauchy problem for the first order SDE
do(t) + A(t)v(t)dt = f(t,w(t))dt + g(t,w(t))dw:, 0 <t < T, v(0) =¢  (2)

in a Hilbert space H with a self adjoint PD operator A(t) dependent in ¢ with
the closed domain D(A(t)) C H and the restriction A(¢) > 61, where § > 0 and
I is the identity operator. Let w, = v/t€ be the standard Wiener process on the
probability space (II, F', P) and £ € N(0, 1) be the standard normal distribution
with mean p = 0 and variance o = 1. Here v(t) and f(¢,w;) are the unknown

and the given abstract functions.

The main goal of this study is to construct and investigate the stable DS’s for
the approximate solution of problem (2). The RDS and CNDS generated by the
single step DS for the solution of problem (2) are presented. The convergence
estimates for the solution of these difference schemes are established. In applica-
tions, the convergence estimates for the solution of DS’s for stochastic parabolic
problems are established. For the numerical study, procedure of modified Gauss
elimination method is used to solve these DS’s.

Let us briefly describe the contents of the work. This study consists of intro-
duction and five chapters.

The first chapter a historical note and literature survey.

The second chapter is to study o the linear stochastic parabolic equations. Ap-
plying results of Chapter One and Fourier series, Laplace and Fourier transform
methods, we obtain the exact solution of several stochastic parabolic equations
with dependent coefficients.

In the third chapter, the main theorem on stability of the Linear stochastic
parabolic equations is established. In applications of the main theorem, stability
estimates for the solutions of four problems of the SDE’s with local and nonlocal
conditions are obtained.

In the fourth chapter, the initial value problem (2) for the stochastic par-

tial differential equation of parabolic type is considered. The single-step exact
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difference scheme

o(ty) = v(ti-1) + (I — v(te, te1))v(te1) = / k v(ty, ) f (s, ws)dws,

tp—1
ty=kr,1<k<NNt=Tv0)=0

for the solution of the Cauchy problem (2) is presented.

Also, in the fourth chapter, approximate formulas for v(ty, tx—;) and
j;i’il v(ty, s) f(s, ws)dws are presented. Applying these formulas, 1/2-th order of
accuracy in ¢ RDS for the approximate solution of problem (2) generated by
the single step DS for the approximate solution of problem (2) is presented. The
main theorem on convergence of RDS in a Hilbert space is established. Applica-
tions, the convergence estimates for the solution of initial-boundary problems for
stochastic parabolic equations with dependent coefficients are obtained.

Furthermore, the fourth chapter also contains, applying more accurate ap-
proximate formulas for v(ty, tx_1) and
fti’il v(tk, ) f(s, ws)dws the CNDS is constructed. The main theorem on conver-
gence of CNDS in a Hilbert space is established. The fifth chapter is devoted to
the numerical analysis. The sixth chapter is conclusion.
Three extended abstracts are published in AIP Conferences. First paper was
published in AIP of MPDSIDA 2023, the second ICMS 2022, third paper was
published in ICAAM 2022. One paper was published in MDPI Journal AXIOM
in July 2023.

Basic Concept and Definions

This section highlights basic concepts and definitions on the theory of ordinary
and partial differential equations leading us to conduct and understand the works

in this thesis.

Sturm-Liouville Problem
(Arfken, Weber, 2005)

We denote the Sturm Liouville operator as

— i oG] + ot
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and consider the Sturm Liouville equation

L[v] + M =0, (3)

where p > 0 and p and ¢ are continuous functions on the interval [0, (] with

local boundary conditions

a10(0) + agp(0)v'(0) = 0; Byv(l) + Bop(Dv (1) = 0, (4)

where a2 + a2 # 0 and 37 + 33 # 0 or nonlocal boundary conditions
v(0) —v(l) = 0,2(0) — /(1) =0, (5)

The problem of finding a complex number A = u such that the boundary value
problems (3), (4) or (3), (5) have a non trivial solution are called Sturm-Liouville
problems.

The value A = p is called an eigenvalue and the corresponding solution y(x, 1)
is called an eigenfunction.

We will consider three types of Sturm-Liouville problem.

The Sturm-Liouville Problem with Dirichlet Condition

1

—u () + Au(z) =0,0 <z < L,u(0) =u(l) =0

has solution

ug(x) = sin —

and

In the case when | =7

ug(x) = sinkx

and

e = -k k=1,2,....
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The Sturm-Liouville Problem with Neumann Condition

"

—u (z) + Au(z) =0,0 <z < [,u'(0) =4 (1) =0

has solution

and

In the case when | =7

ug(x) = coskx
and

e = —k% k=0,1,2,....

The Sturm-Liouville Problem with Nonlocal Conditions

/ /

—u'(z) — Mu(x) = 0,0 < z < [,u(0) = u(l),u (0) = u ()

has solution

ug(x) = cos2kx, k =0,1,2, ...

ug(z) = sin2kx, k =1,2, ...
and
e = 4k% k=0,1,2,....
Fourier Series (Brown, Churchyll, 1993)

Let [ be a fixed number and f(z) be a periodic function with periodic 21, defined
on (—[,1). The Fourier series of f(x) is a way of expanding the function f(x) into

an infinite series involving sins and cosines :

fa) =3+ D ancos(=7=) + Y busin(=-), (6)
n=1 n=1
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where ag, a,, and b, called the Fourier coefficientes of f(z), are given by these

formulas

1 [ L[
%=7/f@mL%=z/f@w%¢@MLn=L%~
1 p

-l

and

1 [
b, = —/ sin(@)dx,n =1,2,...
LJ b

Laplace Transform (Franklyn,1 949)

Let f(t) be defined for ¢ > 0. The Laplace transform of f(¢) denoted by F(s) or
L{f(t)}, is an integral transform given by the integral

NQZLU®}=/f@f%ﬁ

provided that this (improper) integral exsists i.e that this integral is conver-
gent.

The Laplace transform is operation that transforms a function of ¢ (i.e a
function of time domain), defined on [0, 0] to a function of s (i.e of frequency
domain). The Laplace transform can be used in some cases to solve linear dif-
ferential equations with given initial conditions. F\(s) is Laplace transform or
simply transform of f (). Together the two functions f(¢) and F(s) are called a

Laplace transform pair.

Fourier Transform (Bracewell, 1999)

The Fourier transform of a function f = f(z) denoted by F(s) or F{f(z)}, is an

integral transform given by the integral

ﬂ@:FUw»:[fﬂ@f%m

Basic Formulas

We will need an estimate for stochastic integrals , that is very paricular case of

the Burkholder-Davis-Gundy intequality.
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Burkholder-Davis-Gundy Intequality

Let (II, F, F}, P) be as stochastic basis. H a hilbert space. Then for any p[€ 1, 00|
there exists a constant M > 0 such that for any Fi-adapted measurable stochastic
process G : [0,T] x II — H satisfying fOT |G(t)]|?dt < oo almost surely one has

t t
E sup || [ G(s)dw,|? < ME(/||G(5)||pdws)g.
0<t<T J J

Paley-Wiener-Zygmund

By theorem of Paley-Wiener-Zygmund(1933) the path of Wiener process is almost
nowhere differentiable, which is shown in the following theorem.
The Wiener process or the standard Wiener process is defined by the following

coditions:
e wy=0.

e The wiener process w has independent increments 0 < t; <ty < t3 < ty <

T, such that w;, — w;, and wy, — wy, are independent stochastic variables.

3 1

e For #; < 9 the stochastic variable w;, — w;, has the normal distribution

N(O, vt > 1)

We denote that (dw,)? = dt and dw, = v/t&dt, where dw, denotes the differential
form of the wiener process. By applying the stochastic integral of the random
part is also based on the Wiener process and on the It6 formula.

For more information see in (R.F. Curtain and P.L. Falb, 1971) and (A. Kar-
czewska, 2005).

Now let us describe more about the wiener process. Let w; be an H-valued

random process on T'. Then w; is a wiener process if
o E{w, —ws} =0 forall s,tin [0,T],
e w, is continuous in ¢ if P(w;) = 1,

o E{[w; — ws]} o {[wy — wy|}? = (t — s)w for all s, ¢ in [0,7], where w is

compact, positive, bounded trace class operator mapping H into itself,
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o E{|jw; — ws|[*} < oo for all st in [0, 7).

The operator w has countable eigenvalues \; > 0 for all ¢ such that Tr(w) =
Y 2o Ni- There is also a complete orthonormal basis {e;} of H, consequently
we; = A;. Curtain, Ruth F., and Peter L. Falb studied in the paper (R.F. Curtain
and P.L. Falb, 1971) over the wiener process and devolep stochastic integral in a

Hilbert space H.

Theorem 1.4.2.1 Let (w;)i>0 be a standard Wiener process given on the prob-

ability space (I, F', P). Then, we get
P{w : t = w, is nowhere differentiable} = 1.

For the proof see (N. Gantert, 2012) in Satz 21.17, . Moreover, the solution
of this problem requires non smoothness function f(¢,w;) for ¢ > 0, since the
function f(¢,w;) depends on the Wiener process w;. The equation is definite in
stochastic. A probability space (I, F, P) is equipped a right-continuous filtration
{F;}+>0 = F such that Fj, contains all sets of P-measures zero. The wiener process
is assumed to be adapted to {F}}+>¢ and for every ¢ > s the increments w; — wj
are independent of Fj}.

Likewise we regard the stochastic parabolic equation with the smooth func-
tion f(t), which is deterministic. This means f(¢,w;) = f(t) € L2(]0,7]) map
to f(t) : [0,7] — R. The stochastic integral fOT f(t)dw, has a centered distri-
bution fOTf(t)dwt ~ N(O,fOT | f(t)|*dt) with mean E[fOT f(t)dw;] = 0. For more

information see (N. Privault, 2013) in Propostition 4.6.

Ito Integral

SDEs contain a variable which has random white noise calculated as the derivative
of the Wiener process or Brownion motion. The wiener process is almost surely
nowhere differentiable. So it requires its own rules of calculus. These are the Ito
stochastic calculus and the Stratonovich stochastic calculus.

Next we will use a definition that provides the Ito integral, in order to un-
derstand it, however, we need to look at two other definitions. The following

definition describes the adapted process.
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Definition 1.4.3.1 Let (I, F, P) be a probability space. Furthermore let the
segment interval [0,7] be partitioned in 0 = t; < t, < ... < ty = T and
t; — tioy = 7;. Assume that F' = (J.,);.cpor be a filtration (filtered Algebra)
such that F' = Uy,¢cjoJ7, is the sigma Algebra F. Additionally let (S, &) be a
measurable space and X : 7; — S be a stochastic process. The process X is
adapted to the filtration (J7,);,c0,17, if the random variable X; : 7; x II = S is a

(F;, &)-measurable function for each ¢; € [0, T].
We further consider a subspace in the next definition.

Definition 1.4.3.2 Let M2([0,T], H;) be a subspace of piecewise continuous
functions in H. Additionally let the function f(¢,w;) be in the space of M2 ([0, T], H).
Assume that X; € (F;);cpr. For the partitioned segment 0 = ¢, <t; < ... <

ty =T and t; — t;_y = 7;, we have the stochastic definite integral of

N
fltw) =Y Xa(w) s, <ise,
=1

over the interval [t;_,t;] C [0,T] is defined as fOT [t wy)dwy = fOT Ly, o (t)dwy

(3

with in particular ﬁi’l dw; = fOT Ly, o) (D) dwy = wy, , — wy, .
Finally, we can proceed to define the It6 integral.

Definition 1.4.3.3 Let the definition of Adapted process and the function E fOT |f(t)|2dt
be satisfied. Additionally, let be X € F;, and E[X?] for all ¢; € [0,7]. For
f(t,w;) € M? we have the Tt6 integral

N

1(£) () = / Pt w)dw, = 37 Xa(w)(w, — w, ).

i=1
It6 Isometrie
The next lemma is a useful result concerning Itd Isometrie on M2([0, 7], H,) for

our purposes. Before we analyze this lemma, we recall some well-known properties

in the following list, which we need it later in the announced lemma.

(1) Let Y3,...,Y, be independently random variables with E(Y;) = 0 for every
t = 1,...,n. Assume that the filtration ¥, = o(Y3,...,Y,) and X; =

S, Y. Then for r < s and s < r, we have

E(Y,[5:) = 0.
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(2) For finite sums the expectation is linear such that
E(Y X)) =) E(X)).
i=1 i=1

Now we can establish the announced lemma.

Lemma 1.4.4.1 Let the definition 1.4.3.3 be satisfied. The Ito0 integral I is an
isometrie of M2 C L?(dw; x dt) in L*(dwy), such that

I LCf(E we)l[z2ny = 1L we)ll L2 axjo.) Vfe M.

Proof For Ly-Norm of I(f(t,w;)), we have

HHﬂmMWhm=EUA?meMﬂ=EU§;&WW%—wQMﬂ
= E[Zi:;Xin (wn, = wi, ) (wn, —wy, )| + [Ei (X)) (wy, = w, )]
B3 X o =) Bl =, 9] <3 (500 =)
éE(Xi(w)fE(wti —w, )’ = ;]:EXf(w) (t; —t: 1)
= i EX?(w)1lycict, (8 — ti1)

T
ZE/HﬂMMWﬁZWﬁwM@mmm'
0

In the fourth equation we use the properties (1) and (2) above. We apply the
property (3) in the fifth equation. This is proved.

As an application of the Ito isometry, we note that

T

EKAJﬁmwwwﬂZHA\U@wwwﬂZA}HW@wmmﬁ

and analogously, we note that

]E[(/Othdwt)Q] —]E[/OT|wt|2dt]—/OTEHwt\z]dt—/oTtdt—%TQ.
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The above lemma show that the map is an isometry, so it is continuous.
Here we summerize the [to6 formula by integration with respect to the Brownion
motion, which is the process

N

1(£) () = / Pt w)dw, = S Xa(w)(w, — w, ),

i=1
where the smooth function f(t,w;) = Ijor(t) is measurable with respect to the
filtration &, if for every t; € [0,7] the restriction f : [0,7] x II — R is a mea-
surable funciton for every ¢;. Then every step is measurable. Furthermore every
continuous and adapted proces is measurable. Third, the process is f(t,w;) is
measurable. For more information about the It6 process, please see in the intro-

duction.
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CHAPTER 11
Methods of Solution of Linear Stochastic
Parabolic Differential Equations

Introduction

Linear stochastic parabolic equations have the significant role in natural and ap-
plied sciences. Therefore, it is important to study stochastic parabolic equations.
Therefore, the main aim of this chapter is to study of the stochastic parabolic
equations with dependent coefficients. Applying results of Chapter One and
Fourier series, Laplace and Fourier transform methods, we obtain the exact solu-

tion of several stochastic parabolic equations with dependent in ¢ coefficients.

The Fourier Series Method

First, we consider initial boundary value problem
du (t, ) — e ‘uy, (¢, 2) dt = e ' sinzdw; + (—e™ + e~ ) sin zw,dt,
re0,m), 0<t<T,

u(0,2) =0, = € [0, 7],

u(t,0) =u(t,m) =0, t € [0,7T]

\

for one dimensional stochastic parabolic equations with dependent coefficients.

For solving this problem, we consider the Sturm-Liouville problem
—u"(x) = Mu(z) =0, u(r) =u(0) =0,0 <z <m

generated by the space operator of problem (7). As noted in Chapter 1 the

solution of this Sturm-Liouville problem is
M = K2, up(z) =sinkx, k=1,2,....

Then, we obtain Fourier series solution of mixed problem (7) by the formula
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u(t,z) =Y Ap(t)sinka, (8)

where A (t) are unknown functions. Applying this equation and initial condition,

we get
D dA(t)sinkz + ey T K*A(t) sin kadt
k=1 k=1
= e 'sinxdw, + (—eft + e’zt) sinzdt, z € (0,m), 0<t<T
and

ZAk(O) sin(kz) =0, 0 <z < .
k=1

Equating coefficients sin kx, k = 1,2, ...to zero, we get the initial value prob-

lems

dAL(t) + et A (t)dt = e tdw, + (—e ™t + e ) wydt, 0 <t < T,
(9)

dAg(t) + K2t Ap(t)dt =0, 0 <t < T,
(10)
Ap(0) =0,k =2,3, -
for the ordinary differential equations. First, we obtain A;(t). Putting ¢ = s,we
get
dAi(s) + e A(s)ds = e *dw, + (—e ™ + e ) wyds.

Multiplying by e~¢", we get
e ¢ TdA(s) +e ¢ Te TP Ay (s)ds = e [etdws + (—e Tt + e %) wids] .
We have that
e "dA(s) e ¢ e Ay (s)ds = d (e_e_sAl(s)) .

Therefore, taking the integral with respect to s from o to t, we get

t t

/ d (e i) = / e [e duw, + (—e™* + e %) wyds]

0 0
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Then
i
e~ Ay (t) — e 1 4,(0) = /e6 [edw, + (—e° + e7*) w,ds]
0
or t
e ALt) = /e_e et dws + (—e 7+ e7%) wids]
0
Since

we can write

Ai(t) = e e et = ety

Second, we obtain A (t), k # 1. Putting t = s,we get

dAg(s) + k*e * Ay(s)ds = 0.

Multiplying by e *¢"", we get

e FTdAL(s) + K2eTFe e Ay(s)ds = 0.
We have that
e dA(s) + K2eTF e e Ay(s)ds = d (e_kgefsAk(s)> :

Therefore, taking the integral with respect to s from o to t, we get

t

/d <e—’f2@’sAk(s)) —0.

0
Then

2

e M Ap(t) — e AL (0) = 0

or
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Then, applying formula (8), we can obtain Fourier series solution of mixed prob-
lem (7) by the following formula
u(t,z) = Z Ap(t)sinkz = Ay (t)sinz = e "w; sin .
k=1
Note that using similar procedure one can obtain the solution of following

initial boundary value problem

( n

du(t,z) — > o () 24D gt — g(t, 2)dw, + f(t, z)dt,

Ox2
r=1 "

= (21,.,7,) €Q, 0<t <T,

u(0,2) = ¢(z), x € Q,

u(t,z) =0, ze€ S, te[0,T]

for the multidimensional stochastic parabolic equations with dependent coeffi-
cients in ¢t. Suppose that «,(t) >« > 0 and g (¢t,z), f (t,z),(t,x) € (0,T] x Q,
¢(z) (z € Q) are given smooth functions in . Here and in future ) is the unit
open cube in the n—dimensional Euclidean space R" (0 < z;, < 1,1 < k < n) with

the boundary

S, Q=QuUS.

However Fourier series method described in solving (11) can be used only in
the case when (11) has constant coefficients in .

Second, we consider initial boundary value problem

du (t,x) — e ug, (t, ) dt

= e~ cos 2zdwy + (—4e™* + 4e75) cos 2zw,dt,

re(0,m), 0<t<T,
(12)

u(0,z) =0, = € [0, 7],

Uz (t,0) = ux(t,m) =0, t € [0,T]
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for one dimensional stochastic parabolic equation with dependent in ¢ coefficients.

For solving this problem, we consider the Sturm-Liouville problem
—u"(z) = Au(z) =0, W' (7)) =d'(0)=0,0<z <7

generated by the space operator of problem (12). As noted in Chapter 2 the

solution of this Sturm-Liouville problem is
M = =k, up(x) = cos(kz), k=0,1,2,....

Thus we will seek the Fourier series solution of (12) by the formula
x) =Y A(t) cos(k), (13)
k=0

where Ag(t),k =0, 1, ... are unknown functions. Putting u(¢, ) into the equation

(12) and using the given initial condition, we obtain

ZdAk ) cos(kx) + Zk2Ak ) cos(kx)dt
k=0

k=1

= e " cos2zdw; + (—de ™" + 47 ) cos2adt, 0 <z <

and

ZAk 0)cos(kz) =0, 0 <z <.

Equating coeficients cos k::v,k = 0,1,2,... to zero, we get the initial value
problems
dAy(t) + de P Ay(t)dt
= e Mdw; + (—de ™ + 4e Y wdt, 0 <t < T,
A»(0) =0,

dA,(t) + k?e P Ap(t)dt =0, 0 <t < T,
Ap(0) =0, k=0,1,3,...
for the ordinary differential equations. First, we obtain Ay(t). Putting t = s,we
get
dAs(s) + 4e " As(s)ds = e #dw + (—4e " + 4e™) wds.

—4e~ %

Multiplying by e , we get

A (5) + e 4e T Ay(s)ds
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= e e Ydw, + (—4e™ + de” %) wyds).

We have that
e~ dA(s) + 4T e Ay (s)ds = d(eH Au(s)).

Therefore, taking the integral with respect to s from 0 to ¢, we get

t t

/d (6746_5142(5)) = /646_8[64de5 + (—4e ™ + 4e7%) wyds).

0 0

Then

t

e Ay(t) — de ™ Ay (0) = / et e dw, + (—4eT 4 4e7™) wads]

0
or t
et Ay (t) = /646 e dw, + (—4e™* + 4e7) wyds).
0
Since . .
/6—46 e, = e ey, — /wsd <6—4e—s —4s>
0 0

we can write

_Je—t _ —t —
Ay(t) = e e et = e M,

Second, we obtain Ak (t), k # 2. Putting t = s,we get
dA(s) + ke Ay(s)ds = 0.
Multiplying by e ¥¢™" we get
e F T dAL(s) + KPeTF e e Ay (s)ds = 0.
We have that
e F T dAL(s) + KreTF T e Ay(s)ds = d (e_k%_sAk(s)> :

Therefore, taking the integral with respect to s from o to t, we get
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t

/d (e’er_sAk(s)) =0.

0
Then

2

e M Ap(t) — e A,(0) = 0

or

Ay(t) = 0.

Then, applying formula (13), we can obtain Fourier series solution of mixed prob-

lem (12) by the following formula

u(t,z) = Z Ap(t) cos k2x = Ay(t) cos 2z = e *w, cos 2z
k=1

u(t,x) = e~ cos 2zw;.

Note that using similar procedure one can obtain the solution of following

initial boundary value problem

(

du(t,z) — 3 ap(t) L2 dt — g(t,x)dw, + f(t, 2)dt,
r=1 r

= (21,.,7,) €Q, 0<t <T,
(14)

u(0,2) = p(x), = € 0,

Qu(t,x)=0, z€S, tel0,T]

\

for the multidimensional stochastic parabolic equations with dependent coef-
ficients in ¢. Suppose that a,.(t) >« > 0 and f (t,z),g(t,z), (t,z) € (0,T] x Q,
o(x) (x € ﬁ) are given smooth functions in x. Here and in future m is the normal
to S. However Fourier series method described in solving (14) can be used only
in the case when (14) has constant coefficients in .

Third, we consider initial boundary value problem
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)
du (t,z) — e Mg, (t,x)dt

= e sin 2zdw, + (—4e~* + 4e78) sin 2zw,dt,

ze(0,m), 0<t<T,
(15)

u(0,z) =0, z € [0, 7],

| w(t,0) = u(t, m), us(t,0) = ug(t, ), t € [0,T]
for one dimensional stochastic parabolic equations with dependent coefficients.

For solving this problem, we consider the Sturm Liouville problem
—u"(z) = Au(z) =0, 0<z <7

u(m) = u(0), v'(r) = u/'(0) generated by the space operator of problem (15).
As noted in Chapter 1 the solution of this Sturm-Liouville problem is

e = —4Kk* k=0,1,2, ...,
ug(z) = sin(2kx), k=1,2,...., ux(x) = sin(2kx), k= 1,2, ...

Then, applying formulas

u(t,x) = Ap(t)sin(2kz) + ) Bi(t) cos(2kx), (16)

where Ag(t),1,2,... and Bg(t),k = 0,1, ... are unknown functions. Putting u(t, )

into the equation (15) and using the given initial condition, we obtain

i dAk(t) cos(2kx) + i dBy(t) sin(2kx)

et Z 4k* Ay (t) cos(2kz) 4 e * Z 4k? By, (t) sin(2kzx)
k=1 k=0

= e "sin(2z)dw; + (—4e " + 4e™¥) sin(2z)w,dt, x € (0,7),0 <t < 1

and

u(0,z) = ZAk(O) cos(2kx) + Z Bi(0)sin(2kz) =0, 0 <z <.
k=1 k=0
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Equating coefficients of cos(2kz), k = 0,1, ... and sin(2kz), k = 1,2, ... to zero, we

get
dB;(t) + 4e "By (t)dt
= e Ysin(2x)dw; + (—4e ™ + 4e ) sin(2x)dt, 0 <t < T
B1 (0) - 0,
dBy(t) + 4k*e M By(t)dt =0, 0 <t < T
Br(0) =0,k =2,3, ...
and

dAp(t) + 4k2e A ()dt =0, 0 <t <T
Ap(0)=0,k=0,1,....

We obtain A(t) for the ordinary differential equations. Putting ¢t = s,we get
dAg(s) + 4k?e™* Ay(s)ds = 0.

Multiplying by e=#"¢™" we get

e AL (s) + ak2e e e Ay (s)ds = 0.

We have that
e dAL(s) + dk2e T e A (s)ds = d <6_4k2674sAk(3)> :

Therefore, taking the integral with respect to s from 0 to ¢, we get

t

/ d (e 45)) = 0.

0
Then

e~ e AL (1) — e AL(0) = 0
or
Au(t) = 0.

For By(t),t = 2,3, ..., we have

dBy(t) + 4k*e By (t)ds = 0.
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4k26_4s

Multiplying with e~ an set t = s, we get

t
T AB(s) e B (s = [l B()

0
/ (e By (s)) = e By(t) — e By (0).
0
Then

For Bj(t), we have

dBi(s) + 4e By (s)ds = e "dw, + (—4e™* + 4e7%) w,ds.

e—4

Multiplying by e=¢ ", we get

e~ "dBy(s) + e “de*Bi(s)ds
— e [e™ " dw, + (—4e™* + 4e7) wds).
We have that

4s

e dBy(s) + de= e By (s)ds = (™ Bu(s)).

Therefore, taking the integral with respect to s from 0 to ¢, we get

t t

/d (6—674sB1(S)> _ /6—345 [6_4tdws + (_46—45 + 46—85) wst].

0 0

Then

t

or

=]

Since
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t
_ =4t _ ,—4s _ _
=e ¢ e My, — /e € (—46 45 4 4e 85) wyds,

[e=]

we can write

Bi(t) = (7€ e w)et " = e,

Then, applying formula (16), we can obtain Fourier series solution of mixed

problem (15) by the following formula

ZAk cos(2kx) + ZBk ) sin(2kx)

k=0 k=1
= B (t)sin(2r) = e *w, sin(2z).
Note that using similar procedure one can obtain the solution of following

initial boundary value problem

¢

du(t,z) = 3 a, (1) 5552 dt = g(t, a)dt + [ (¢, 0)duw,
r=1

r=(21,.,2,) €EQ, 0<t <T,

u(0,2) = p(x), x€Q,

u(tvx)’& - u(tjﬂ—ﬂszv %Lﬂ = %bz?

€ [0,7]
for the multididimensional SDE. Assume that a,(t) > ap > 0 and g (t,x), f (t,z), (t,z) €
(0,T) x Q, ¢(z), (x € Q) are smooth functions. Here S = S; U Sy, @ = 51 N Ss.
However Fourier series method described in solving (21) can be used only in the

case when (21) has constant coefficients.
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The Laplace Transform Solution

First, we consider the initial boundary value problem

(
du (t, 1) — e g, (t, z) dt = e te %dw; + (—e~ ! — e ) e wydt,

r € (0,00), 0<t<T,
(18)

u(0,z) =0, z € [0,00),

u(t,0) = e twy, ug(t,0) = —e twy, t € [0,T]

\

for the one dimensional SDE.

For solving this problem, we consider Laplace transform. Using formula,

1

L{ie™*} = ]

(19)

and taking the Laplace transform of both sides of the differential equation and

using conditions u(t,0) = e ‘wy, u,(t,0) = —e fw;, we can write
L{du(t,z)} — L{e "uz,dt} = L{e 'e “dw,} + L{(—e™" — e *)e “w;dt}
0<t<T, L{u(0,2)} =0
or

du(t, s)—e '(s*u(t, s)—su(t,0)—u,(t,0))dt = e~ tdwi+(—e f—e™)

wtdt
1+s 1+s

Then
du(t,s) — (e7's*u(t, s) — se *'w, + e~ *w,)dt
1

—t —t —2t
=15¢ dw; + (—e™" —e™ )

wydt, u(0,s) = 0.

1+s

Therefore, we can write

du(t,s)—s*e u(t, s)dt = e tdw+(—e t—e™?) wydt—((s—1)e™*wy,)dt

1+ s 1+s

Multiplying by e¥*¢”", we get

_ _ - 1
e du(t, s) — ¢ sPetu(t, s)dt = e
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He (14 e )

wydt + ((1 — s)thwt)dt] :

- 1 1—s? 1
s2e”t —t —2t
= —d —(1 — | dt
e e {1—1—5 wt+wt(1+8 (1+e )1+S> }

- 1
s2e”t _—t 2 —t
= dw; — 1))dt
e e 1+S[wt wy(s’e" 4+ 1))dt]
Putting t = v, we get
s2e”v s2e7 2 _—w eV —w 1 2 —v
e’ du(v,s) — e ¢ s*e "u(v, s)dv =e*° e o [dw, —wy(s°e™" + 1))dv]
s

We have that

d <6526_UU(U7 8)> = du(v, 5) — e % u(v, s)dv (20)

Therefore, taking the integral with respect to v from 0 to ¢, we get

t t
—v ]_ 2,—v
d(SQe ’ ): /se 7vdv_ v 2 —t 1)d
/ e® ¢ u(v,s) ./ e V[dw, — w,(s°e™" + 1)dv]
0 0
Then
t
s2e? 52 1 s2e”? _—w 2 _—t
e u(v,s) — e’ u(0,s) = e e Vldw, —wy(s“e”" + 1)dv]
1+s
0
or
t
2,—t 1 2 _—wv
s“e — s%e —Udv_vQ—t 1d
e u(t, s) 1—{—3/6 e " [dw, — w,(s°e™" + 1)dv]
0
Since
¢ t
1 v 1 1 v
/ s2e e—vdwv 6828 t —t , — Ud(652€ e—fu)
1+s 1+ 1+s
0 0

we can write

_2e—t 2ot 1 ¢ 1
u(t,s) =e e e wy =
1+s 1+s

e_twt.
Taking the inverse Laplace transform with respect to x, we obtain

u(t,z) = e .
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Note that using same manner one can obtain the solution of following initial

boundary value problem

(

du(t,z) — ;ar(t) 82;3(6;1) dt = g(t,x)dt + f(t, z)dwy,
r=(r1,..,2,) €EQT, 0 <t <T,

u(0,2) = p(x), x€ §+, (21)

U(t, ZU) = (t’ 95) ) uwr(tv IB) = /Br (t’ IE) )

1<r<mn, (t,z) € [0,T] x S*

\
for the multidimensional SDE. Assume that a,(t) > ag > O0and g (¢,z), f (t,x),(t,z) €
(0,T) x QF, p(z), (x € QJF) ca(t, o),
B, (t,z) (t,z) € [0,T] x ST) are smooth functions. Here and in future Q* is the
open cube in the n-dimensional Euclidean space R™ (0 < z < 00,1 < k < n) with
the boundary S™ and

0 =0tust
However the Laplace transform method described in solving (21) can be used

only in the case when (21) has constant coefficients.

Second, we consider the initial boundary value problem

)
du (t,z) — e Uy, (t,2) dt = e te ™ dw; + (—e™ — e ) e wydt,

r € (0,00), 0<t<T,
(22)
u(0,2) =0, z € [0,00),

| u(t,0) = e twy, u(t,00) =0, t € [0,T]

Applying formula ((19)) and taking the Laplace transform of both sides of
the differential equation and noting (¢) = u,(¢,0) and using condition wu(t,0) =
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e~tw,, we can write
L{du(t,z)} — L{e "uyedt} = L{ie e “dw,} + L{(—e™" — e *")e “w,dt}

0<t<T,L{u(0,2)} =0

or

du(t,s) — (s u(t, s) — se *w, +y(t)e ")dt

dw; + (—e" —e™) wedt, u(0,s) = 0.

= eit

s+1 s+1

Then

du(t, s) — (e "s*u(t, s) — se”*w; + e wy)dt + (—e'w, — (1)) dt

1 t
— —tq ot =2t
T+s we+ (—eT e )1+s

wedt, u(0,s) = 0.

Therefore, we can write
du(t,s) — s*etu(t, s)dt
1 t

—t — —2t
— d et
1+s° wy + (e ¢ )1+5

wydt — ((s — 1)e”"w,)dt + (e 'wy + (1)) dt.

Multiplying by e¥¢", we get

1
1+s

e du(t, s) — ¢ sPetu(t, s)dt = e [ e~ dw,

+(—e (1 +e™)) . le Swtdt + ((1 = s)e *wy)dt + (e wy + (1)) dt} :

e[ 1 1 - 2 1 .
=e [et[1+sdwt+Wt(1+8_(1+€Qt)l—ﬂ)dt]+(€tWt+7(t))dt:|

2t _p 1
1+s
Putting t = v, we get

[dw, — wy(s”e™" + 1))dt] + e (e wy + y(t)) dt

e du(v,s) — ¢ e u(v, s)dv

—v 1
= e [dw, — w, (s
1+s

—v

e~ +1))dv] + (e w, + 7 (v)) dv



We have that

2

d (e‘g%fvu(v, s)) = e du(v, s) — e sPe u(v, s)dv

Therefore, taking the integral with respect to v from 0 to ¢, we get

t t

—v 1 v
/d (6826 u(v, 3)) =1 8/6526 e V[dw, — wy(s*e™" + 1)dv]
0 0

0
Then
e "uv, s) — e u(0, s)
1 t
s2e™V —v 2 —v
_1—1—3/6 e V[dw, —w,(s°e™" + 1)dv]
0
t
—i—/esQe_v (e w, + 7(v)) dv
0
or .
e ult, s) = ! /eSQGve” [dw, — w,(s*e™" + 1)dv]
I+s
0
t
—l—/esze_v (e "wy + y(v)) dv
0
Since

1+ s 1+s
0
t
2 ,—t 1 —t 1 2,—v  __ 2 t
=e" ¢ — e ¢ e Y(=s"e " — 1w,dv,
1+s ' 1+s/ ( )
0
we can write
t
sZe~t g2et 1 t

u(t,s) =e e
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Taking the inverse Laplace transform with respect to x, we obtain
t
ut,r) = e " tw, + L1 e_SQGt/eSQeU (e wy +7(v)) dv
0

t
2

=e "twy + / (e "wy + y(v)) L7 {e’s efteSQ‘fu} dv
0
Therefore, passing to limit when z — oo, we get

t

ult,00) = e”w; lim €™ + / (¢ wy +7(v) Tim L7 e e .
T—r00 T—r00
0

From that it follows

e "w, +v(v) = 0.

~tw, is the solution of the given initial boundary value

Therefore, u(t,z) = e~
problem.
Note that using same manner one can obtain the solution of following initial

boundary value problem

du(t,z) —

( n
r=

o (1) 2888 dt = g(t, w)dwy + f(t, x)dt,
1 s

r=(r1,..,2,) €QT, 0 <t <T,
(23)

u(0,x) = p(z), z€Q,

u(t,z) =a(t,z), 1 <r<mn, (t,z) €[0,T] x ST

\

for the multidimensional stochastic parabolic equations with dependent coef-
ficients in ¢. Assume that a,.(t) > ap > 0 and g (¢, ), f (t,2), (t,z) € (0,T) x QF,
o(x), <a: € QJF) ya(t,x), (t,z) € [0,T] x ST) are smooth functions. However the
Laplace transform method described in solving (23) can be used only in the case

when (23) has constant coefficients in z.

The Fourier Transform Solution

We consider the initial-value problem
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(
du (t,x) — e tug,dt = e~te=* dw,

+(—et — (=24 422) e e " w,dt,

x € (—00,00), 0 <t <T,

| w(0,2) =0, 2 € (—00,0)

for the one dimensional stochastic partial differential equation.

For solving this problem, we consider Fourier transform method. We denote

w(t,s) = F{u(t,2)}, q(s) = F {e*ﬂ} .

Taking the Fourier transform, we get the following initial value problem

du (t,s) — s2e~tu(t, s)dt = e~tq(s)dw,
= [—e*tq(s) — e F {(—2 + 4z?) e*“QH wydt,

0<t<T,u(0,s)=0

for the one stochastic ordinary differential equation.

"2
Since F{(—2+ 4z?)e "} = F{ <e‘x2> F{e "}, we can write

or

(

du (t,s) — s*e tu(t, s)dt = etq(s)dw;
- [—e*tq(s) — e 22 F{e "} | wydt,
0<t<T,u(0,s)=0

(

du (t,s) — s2e~tu(t, s)dt = etq(s)dw;

+[—e7q(s) — e *s%q(s)] wydt,

0<t<T,u(0,s)=0.
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Multiplying both sides by e’ we get
682t67t(du (t, s)—sze_tu(t, S)dt) _ 682t67te_tq<$)dwlf+682t67t [_e—tq(s) . €—2t52q(5)] wydt.
Putting t = y, we get
eV (du (y, s)—s2e Yuly, s)dy) = e v e Yq(s)dw,+e* ¥ " [—eVq(s) — e 2 s2q(s)] w,dy.
Y, Yy, s)dy q y q q vy
We have that
d (eSde_yu(y, s)) = esgye_ydu(y, s) — es2ye_ye_ys2u(y, s)dy.

Therefore, taking the integral with respect to y from 0 to ¢, we get

t t t

/d <652y6_yu(y, 5)) = /eSde_yeyq(s)dwy—l—/esze_y [—e7Yq(s) — e sq(s)] wydy
0 0 0
or

+ t
v u(t, s)—u(0, ) = / eV eg(s)dw,+ / e [—evg(s) — e Ms%q(s)] w,dy.
0 0

Then,
¢ ¢
Vet s) = /es e TeYq(s)dw, + C](S)/es e [—1—es? wydy.
0 0
Since
t t
[ e matntu, = e gt~ o(s) [ e
, 0

we have that

u(t,s) =e* e e q(s)w, = e q(s)wy.

Therefore using the inverse Fourier transform, we get
u(t,z) = e PF 1 {g(s)wy = e e wy

is the exact solution of the given initial boundary value problem.
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Note that using similar procedure we can get the solution of following initial

boundary value problem

[ du(t,z) — 3 o () 28D 4t = g(t, 2)dw, + (L, 2)dL,
r=1 r

r=(T1,.,2,) ER", 0<t<T,|r|=ri+..+m, (25)

u(0,2) = o(z), € R"
\

for the multidimensional stochastic parabolic equations with dependent coef-
ficients in ¢. Assume that a,(t) > ag > 0 and g (¢t,z), f (t,z), (¢t,x) € (0,T) x R,
o(x), (x € R™) are smooth functions. However the Fourier transform method
described in solving (25) can be used only in the case when (25) has constant

coefficients in z.
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CHAPTER III
The Abstract Cauchy Problem for the SDE in
Hilbert Spaces with the Time-Dependent

Positive Operator

The Main Theorem on Stability

It is well known that various IBVP’s for stochastic parabolic equations can be

reduced to the Cauchy problem for the SDE
do(t) + A(t)v(t)dt = f(t,w(t))dt + g(t,w(t))dw:, 0 <t <T,v(0)=¢ (26)

in a Hilbert space H with the unbounded operators A(t). Here w, = /£ is a
standard Wiener process given on the probability space (I, F, P) and £ € N(0, 1)
is the standard normal distribution. Moreover, v(t), f(t,w(t)) and g(t,w(t)) are
the unknown and given functions, respectively, defined on (0,7") x IT with values
in H. Furthermore, assume that f(¢,w(t)) and g(t,w(t)) are elements of space

M?2([0,T) x II, Hy), which consists of Hj-value process for which the conditions

E / 1t w() [, dt, E / gt (eI, dt < oo (27)

are satisfied. Here H; C H and E is the expectation and the integrals are
understood in the sense of Bochner.

Suppose that for each ¢ € [0,7T] the operator —A(t) generates an analytic
semigroup exp{—sA(t)}(s > 0) with exponentially decreasing norm, when s —

+00, i.e. the following estimates
lexp(=sAM) | s » 1sAR) exp(=sA®) | o < Me™(s >0)  (28)

hold for some M € [1,400), 6 € (0,400). From this inequality it follows the
operator A71(t) exists and bounded and hence A(t) is closed in H; C H, such
that A(t) : D(A(t)) = H and D(A(t)) = D(A(0)) for 0 <t < T.

Suppose that the operator A(t)A~!(s) is Holder continuous in ¢ in the uniform

operator topology for each fixed s, that is,

H[A(t) - A(T)]A_I(S)HH_)H < M|t —71|5,0<e <1, (29)
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where M and ¢ are positive constants independent of ¢, s and 7 for 0 < ¢,s,7 < T.
An operator-valued function v(t,s), defined and strongly continuous jointly

int sfor0<s<t<T,is called a fundamental solution of (26) if
1) the operator v(t, s) is strongly continuous in ¢ and s for 0 < s <t < T,
2) the following identity holds:
v(t,s) =v(t,T)v(T,s),v(t,t) =1 (30)
for 0 < s <7 <t <T, where, I is the identity operator,

3) the operator v(t,s) maps the region D into itself. The operator u(t,s) =
A(t)v(t,s)A71(s) is bounded and strongly strongly continuous in ¢ and s

for0<s<t<T,

4) on the region D the operator v(t,s) is differentiable relative to ¢ and s,

while
ou(t, s) B
5 + A(t)v(t,s) =0, (31)
and
a”g;’ S) ot 5)A(s) = 0. (32)

Applying (30) and (31), we get the following formula, (see, (R.F. Curtain and
P.L. Falb, 1971) and (D.A. Dawson, 1975)).

t

u(t) = o(t, 0)0(0) + / ot )y w(@)dy + gl w@))dw,}  (33)

0

for a mild solution of the problem (26) under the assumptions (27).

Lemma 3.1.1 Forany 0 < s <t < T and < a € (0, 1] the following estimates

hold (A. Ashyralyev and P.E.Sobolevskii, 2004; P.E. Sobolevskii, 1964)

lo(t,s)llnn < M, (34)
O e = (3)
DA o < M. (36)

The following Tubaro theorem was established in the paper (L. Tubaro; 1984).
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t4 is a Cy-semigroup on H satisfying

Theorem 3.1.2 Suppose that e~
le™ M pr—smr < e

for some § > 0 and all t > 0. Then for every p €]0, 00| there exists a constant

M, () < oo such that

t p
E sup / e=A9) (3 w(y))du,
0<t<T
%
/ 1 (g, w(y))duwy |13 dy (37)
for f € M2([0,T] x I, Hy).
We have that
Theorem 3.1.3 Suppose that
T
EIIU(O)IIH,E/IIf(y, Nady, £ /Ilg y, w(y))|[7dy < oc. (38)
0

Then, for the solution of problem (26) the following estimates hold

max E|lv(t)||z < M [E||v(0)|

t€[0,T]

2

‘B / 1 () ady + | E / o w2y | |- (39)

Proof. Using formula (33) and the triangle inequality, we get
E 2 < Eljv(t, 0)v(0
e [o(®)[]7 < e [o(t, 0)v(0) ||

t t

+ max /v( ) [y, w(y))dy + max /u( ) g(y, w(y))dw,
0 H 0 "

=0+ 1+ Is.

Here,

L= tg%%EHv(t, 0)v(0)lm,



I = maxE / ot y) (g w(y))dy|

te[0,7)

te€[0,T]

I — maxE / ot )9y, wy))dw,

H

48

We will estimate I, for all » = 1,2, 3, separately. We start with I;. Applying

estimate (34), we can write
Iy = max Eljo(t, 0) |z mllv(0)[|a < Ms|lv(0)]x-
te[0,7

Now let us estimate I. Using estimate (34), we get

te[0,T]

I < maxE/Hv(t,y)HHHH 1y, wy)lady < MyE /Hf y,w(y))|ady.
0

Finally, let us estimate I3. Using estimate (34), we get

2

I, < maxE / 1o(t, ¥)g(y, w(y))|%dy

t€[0,T]

1
2

t€[0,T]

2

< max B / lo(t, ) 2 mllo(ws w() I3y | < MsE / gy, wiy)IPedy
0

Combining the estimates for [, for all r = 1,2 and 3, we get (39). Theorem 3.1.3

is established.

Theorem 3.1.4 Suppose that

T
Elo(0)|%, B / 1 (s () % dy, E / l9(y, w(y))|3dy < oo.
0

Then, for the solution of problem (26) the following estimates hold

[

B [ 1ot | < M) [(Ele@))?

[SIE
[NIE

e / 1 o)y | + | E / gy, w())IZdy

(40)

(41)
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Proof. Using formula (33) and the triangle inequality, we get

/||v ||Hdt < E/||vt0 0)||%dt

NG

1
2

TV ¢ 2 > TV ¢t 2
B [ [eworwuw) o) +(5 [ [oeneow)n,) @
0 0 H 0 0 H

=J1+ Jy+ Js.

Here,

N

T

=

T t 2 2
Jy= | E v(t,y) f(y,w(y))dy|| dt|

/ ! H

T 2 3
J=E w(y))dw,|| dt

[t

We will estimate J,. for all » = 1, 2, 3, separately. We start with J;. Applying

estimate (34), we can write

2

i < E/Hv(t,O)H%ﬁHHv(O)H%dt < MTE ([|v(0)l[%)

M=

Now let us estimate Jy. Making the substitution s =t — y, we get

t t

et iy = [ ottt swi - s)ds

0 0

= /v(t,t —5) fu(t — s, w(t — s))ds.

Using the Minkowski inequality and estimate (34), we get

ASE/ e /w wit— ) dt | ds

2

<E / - /Mf% NIEdy | ds
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/ 15wy

Finally, let us estimate J;. Making the substitution s=1—y, we get

t t

/v(t, v)g(y, w(y))dw, = /U(t,t —5)g(t — s,w(t — s))dw,_

0

[e=]

= /v(t,t — 5)gi(t — s, w(t — 8))dw;_s.

Here

gx(t —s,w(t —s)),0 < s <t
gx(t — s,w(t —s)) =
0,t—s¢[0,T].
Using the Minkowski inequality and estimate (34) and the estimate from The-
orem 1.1 it follows that

2

T T
I < E/Me‘“ /Hg*(t—s,w(t—s))nz(dwt_s)? ds
0 0

1
2

< / / gty w5 dy | ds
/ lg(y, w(y))|Zdy

Combining the estimates for J, for all » = 1,2 and 3, we get (41). Theorem 3.1.4

is proved.
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Applications

Now, consider the applications of the abstract theorems. First, we consider one

dimensional stochastic parabolic equations

(

du (t,z,w(t)) + (— (a(t,z) uy (t,z,w(t))), + ou (t,z,w(t)))dt

= f(t,z,w(t))dt + g (t,z,w(t)) dw(t),0 <t < T,z € (0,1),
(42)
u(07x7w(0>> = (p(:C) RS [O,Z] )

u(t,0,w(t)) =u(t,Lw(t)),us (t,0,w(t)) = uy (t, L, w(t)),t €[0,T]

with nonlocal conditions. Under compatibility conditions problem (42) has as
weak unique solution u(t, z,w(t)) for the smooth in x functions f(t,z,w(t)) and
gt z,w(t))

(t € (0,T) x I x (0,1)), p(x),a(t,x) >a >0,z €[0,l],a(t,l) =al(t0),t €
(0,T).

Problem (42) can be written as the Cauchy problem (26) in a Hilbert space

H = L,[0,1] with self-adjoint PD operator A(t) = A”(t) defined by the formula

A*(t)v(z) = — (a(t, x)vy(x), + dv (x) (43)

with the domain D(A”) = {v € W}|0,] : v(0) = v (l),v, (0) = v, (1)} .Here, the
Sobolev space W3 [0,1] is defined as the set of all functions v(z) defined on [0, ]
such that v(z) and the second order derivative function v”(x) are all locally

integrable in L0, ], equipped the norm

1
2

1 1
l 2 l 2 l
oo = | [lo@de | + | [W@rd) +{ [1o@P
0 0 0

Therefore the abstract theorems 1.1 and 1.1 permit to get the following result
on the stability of problem (42).

Theorem 3.2.1 Suppose that

T T
EH90||%2[O,Z]7E/||f(t7’7wt)||12[0,l] dtvE/Hg(t,-awt)HiQ[o,z] dt < oo. (44)
0 0
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Then, for the solution of problem (42) the following estimates hold

trer%énT(EHu( Wieajoy <M [EH@HLQ[O’Z]

Wl

+E/ny, Dconds + E/Hgy, W)l ady | |-

1
2

T
1
B [ 1 0ndt) <M [(Blelf00)°
0

2

e / 1w ondy | + [ E / o, w2, 00 dy

N[

Proof. The proof of Theorem 3.2.1 is based on the Theorems 3.1.3 and 3.1.4,
on the self-adjointness and positivity of operator A(t) = A®(t) defined by the
formula (43).

Second, we consider one dimensional stochastic parabolic equations

¢

du (t,z,w(t)) + (— (a(t, ) uy (t,z,w(t))), + ou(t,z,w(t)))dt

=6 (a(t, —z)u(t, —x,w(t)) + du(t, —z,w(t))dt

= f(t,z,w(t))dt + g (t,z,w(t))dw(t),0 <t < T,z € (—1,1), (45)

U(OVI’M(O)) = QO(I) T € [—l,l],

u(t,—lLw(t) =u(tl,w(t) =0,te[0,7T]

\
with involution and Dirichlet conditions. Under compatibility conditions prob-
lem (45) has as weak unique solution u(t,z,w(t)) for the smooth in z functions
ft,z,w(t)) and g (¢, z,w(t)) (t € (0,T) x I x (=1,1)), p(x),a(t,z),z € [-1,1],
a>a(t,x)=a(t,—z)>5>0,0—alB| >0,t€(0,T).
Problem (45) can be written as the Cauchy problem (26) in a Hilbert space
H = Ly|—1,1] with self-adjoint PD operator A(t) = A*(t) defined by the

formula
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A)o(z) = = (a(t, 2)vs(2), = B(alt, —x)ve (=), + 0v () (46)
with the domain D(A(t)) = {v € W [—1,1] : v(—I) = v () = 0} .Here, the Sobolev
space W3 [—1,1] is defined as the set of all functions v(z) defined on [—,[] such
that v(z) and the second order derivative function v”(z) are all locally integrable

in Ly[—1,1], equipped the norm

z 2 z
2 2
ooy = | [lo@Pde |+ | [ o) da
~1 ]

2

We have that

Lemma 3.2.2 Let a > a(t,z) = a(—x,t) > 0 > 0 and 6 — a|5]| > 0. Then,
the operator A(t) defined by formula (46) is the self-adjoint and PD operator
in Ly[—[, 1] space. Therefore the abstract theorems permit to get the following

result on the stability of problem (45).

Theorem 3.2.3 Suppose that

2 2
EHSOH%Q[z,sz/Hf(t,‘,wt)HLﬂl,Z] dtvE/Hg(ta-awt)“Lg[l,l] dt <oo.  (47)

Then, for the solution of problem (45) the following estimates hold

E L <M[E B
trerf(?)T(] ILQIIARTES [ o]l pa=1

SIS

+E/Mf% Dlnaendy + E/Mg%<>mahmy |

1
2

T
B [ Il gt | < M) [(Eleli i)
0

D=

2

4 E/Mf% DIZ ady | + E/Mg% w(y)) 2. dy

[N

Proof. The proof of Theorem 3.2.3 is based on the Theorems 3.1.3 and 3.1.4
and Lemma 3.2.2 on the self-adjointness and positivity of operator A(t) = A®(t)
defined by the formula (46).
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Third, let €2 be the unit open cube in the n-dimensional Euclidean space
R = {x = (z1,--+,,2,) : 0 < z; < 1,4 = 1,--+ ,n} with boundary S,
Q=QUS. In [0,T] x €, the mixed problem for the multidimensional stochastic

parabolic equation

;

du(t,z,w(t)) + |— é(ar(t, T)Uy, )z, + O0ult, z,w(t)) | dt

= g(t,z,w(t))dt + f(t,z,w(t))dwy,

O<t<T,z=(x1,..., ) €,
(@100 ) .

\u(t,x,w(t)) =0, x € S5,te€0,T]

with the Dirichlet condition is considered. Under compatibility conditions prob-
lem (48) has as weak unique solution wu(t,z,w(t)) for the smooth in z functions
f(t,z,w(t)) and g (t,z,w(t)) (t € (0,T) x I x Q, o(z) € Q,a(t,r) >6> 0,2 €
(0,7) x €.
Problem (48) can be written as the Cauchy problem (26) in a Hilbert space
H = L, (Q) with self-adjoint-positive definite operator A(t) = A®(t) defined

by the formula

n

A(tyo(a) = =Y (ar(t,2)vs, )z, + 60(z) (49)

r=1

with domain

D(A(t)) = {v(x) : v(x), (ar(2)vg, )z, € L2(2),1 <7 <n,u(x) =0,z € S}.

Theorem 3.2.4 Suppose that

T T
mmamE/wwwwm@wE/mwwmm@ﬁ<w (50)
0 0

Then, for the solution of problem (48) the following estimates hold

Ellu(t <MI|FE
max ()] La) < M [Ellellra0)
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N

LB / 1 (s w0 () oy dy + / o, w()Eaady | |

1
2

T
B [ 1]t | < MG [(Bllolhm)’
0

2

/ 1w 2ydy | + | E / 9, w)IEdy

N

Proof. The proof of Theorem 3.2.4 is based on the Theorems 3.1.3 and 3.1.4,
on the self-adjointness and positivity of operator A(t) = A®(t) defined by the
formula (49) and the theorem on coercivity inequality for the solution of the
elliptic problem in Lo(€2).

Fourth, in [0, 7] x €, the mixed problem for the multidimensional stochastic

parabolic equation

[ du(t, 2, w(t ( éartxum) +5u(tmw(t))>dt
dt + f

(51)

\%u(t,x,w(t)) =0, z€8,tel0,T]

with the Neumann condition is considered. Here, p is the normal vector to
2. Under compatibility conditions problem (51) has as weak unique solution
u(t, z,w(t)) for the smooth in z functions f(¢,z,w(t)) and

gt,x,wt) (t e (0,T) x I x Q, p(x) € Q,

a(t,z) >6>0,2€(0,T) x Q.

Problem (51) can be written as the Cauchy problem (26) in a Hilbert space
H = L, (Q) with self-adjoint positive definite operator A(t) = A”(t) defined
by the formula
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n

Ao(@) = = 3 (@, (t, 2o, ), + S0(2) (52)

r=1

with domain

D(A(t)) = {v(x) : v(x), (a,(2)vg, )z € L2(2),1 <7 <n,u(x) =0, € S}.

Theorem 3.2.5 Suppose that all assumptions of Theorem 3.1 are satisfied. Then,
for the solution of problem (51) the following estimates hold

E <M|FE
maxx Bllu(t) ) [Ellellza0)

N

W / 1 (s () Lo dy + / Lo w2y | |-

1
2

T
B [ 1Ol dt | < MG [(Bllolfim)’
0

2

/ 1w 2ydy | + | E / 9, w (I dy

N

Proof. The proof of Theorem 3.2.5 is based on the Theorems 3.1.3 and 3.1.4,
on the self-adjointness and positivity of operator A(t) = A®(t) defined by the
formula (52) and the theorem on coercivity inequality for the solution of the

elliptic problem in Ly(Q)[35].
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CHAPTER IV
The Single Step Stable Difference Scheme

Introduction

In this section, we consider the single-step DS’s generated by an exact DS for
the approximate solution of problem (26) and their applications.Namely 1/2-th
and 3/2-th order of accuracy in ¢ DS’s generated by the single-step exact DS
for the approximate solution of problem (26) for stochastic equation in Hilbert
spaces are presented.The main theorems on convergence of these DS in Hilbert
spaces are established. Applications, the convergence estimates for the solution
of initial-boundary problems for stochastic parabolic equations with dependent

coefficients are obtained.

Rothe Difference Scheme with the Standard Wiener Pro-

cess

On the segment [0, T], we consider the uniform grid space
0,T], ={ty =kr,k=0,1,..., NN =T}

with step 7 > 0. Here N is a fixed positive integer. On the grid space [0, 7],
we define the grid function {v(t;)}_,. In the following theorem we consider the

single-step exact DS for the solution of problem (26) on grid points t; € [0, T},.

Theorem 4.2.1 Let v(t) of (33) be the solution of (26) at the grid points ¢ = .
Then {v(t;)}, is the solution of the initial-value problem for the first-order

difference equation

U(tk) — U(tk71> + (I - U(tk,tk,1)>’l}(tk,1)

=fi+ 951 < k< Nv0) =,

where

f= [ oo fwdds = [ oltogls wdu.

lk—1 tp—1
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Proof. Putting in (33) ¢t = ty, tx_1, we get
t;

v(ty) = Zv(tk,ti) / v(ti, s)(f(s,ws)ds + g(s,w,)dw,),

0lte) = Y oltiesst) [ ot )(Fw)ds + gls. w)du).

Multiplying the last equation by wv(tg,tr_1) and using semigroup property of

v(tg, s), we get

k-1 4
vm@Hmanzwmm[1mmuu%m+wmmmg

Taking the difference, we get
U(tk) - U(tk, tk_1>1}(tk_1)

tg
=/‘Mm@0@%MHﬂQMWMJSkSN
te—1

From that it follows (53).

Note that the solution v(t) of problem (26) at the grid points t; is the solution
of difference problem (53). Therefore, the initial-value problem (53) is called the
single-step exact DS for the solution of problem (26) on grid points t; € [0, T],.

Further, we will consider the applications of the exact difference scheme (53)
for construction of single-step DS’s in time for the approximate solutions of
problem (26). From the mentioned DS (53) it is clear that for the approximate
solutions of problem (26) it is necessary to approximate the expressions

v(ty,te_1) and /k v(ty, s)(f(s,ws)ds + g(s,w,)dw).

tk—1

Now, we will present approximate formulas for these expressions. First of all let

us establish a lemma which we will be need later.

Lemma 4.2.2 (A. Ashyralyev and P.E. Sobolevskii, 2004; P.E. Sobolevskii, 1965).

For any 0 < s <p <t <T and u € D the following identities hold:

u(t, s)u = e~ =946,

—|—/v(t,z)[A(z) — A(5)] A7 (5)e” A A(s)udz, (54)

S
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v(t, s)u = e~ =94y 4 /e(tz)A(t) [A(z) — A(t)|v(z, s)udz.

S

According the Lemma 4.2.2, we get

V(te, te1)u = e Ty + o(T)
for all elements v € H and
(b, te—1)u = e~ ATy 4 o(7?)

for all elements u € D. It is easy to show that
e~y = R(TAR)u + ofT)
for all elements v € D and
ey = R(TAR)u + o(1?)
for all elements u € D(A?). Therefore,
V(tg, t—1)u = R(TAg)u + o)
for all elements v € D and

V(th, th-1)u = R(TAp)u + o(7?)

59

(57)

for all elements u € D(A?). Here R(TA) = (I + TAk)_l. In the future, we will

put u, (k,k —1) = (I + 7A;)™' = R(T4y).

Now, we consider the expression ﬁi’il v(tr, s)(f(s,ws)ds + g(s,ws)dw,). We

will present the approximate formula for the expression v(tx, s) for all t,_; < s <

tr. Applying formula (55) and putting t = ¢, we get

ty

u(ty, s) = e AT 4 / e AOTDLA(s) — A(p)]v(p, 5)dp.

Therefore,

v(ty, s)u = e A=)y 4 o(7)

for all elements © € H and

V(tg, s)u = e AOG=)y 4 o(72)
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for all elements u € D. We have that

e AW E)y — o= ATy 4 o(7) (58)
for all elements u € D. Therefore,

v(tg, s)u = R(TAg)u + o(1)
for all elements u € D and t_1 < s < t;,1 <k < N. Thus

R(TA) ¢, = R(TA) / ) (f(s,ws)ds + g(s,ws)dw)

tp—1

is the approximation of the expression *fttk*k—l v(ty, s)(f (s, ws)ds + g(s, ws)dwy)

NI

/ ' v(tg, s) (f(s, wg)ds + g(s,ws)dws) = R(TA)p, + o(T

te—1

).

Replacing v(ty, tg—1) by R(TAx) = u(k,k — 1), v(tx) by ux and elements fj
by elements R(7Ay)py, we get RDS

up — up—1 + (I —ur(k, k= 1))upms = R(TAR) 9, 1 <k < N,yug=¢
for the approximate solution of (26). From the DS above it follows
uk—uk_1+TAkuk:gpk,1§k§N,u0:g0. (59)

It is clear that RDS (59) is uniquely solvable and the following formula holds

k

=1

:uT(k,O)wZuT(zﬁ,z’—n/ti (f(s,w,)ds + g(s,w)dw,),  (60)

where

The Main Theorem on Stability and Convergence

Now, we will investigate the convergence of RDS (59). Note that u,(k,7) is the

approximation of v(tg, ;). Therefore, we have that
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Lemma 4.2.1 (A. Ashyralyev and P.E. Sobolevskii, 2004; P.E. Sobolevskii; 1977),

For any 0 < t; < t;, <T and a € (0, 1], the following estimates hold:

A
=
=)
=

[tz (B 0) || 11

A
=
=)
>

[ARur (R ) A7

[ AR wr (k)|

IN

<
=)
=

where M does not depend on 7, k and 1.

Lemma 4.2.2 (A. Ashyralyev and P.E. Sobolevskii, 2004; P.E. Sobolevskii, 1975;
P.E. Sobolevskii, 1971) For any 0 < t; 1 < s < t; < tx < T, the following esti-

mates hold:

IN
=
a

| ottt = ur (k)] 47 (64)

(k1) (v(ti, 8) — ur (i, i — 1)) A7

H—H

where M does not depend on 7, k, s and 1.

IN

Mr, (65)

H—H

We have the following main theorem on stability of difference scheme (59).

Theorem 4.2.3 Suppose that

N N
Ellgln <0, B |lek,; < 00, B [|@2][3 < oo, (66)

i=1 =1

)

where ! =1 j; ' f(s,ws)ds L QF = fj;‘, " 9(s,ws)dw,. Then, for the solution
of DS (59) the following estimate holds

max EHUk:HH < M[E|ollua

1<k<N

1
N N 2
+E ety + (EZHSO?HZT) - (67)
i=1 i=1

Proof. Using formula (60) and the triangle inequality, we get

<
max Blluglly < max Ellu-(k, 0)¢llx

k
. 1
+12}2§sz HUT(k,Z)gOi”HT—l— max EZ ur(k, )2 || g
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— P+ P+ Ps.

Here,

P, = max EH’LLT(k O)QOHH’

1<k<N

P2 = max EZ ||ur(k77’)()011”H7_’

1<k<N
k
Py= max B |lu-(k, )} .
We will estimate P, for all » = 1,2, 3, separately. We start with P;. Applying

estimate (61), we can write

P = 1I<r}€a<>§v||uv(k Olla—uElella < MsElo| a.

Now let us estimate P,. Using estimate (61), we get

k N
Py < max By |lur(k, )l g 0 lnm < MaBY ol |

1<k<N
=1 i=1

Finally, let us estimate Pj. Using estimate (61), we get

1
Iy < max E (Z - (k, i mw)

k 2 N %

NP 2 2 21|12

< (S et )< (Sl )

Combining the estimates for P, for all r = 1,2 and 3, we get (67). Theorem 4.2.3
is established.

Theorem 4.2.4 Suppose that

N N
Ellel ES |let5 B [|@35 7 < oo (68)

i=1 =1

Then, for the solution of DS (59) the following estimate holds

(EZHuk\IHT) <M [(EIIsDHH)

N[

N , 3 N ) 3
s (EZMHHT> + (Ezuso%nHT) | )
=1 i=1
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Proof. Using formula (60) and the triangle inequality, we get

(EZHUk:HHT) < M(9) (EZIIUT(k,O)wII?ﬂ> (70)

=1

. (Ezz nuT(k,wznzf) N (Ezz b, @ZHHT)

=1 i=1 i=1 1=1

:R1+R2+R3.

Here,

N >
= (EZHUT(/%?U)SOII?{T) ,

=1

[SIE

. <Ezzuu7<k,z’>¢3|@r> ,

i=1 =1

N[

N k
Ry — <Ezz ||u7<k,z->go3nzf)
=1

i=1

We will estimate R, for all r = 1,2, 3, separately. We start with R;. Applying

estimate (34), we can write

N 2
1
i < (EZ etz (e, 0) 177 1 HMI%T) < MTE (|lelli)” -

=1

Now let us estimate Ry. Making the substitution m = k — i+ 1, we get

Z |ur (K, 7)1 |37 = Z lur(k k—m+ 1) llHT

m=1

N
Z Jur (b k= m+ D)gpt 5T

Here

gp]lfferla ]- S m S k7
¢Z£m+1 =
0,(k—m)r ¢ [0,7]..

Using the Minkowski inequality and estimate (61), we get

1
2
T T

R2<EZM—§mT(
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N 3
<MTE <Z H‘pllc—m—HHi]T> :

m=1

Finally, let us estimate R3. Making the substitution m = k — i + 1, we get

k k
D Mk D)F 3T = Y Nlur (ks k= m 4+ Dy |37

i=1 m=1

N
- Z ||U7—<k3, k—m + 1)3022—m+1||§{7—
m=1

Here
@i—mﬂa 1 <m<k,
QOZ:Q—m—i-l -
0,(k—m)T ¢1[0,7T]_.
Using the Minkowski inequality and estimate (61), we get

N N
Ry<EY Me ™" (Z |
m=1 m=1

2

*2 2
Pl—m+1 HH T) T

1
N 2
<38 (3 e el )

m=1

Combining the estimates for R, for all » = 1,2 and 3, we get (69). Theorem 4.2.4
is proved.
We say that the difference problem has an m-th order of accuracy on the

solution v(t) of the Cauchy problem (26), if the error vector

{v(tr) — wekisg

satisfies the estimate

1
2

<Z Eo(ty) - Uklli) < M7™, (71)

where M does not dependent on 7.
The estimate of convergence for the solution of the DS (59) is shown in the

following main theorem.

Theorem 4.2.5 Assume that

EAO)¢l . E / VA St )|l dt, B / JA@g(t w)l dt < 00, (72)
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then the following convergence estimate is valid

(ZE fo(te) - mri) < NI(8)r3. (73)

Here, M and M (6) do not depend on 7.

Proof. Using formulas (60) and (27), we get

E—1 L

v(ty) —up = Z [o(ty, t;) — ur(k,7)] / v(ti, s)(f(s,ws)ds + g(s,ws)dws) (74)

i=1 1

+ZuT (k, i / (ti,5) = R(TA)] (f(s,w5)ds + g(s, ws)dw,) = Dy + Do,
ti—1
where
k— b
Dl,k = Z tkv k Z)} / v<t’i75) (f(57ws)d8 + g(S,ws)de),

ti—1
t;

Dy = ZUT (ki / (ti,s) — R(TAZ-)] (f(s7ws)ds+g(s,ws)dws).

2

N
We will estimate (Z E ||Drk||%{) for r = 1 and 2, separately. First, let us
k=0

2

N
estimate (Z E HDMH?{) . Using formula (60) , estimates (64), (35) and the
k=0

triangle inequality, we obtain

(ﬁ:EHDl,kH?{)Q
(ZEHZ v(th, t; (ki) A

t;

x / Ao(ts, $) A7 () A(s) (f (s, ,)ds + g(s,w,)duw, )

N|=

)

2

(v(t, t;) — ur(k, i) A7

H—H

2

1
2 2
ds)

H

w(ti, s)A7(s)

EHA(s) (f(s,ws)ds + g(s,ws)dw,)

H—H
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2 3
ds] )

H

2 3
ds} )

H

IN

ds—{—/EHA(s)g(s,ws)

ti_1 ti—1

k-1 - 4 4

MOTM1<§;Z [/EHA(s)f(s,ws) zds—F/EHA(s)g(s,ws)

1 ti—1 ti—1
1
2 2
ds
H

N
Second, let us estimate (Z E ||D2k||§{> . Using the triangle inequality, formula
k=0

e / BlA) (s

k=0 =1

IN

< e S [ / Bl a5, w,)| s+ / Bl A)g(s.w.)

k=0

< M,Mr:z.

N

(60) and estimates (65), we get

N 3
(Z E ||D2,k||2)
k=0

- (iE HZW Z / (vt 9)=ur i, = 1) AT AS) (F (5, wedds (s, w.)dw) H)

=

< (xxf 2

k=0 i=1

() (0, 8) = urisi = 1) A7 (5)|

1
2 2
ds)

H

H—H

><EHA(5) (f(s,ws)ds + g(s, ws)dw,)

< (égM§T2[/:lEHA(s)f(s,ws) j{ds+iEHA(s)g(s,ws) j[ds})é
< M(i [ / || A (s, ds + / BlA(s)g(s.0.) HdD
< M,Mr:. 0

Then combining both estimates, we get

N
(Z E|| Dy + Dg,kH?{) < M(6)7

k=0

N|=

NI

From that it follows (73) . Theorem 4.2.5 is proved.

Applications

We consider the applications of Theorem 4.2.5 to stochastic parabolic equations.

First, let us consider the IBVP(26) for one dimensional stochastic parabolic equa-
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tion with nonlocal conditions.
The discretization of problem (26) is carried out in two steps. In the first

step, we define the grid space
0,0, ={x=a,:2,=nh, 0<n <M, Mh=1}.

Let us introduce the Hilbert space Lo, = Lo([0,1];) of the grid functions ¢"(x) =
{SOn}éM defined on [0, {];, equipped with the norm
1/2

oMl = | D lo(@)*h

xe[oal]h

To the differential operator A*(t) generated by problem (1), we assign the differ-

ence operator A7 (t) by the formula

A, (0)¢" (@) = {—(alt, 2)¢r)en + 00, 11" (75)

acting in the space of grid functions " (x) = {¢,}) satisfying the conditions
Co = P> Y1 — Po = Pn — Par—1- 1t is well-known that A% (t) is a self-adjoint PD
operator in Lop. With the help of A7 (t), we arrive at the initial value problem

(

dul(t, z,wy) + AZ(t)u(t, z,w;)dt
= fMt,z,wy)dt + g"(t, x, wi)dwy, 0 <t < T, z €0, (76)

uh(0,2,0) = oM (x),z €[0,]

\
for the stochastic ordinary differential equation. In the second step, we replace

(76) with the DS

up(r) — wi_y () + TAR pup(z) = R(TA )},

QOZ = - <f<57 ws)ds + g(S, ws)dws)7

tk—1

Af o= Af(t), tr=kr, 1<k <N, z€[0,],

| ui(2) = (), @ € [0,
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Theorem 4.2.2.1 Assume that

T T
2 2
E H t, dt,E/H t,
w0, / ft, w) w0, 9l w)
0 0

Then, the solutions of DS (77) satisfy the following convergence estimate:

e

2
dt <oco.  (78)
Wi0,]]

2

N
(Z E ||v" (t) — u,’;\}j%> < C(9) (T% + h> :
k=0
where C'(6) do not depend on 7 and h.

The proof of Theorem 4.2.2.1 is based on the abstract Theorem 4.2.5 and the
symmetry properties of the difference operator A7 (t) defined by formula (75).
Second, let us consider the IBVP (45) for one dimensional stochastic parabolic
equation with involution and Dirichlet conditions.
The discretization of problem (45) is carried out in two steps. In the first

step, we define the grid space
Ll ={x=z, 2y =nh,—M <n< M, Mh=1}.

We introduce the Hilbert spaces Loy = Lo([—1,1];) and W3, = WZ([—1,1];) of the
grid functions " (z) = {¢;}*,, defined on [, 1], equipped with the norms

1/2
el = { > @[ h
xe[_lvl]h
and

1/2
2

R e T B SR (O

.’ZG[*l,l]h

respectively. To the differential operator A®(t) generated by problem (45), we

assign the difference operator Aj(t) by the formula

Ai(t)(ph(x) = {_(a’(tv x)(pf)x,n - B(a(t7 _x)gpf)m,n + 5(10n ]l/[]\}}kl (79)

acting in the space of grid functions ©"(x) = {p,}*,, satisfying the conditions

©_y = pu = 0. It is well-known that A¥(t) is a self-adjoint PD operator in Loy,.
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With the help of Af(t), we arrive at the initial value problem

(

du(t, x,w;) + AL (u"(t, 2, wy)dt
= fi(t, z,wy)dt + g"(t, x,w;)dwy, 0 <t < T, x € 0,], (80)

uh(0,2,0) = oM (x),z €[0,]

\
for the stochastic ordinary differential equation. In the second step, we replace
(80) with the DS

(
up(e) —ug_y (x) + 7AG oui () = R(TA )@,

o= [1* (f(s,ws)ds + g(s, we)dw,),
(81)

Ai,k = Aﬁ(tk% by = kT; 1< k < N; T € [—l,l]h,

| ui(2) = (), @ € [, 1]n.

Theorem 4.2.2.2 Assume that

T
2
E | s
WAL / f( wt)
0

Then, the solutions of DS (81) satisfy the following convergence estimate:

2 2

£l

dt < oo. (82)
W3 =L1]

T
}dt, E/ Hg(t,wt)
g
0

w3l

2

N
(Z E ||v"(t) - u’,;\};h) < C(9) (T% + h> ,
k=0
where C'(0) do not depend on 7 and h.

The proof of Theorem 4.2.2.2 is based on the abstract Theorem 4.2.5 and the

symmetry properties of the difference operator A7 (t) defined by formula (79).
Third, the mixed problem (48) for the multidimensional stochastic parabolic

equation with the Dirichlet condition is considered.

The discretization of problem (48) is carried out in two stages. In the first stage,

let us define the grid sets

O ={z =z, = (har1, ... hpyry), 7= (r1, ..., T0),
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OST]' SNJ, thj :1, jzl,...,n},

QU =0,Nn0Q, S, =Q,Nn8.

We introduce the Banach spaces Loy = Ly(Q) and Wi, = Wi (Q,),r = 1,2 of
the grid functions ¢"(z) = {@(hi71, ..., hury)} defined on €y, equipped with the

p
[0, = | 22 e @b
and
p
"1l = 14", + ZZ\ | ]
== )
" s, = 11€"]l..,. + ZZ‘ R R

zeQ, T

respectively. To the differential operator A (t) generated by problem (48), we
assign the difference operator A} (t) by the formula

n

Ap (" (t,2) = =Y (an(t, o)l ), (83)

r=1
where the difference operator A%(t) is defined on those grid functions u"(z) = 0,
for all z € Sy. It is well-known that A7 () is a self-adjoint PD operator in Loy,.

Using (48) and (83), we get the following initial-value problem

.

dul(t, z,wy) + AZ () u(t, 2, w)dt = fr(t, 2, wy)dt + g™ (t, o, wy)dw,
0<t<T, x€Q, (84)

uh(O,x,O) - Sph(x)v VS Qh

\

for the stochastic ordinary differential equation. In the second step, we replace
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(84) with the DS

up(z) — up_ () + TA} up(x) = R(TAi,k)@Za

ftk (f(s,w5)ds + g(s,ws)dws),

Aiyk:Aﬁ(tk), [ :]{77', 1< k§N7 IEQ}L’

kuf}(:c) = oM(z), z e

Theorem 4.2.2.3 Assume that

E/Hf(t,wt) i
0

T

dt < oo. (86)

2
dt. E H t,
Wi @) / 9( wt)

W3(Q)
0

Then, the solution of DS (85) satisfy the following convergence estimate:

<ZE |v"(t) — ukHL h) < C(0) (7-% + |h|2) ’ (87)
where C'(9) do not depend on 7 and |h.

The proof of Theorem 4.2.2.3 is based on the abstract Theorem 4.2.5 and the
symmetry properties of the difference operator Aj(t) defined by formula (83) and
the following theorem on the coercivity inequality for the solution of the elliptic
difference problem in Loyy,.

Fourth, the mixed problem (51) for the multidimensional stochastic parabolic
equation with the Neumann condition is considered. The discretization of prob-
lem (51) is carried out in two steps. The differential operator A*(t) in (51) is
replaced with

n

Anya(x) = =Y (a(to)d ), o +ou(2), (88)

r=1
where the difference operator A%(t) is defined on those grid functions D"u"(z) =

0, for all z € S, where D"u"(x) = 0 is the second order of approximation of

Ou(t,z,wy)

22— It is well-known that A7 () is a self-adjoint PD operator in Lyy,.
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Using (51) and (88), we get the following initial-value problem

(

duh(ta Z, wt) + Ai(t)uh(ta €, wt)dt = fh(ta Z, wt)dt + gh(t> Z, wt)dwt7

0<t<T, €0, (89)

w0, 2,0) = o"(z), €
\
for the stochastic ordinary differential equation. In the second step, we replace

(89) with the DS

)
() = ug_y (2) + TAG ui(v) = R(TA )@y,

o= I (o w)ds + gl ),

—1

(90)

Ai’k:A‘/fL(tk), [ :kT, 1< ]CSN, IEQh,

kug(az:) = oM(z), = € Q.
Theorem 4.2.2.4 Assume that all assumptions of Theorem 4.2.2.3 are satisfied.

Then, for the solution of (90) the estimate 4.2.2.3 holds.

The proof of Theorem 4.2.2.4 is based on the abstract Theorem 4.2.5 and the
symmetry properties of the difference operator A7 (t) defined by formula (88) and
the following theorem on the coercivity inequality for the solution of the elliptic

difference problem in Lgy,. (P.E. Sobolevskii, 1975)

Rothe Difference Scheme Without the Standard Wiener

Process

Now, we consider problem (26), when the source term f(¢,w;), g(t,w;) does not
depend on stochastic noise term w;. That means f(¢,w;) = f(t), g(t,w;) = g(¢)
is an abstract function defined on the segment [0,7] with values in H. Assume

that the function f(t), g(t) is continuous and smooth. Replacing R(TAg)p, =
ti tr tr tg
R(rAy) [ f(s)ds+ [ g(s)dwsby [ g(tr)dws = g(te)(wy,—wy,_,)and [ f(t)ds =

th—1 th—1 th—1 th—1

f(tk)(tk - tkfl) in (59), we get RDS

Uk — Uk—1 + TAkuk
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= R(TAy) [f(tk)T + g(tr) (wy, — wtk_l)} 1 <k< N u=o (91)
for the approximate solution of the Cauchy problem
do(t) = (= A(t)v(t) + f(t))dt + g(t)dw, 0<t<T,v(0)=0¢p (92)

in a Hilbert space H with a self adjoint PD operator A(¢). It is clear that RDS

(91) is uniquely solvable and the following formula holds
k
=D (ki = ()T + g(t) (we, — wy, ) (93)
i=1

The Main Theorem on Stability and Convergence

The estimate of convergence for the solution of the DS (91) is shown in the

following main theorem.

Theorem 4.3.1 Assume that

1A, / 17t ||Hdt+/ 1A) ||Hdt/ gt ||Hdt+/ JA®) (D)1 dt < oo,
(04)

then the following convergence estimate is valid

N 1
<ZE“U(tk) —wHi;) < M(0)r.
k=0
Here, M and M, (8) do not depend on 7.

Proof. Applying formulas (93) and (27), we get

E—1 L

olt) —u = 3 [olter ) — e, 1) / oty s)(f(s)ds + g(s)dw,)  (95)

i=1 oy

t

e unlb ] [ ol (s + ooy

(i = D) ()T + (1) (w, — wi,,) )

= P+ P,
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where

Py — 2(v<tk,ti>—u7<k,i>) / oltes)(F(s)ds + g(s)dw,),  (96)

t;

P = Yourlkid){ [ ot s)(F(5)ds + g(s)du)

—uur (i, = 1) (f (1) + g(t:) (e, — wy, ) |- (97)

N 1
We will estimate (Z E ||P7«kH%{> for r =1 and 2, separately. First, let us
k=0

2

N
estimate (Z E ||P1k||§{) . Using formula (93) , estimates (64), (35) and the
k=0

triangle inequality, we obtain

N
> EllPuly
k=0

ti

gkﬁ;:l | (ot ts) = urlh, ) A7 ;H | / | st )47 (s) ;H
><HA<s>(f<s>+g<s>)ﬂids
< M ég;Mz/HA oo ds
< o S5 [ s o
< MQTQé(/HA(S)f s ds+/HA )| ds) < apr.

N 2
Now, we estimate (Z E ||P2k||il> . Then from formula (97) and Minkowski
k=0

inequality, we obtain
N
2
> E| Pkl
k=0

i HZ“””/ (t15) — urliyi — 1)) A7 () A(s) (F(s)ds + g(s)dw.) |

ti—1
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+§:EH§:QLT(/€,Z’— 1)/ [(f(s) — f(tio1))ds

‘ 2

+(g(s) — g(ti_l))dws} .

< f:f: ‘ uT(k,i)H;H / H(v(ti,s) —up(i,i— 1))A55H;H
k=0 i=1 o
||4% (45) + ()| ds
+ég ‘ ur(k,i — 1)HHHHtZ/;Z/j ‘ f'(z) + g’(z)HiIdzds.

Then,

N 3
(ZE ||P2,k||2>
k=0

N|=

< (Tt [ \\A<s>(f<s>+g<s>)\\2ds>

ti—1

f'(z)

T T
2
+M37§</’ dz+/‘
H
0 0

Then combining both estimates, we get

1
N 2
<Z E||Ps+ PQ,kHi{) < M(5)r2.

k=0

Theorem 4.3.1 is proved.

Applications

Now, we consider applications of Theorem 4.3.1. First, let us consider the IBVP
(1) for one dimensional stochastic parabolic equation with nonlocal conditions.

The discretization of problem (1) is carried out in two steps. The first step is
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the same as in the previous case. With the help of A7 (), we arrive at the initial
value problem

(

dul(t, z,wy) + AZ()u(t, 2, w)dt = fR(t, z)dt + g"(t, x)dwy,

0<t<T, zel0,], (98)

uh(0,2,0) = " (z),2 € [0,

\
for the stochastic ordinary differential equation. In the second step, we replace

(98) with the DS

(@) — uly(2) + TAT il (2)

R(T A} ) [fe ()7 + gi (@) (wp — wen)]

f;?(l') = fh<tk>$)7 gZ(:L,> = gh(t,mgj)’ Ai,k = Aiak‘)» (99)

tk:/{:T, 1§k§N7 $€[O,l]h,

\ug(x) =" (), 2 €10,

Theorem 4.3.2.1 Assume that

T T
2 2
(t dt /H t dt < oo, 100
wio)] /’f() L2[0,]] * #10) W310,1] > (100)
0 0
T
2
dt + H t dt < oo. 101
L[0,]] / g() wio,l] o0 ( )
0

Then, the solutions of DS (99) satisfy the following convergence estimate:

max (EHU tk)_ukHLh> < C(9) (T%—i—h),

0<k<N

where C(0) do not depend on 7 and h.
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The proof of Theorem 4.3.2.1 is based on the abstract Theorem 4.3.1 and the
symmetry properties of the difference operator Aj(¢) defined by formula (75).
Second, we consider the IBVP (99) for one dimensional stochastic parabolic
equation with involution and Dirichlet conditions.
The discretization of problem (99) is carried out in two stages. The first step
is the same as in the previous case. With the help of A¥ (¢), we arrive at the

following problem

dul(t, 2, w(t)) + ARt 2, w(t)dt = FA(L )+ gt ),
el-1,, 0<t<T, (102)
uh(oa Z, w(O)) = Soh(x% S [_la l]h :
In the second stage, we replace the differential equation (102) with a first order

of accuracy DS

(

up (@) = uji_y (7) + AR (F)ug ()
R(TA; ) [fi (@) + gi () (we — wi1)]
fl?(x) = fh(tlmm)v glfgl(x> = gh(tlmx)v (103)

e[-1.1],, 1<k<N,

| @) = (@) w € (1,1,

Theorem 4.3.2.2 Assume that

T
2
E | s
‘ Wé[*l,l] / f< wt)
0

Let 7 and h be sufficiently small numbers. For the solution of DS (103) the

dt < oo.

’ dt. F / ’
t H t
WAL / g( wt)
0

Wi —1,1]

following convergence estimates hold
1
2

N
(Z E|[o"(t) - UZHZ([O,T]T,L%)> < C(9) <T% + |hy> : (104)
k=0

The proof of Theorem 4.3.2.2 is based on the abstract Theorem 4.3.1 and the

symmetry properties of the difference operator A} (t) defined by formula (79).
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Third, the mixed problem (48) for the multidimensional stochastic parabolic
equation with the Dirichlet condition is considered.
The first step is the same as in the previous case. With the help of A¥(t), we

arrive at the initial value problem

(

dul(t, x,wy) + AL ()u(t, 2, w)dt = fP(t, z)dt + g"(t, z)dwy,

 0<t<T, z€Qy, (105)

u(0,2,0) = " (z), x € th

\
for the stochastic ordinary differential equation. In the second step, we replace

(105) with the DS (91)

up(z) —up_y(z >+TAhk;uk( )

= R(TA} ) [fe (@) + gp (@) (w, — wy)]

fe(@) = (e 2), gi(z) = g"(tw, x), A3y = Aj(t), (106)

ty =k1, 1< k<N, x€Q,

\ug(x) — o (z), = ey

Theorem 4.3.2.3 Assume that

Q,jt

7

‘ dt < oc (107)
wi@)

T
it [l
La2(Q)
0
ﬁ+/w
Lo (Q

Then, the solution of DS (106) satisfy the following convergence estimate:

and

o1t < (108)

max (EHU (t) — UZHZJ;SC((S) (T%+|h\2), (109)

0<k<N

where C'(6) do not depend on 7 and |h|.
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The proof of Theorem 4.3.2.3 is based on the abstract Theorem 4.3.2.1 and the
symmetry properties of the difference operator Aj(t) defined by formula (83) and
the Theorem 4.2.2.4 on the coercivity inequality for the solution of the elliptic
difference problem in Loyy,.

Fourth, the mixed problem (51) for the multidimensional stochastic parabolic
equation with the Neumann condition is considered. The discretization of prob-
lem (51) is carried out in two steps. The discretization of problem (51) in x is

done in the same as above. Then, in the second step, we replace (105) with the

DS

(
() = ug_y () + TAG (o)

= R(TAL,) [fi(2)7 + gh(@)(w, — w1)]

fi(x) = fP(te, x), gi(x) = g"(tk, ), A7 = Az (L), (110)

th=kr, L<k<N, €,

kug(a:) = (z), =€y

Theorem 4.3.2.4 Assume that the assumptions of Theorem 4.3.2.1 are satisfied.
Then, for the solution of (110) the estimate (109) holds.

The proof of Theorem 4.3.2.4 is based on the abstract Theorem 4.3.2.1 and the
symmetry properties of the difference operator A7 (t) defined by formula (88) and
the Theorem 4.3.2.4 on the coercivity inequality for the solution of the elliptic

difference problem in Loy,
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Crank-Nicholson Difference Scheme with the Standard Wiener

Process

Let us consider again the expression v(ty,tx_1). Applying formula (4.2.2) and
putting t = ty, s = tp—1, p=t;_1 = (k — %)7‘, we get

ti
V(tg, they) = e T 4 / e~ Akte=2) [A(z) — Ay]v(z, te_1)dz, (111)

th—1

where Ay = A(ty — %), 1 < k < N. Since

ty
/ [tey — 2]dz =0, (112)
lk—1

we have that

V(te, th1)u = e Ty + o(1?)

for all elements v € D and
Ut te—1)u = e w4 o(7?)
for all elements u € D(A%) N D(A,).Therefore,
v(tg, th_1)u = B(TAp)u + o(7?)

for all elements u € D(A?). Here B(7A4;) = (I — %) (I+ %)71. We will put
wr(k, b —1) = (I — Z26) (1 + Z%) ™" = B(7Ay).
Now, we consider again the expression
ty
fe=[ vlte,s)(f(s,w)ds + g(s,ws)dws).
te—1

We will present the approximate formula for the expression v(ty,s) for all

tr—1 < s < t. First, we have that

s

olte,s) = oltti )+ [ ot p) A (13)

t, 1
k=3

Applying the triangle inequality, estimates (34) and (36), we get

H [U(tk’ s) = U(tk,tk—%)] Al

“f{—+f1

7%
< / lo(te, D)l || A) AL, dp < M.
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Therefore,
v(tk, s)u = v(te, te_1)u + o(7),

tg

/ (tk, s)dsu = Tu(tp, ty_1)u+ o(7?)
tk—1

for all elements u € D. Moreover, using formulas (112) and (113), we get

/ v(ty, s)ds = To(ty, t,_ 1 / / v(ty,p) — I) A(p)dpds

lg—11, -1

/ / — Ag) dpds.

te—1t), 1
Applying the triangle inequality, estimates (36) and condition (29), we get

ty
/ v(tk,s)ds—Tv(tk,tk_%) A2

L1 H—H

/ / v(tsp) = 1) A_l(p)HHﬁH HAz(p)AEQ”H_W dpds

/ [ 10600 = 40 4570,y

lg—11, -1

tr tg
ti lk
< / / M (ty, — p)Mdpds + / / M ‘tkfé —p‘ Mdpds < My73.
th—1 B te—1 °

Therefore,

ti

/ (b, s)dsu = Tu(tp, t,_1)u+ o(7?) (114)

te—1

for all elements u € D(A3?).

Second, using formula (?7?), we get
O(te tp_1)u = e M3y 4 o(1?) (115)
for all elements v € D. Third, we have that

e~ AG)te=s) _ o= Ak(tr—s)
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1
_ / (t — 5)e A _ A(s) 4 A] e~ 0Py,
0
Using estimate (29), (36) and (28), we get

H [e—A(s)(tk—S) — e_A’“(t'“_S)} A HH—>H

1
< (=) [ e e, = AG) + AAL
0

X He_(l_p)A’“(t’“_s)HH_}H dp < My(ty — s) |s — t1] < Ms72.
From that it follows
e A=)y — e AR(tk=s)y o(7?) (116)
for all elements u € D. Fourth, we have that
127
/ e~ A t=9) gg = A,:l (I - e’A’“T) ,
tp—1
g ty
/ e~ Akt=s) s _ re=Ar3 — / [e_A’“(t’“_S) — e_A’“%]ds.
th_1 lk—1
Using estimate (116), we get
123
/ e~ Mt qg — re=Ar3
k-1 H—H

17
< [ et e, < a7
lg—1
for all elements u € D. Therefore,
123
/ v(ty, s)dsu = A (I — e ) u+o(r?) (117)

te—1
for all elements u € D(A?).Then, applying formula (117), we get

tg

/ v(ty, 8)dsu = (I + %Ak>_1 u+ o(7?) (118)

tk—1



83

for all elements u € D(A2) and ;1 < s < t},1 < k < N. Thus
—1
(1 n %Ak> o

_ <[ + gAk> - /t:: (f(s,ws)ds + g(s,ws)dw,)

tk
is the approximation of the expression fy = [ v(tx, s)(f(s,ws)ds+ g(s, ws)dw,)
tk—1

such that
T -1 5
Je = (I + §Ak> o+ o(72).

Replacing v(tg,tr—1) by B(TAx) = u,(k,k — 1), v(tx) by u and expression
j;i’il v(tr, 8)(f (s, ws)ds + g(s, ws)dws) by (I + %Ak)_l i, We get 3/2-th order of
approximation CNDS

RN
U — Up—1 + ([ — UT(k', k — 1))Uk_1 = <[ + §Ak) Ok
1<kE< N uy=¢p
for the approximate solution of (26). From the above difference scheme it follows

Uk — Uk—1 + gAk(uk +up_1) = ¢, 1 <k <N, uy= . (119)

It is clear that the DS (119) is uniquely solvable and the following formula holds

k —
= ;uT(k:,i) (I n %Az) ‘o, (120)

i—

: -1 [t
- ;uf(k&') (I + %A@> /t 1 [f(s,ws)ds + g(s,ws)dw,],

where

ek —1) (i 42, +1), k>,
by = Jour(i 2,04 1) ' (121)
I, k=i

The Main Theorem on Stability

Now, we will investigate the convergence of the DS (119). Note that wu,(k,7) is

the approximation of v(ty,t;). Therefore, we have that
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Theorem 4.4.1.1 (A. Ashyralyev and P.E. Sobolevskii, 2004; P.E. Sobolevskii,
1978) For any 0 < t; < t;, < T and « € (0, 3], the following estimates hold:

Jur (ki) gm < M,
[ARu-(k, ) A s < M,

HA?UTU?,Z) (I+ %A) HH*)H < Mm

where M does not depend on 7, k and 1.

Theorem 4.4.1.2 (A. Ashyralyev and P.E. Sobolevskii, 2004; P.E. Sobolevskii,
1978)For any 0 <t; 1 < s <t; <ty <T, the following estimates hold:

[o(ty, t;) — ur(k,i)] A

ur (ki) (ot 5) — (1 + %AZ)_I )42

< M, (122)

H—H

< Mrt? (123)

where M does not depend on 7, k, s and 1.

HH—)H

We have the following main theorem on stability of difference scheme (119).

Theorem 4.4.1.3 Suppose that
N N )
Elelm EY et B il < oo (124)
i=1 i=1

where ¢} = 1 tt_il f(s,ws)ds, ¢} = o= ft " 9(s,ws)dw. Then, for the solution

of DS (119) the following estimate holds

<
11r<r}€a<x Ellullg < M [E|@||a

1
N N 3
w3 el 7+ (EX el | (125
i=1 i=1
Proof. Using formula (120) and the triangle inequality, we get

max Elluelln < max Elur(k, 0]l

1<k<N

k
—1
+ max E; (K, §) (1+ %Ai) P! 7+ max EZ (K, i (1+ A) llur

=P+ P+ P
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Here,

P = 12}2)5\[EHUT(/€, 0)el

1<k<N

k
. T \!
P, = max EZI |lur (K, 4) (I + §Az) o llaT,

1<k<N 2

k
—1
Py= max B uy (k.7) (1 + ZAZ-) 2.
=1

We will estimate P, for all » = 1,2, 3, separately. We start with P;. Applying

estimate (61), we can write

Py = max [lu-(k, 0)li-n Ellelln < MsElolln-

Now let us estimate P,. Using estimate (61), we get

k
P, < max E

1<k<N

N
. T 0\ !
ur (ki) (1+ ZA:) letllaT < MiEY [}l
H i=1

H—

i=1
Finally, let us estimate Ps. Using estimate (61), we get

k 2
7 oN-1
< ' —A, 2
I3 = 12}%}5\7E (Zl HuT<k7l) <I + 2Az> Pi ||HT>
‘ - ! v
- 2 2 2 2
< 3ot (14 54) il ) < (0l
Combining the estimates for P, for all r = 1,2 and 3, we get (??7.4.1.3. Theorem
4.4.1.3 is established.

Theorem 4.4.1.4 Suppose that

N N
Ellelz B let5m B ¢35 < . (126)

i=1 i=1

Then, for the solution of DS (119) the following estimate holds

(EZ ||uk||m> < M [(Ellglln)

N[

1
2

1
N 2 N
H(EXelle) (£ 0) |- e
1=1 i=1



Proof. Using formula (120) and the triangle inequality, we get

(EZHUk;HHT) < M(6) (EZHUT(k,O)sOIﬁfT)

=1

1
2

N k B 2 N & _
+<EZZHuT<m> (1+54) Zo%n%n) + (EZZHuT (ki) (1424 Gl

i=1 =1 i=1 =1

:R1+R2+R3.

Here,

N >
= (EZHUT(/%?U)SOII?{T) ,

=1

N|=

EZZI\%M(HQA) Sl
e )

i=1 i=1

N|=

Ry = (Eiz e (ki) (14 24:) w?n%fT)

i=1 =1

We will estimate R, for all r = 1,2, 3, separately. We start with R;. Applying

estimate (34), we can write
N 2 X
9 1
Ry < (EZ [[wr (k) HMI%T) < MiTE (|lell%)> -
i=1
Now let us estimate Ry. Making the substitution m = k — i+ 1, we get

-1

k k
) T -1 T
> lluslh,i) (14 24) @Hidr = sl k=m+1) (14 ZAn)  holir
i=1 m=1

-1

N
T *
Z |lur(k,k —m+1) (I + EAm> Spkl—m-i-lH%[T'
Here

gp]lfferla ]- S m S k7
¢Z£m+1 =
0,(k—m)r ¢[0,7]..

Using the Minkowski inequality and estimate (61), we get

N 3
_EZM( 7') T
m=1 m=1

j
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N 3
<MTE <Z H‘pllc—m—HHi]T> :

m=1

Finally, let us estimate R3. Making the substitution m =k — 7+ 1, we get

k k
. T -1 T —1
S sl i) (14 2A4) @ElEr = sl k=m+1) (1+ ZAn) il
i=1 m=1

N
T -1,
= Z |lur(k,k —m+1) (I + §Am> kaz—m—l—lHi{T‘
m=1
Here

Croms, 1 <m <k,
w?imﬂ =
0,(k—m)7 ¢1[0,7]_.
Using the Minkowski inequality and estimate (61), we get

1
2

sozamﬂui,f) ,

N N
e (3:
m=1 m=1

1
N 2
<8 (3 i el )

m=1

Combining the estimates for R, for all » = 1,2 and 3, we get (127). Theorem
4.4.1.4 is proved.
The estimate of convergence for the solution of the DS (119) is shown in the

following main theorem.

Theorem 4.4.1.5 Assume that
T T
2
|20y, B [ a2 wl} dt B [ 420wl dt < oo, (120)
0 0
then the following convergence estimate is valid
1
N 3
~ 3
(Z E ||v(te) — ukHi]) < M(6)r2. (130)
k=0

Here, M and M (8) do not depend on 7.
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Proof. Using formulas (33) and (120), we get

v(ty) — ug = i [v(tk,ti) — u,(k, z)} / v(t;, s) [f(s, ws)ds + g(s,ws)dws]

t;

+ ZuT(k,z') / [0(t;, s) — (I + %AO—I} [f(s,ws)ds + g(s, ws)dws]  (131)

1—1

= G + Gap,
where

-1 ti

Gip = [o(ty, t;) — ur(k,i)] /v(ti,s)

=1

o

ti—1

[f(s,ws)ds + g(s, ws)dw,], (132)

ti

Gop = iuT(k‘,z)/ [U(ti,s)— (I—l—gA,)l]

ti—1

X [f(s,ws)ds + g(s, ws)dwy]. (133)

2

N
We will estimate (Z E ||Grk||12q> for r = 1 and 2, separately. First, let us
k=0

estimate

N 3
(ZE ||G1,k:||§{) :
k=0

Using formula (132), estimates (122), (35) and the triangle inequality, we obtain

=

N 3
(ZE ||G1,k||§1)
k=0

(v(th, t;) — ur(k,i)) A

i Bl 4%s)

H—H

t;
2
20(t;, §) A2
o | Azt
ti—1

1
2 2
ds)

H

X [f(s,ws)ds + g(s, ws)dw,]
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T

_
aal
S
-

IA

=

ﬂl\')
VR
WE

2 3
ds)
H

k / E U\A2<S>f<saws> 4 ]| 4s)(s ) ]d>

N[

H

27\
J*)
H

(VAN
=
\]l\')
=
—

42t

N
S MQTz(Z

S MQMT .

N 2

Second, let us estimate (Z E ||ng||§{> . Using the triangle inequality, formula
k=0

(133), and estimates (123), we get

N 3
(Z E ||02,k||2)
k=0

ur (k) (v(t;, 8) — Te H2) A7%(s)

SIS
|
H

< ||, + |45,

2

H—H

42w,

27\
|
H

= N
QU
Va)
N———
ol

< M,Mr3.

Then combining both estimates, we get

N 3
(ZE 1Gre+ GM'@) < MpM7% + MyM7% < M(é)T%.

k=0

From that it follows (130). Theorem 4.4.1.5 is proved.
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Applications

Now, we consider an applications of Theorem 4.4.1.5. First, let us consider the
initial-value problem for one dimensional stochastic parabolic equation. In the
same manner, the discretization of problem (76) is carried out in two steps. The
first step is the same as in the previous case. In the second step, we replace (76)

with the DS (119)

() =l 4 (o) + TAT (k) -l () = o),

tr tr
oh(x)= [ fM(s,z,ws)ds+ [ ¢"(s,z,ws)dw,,

tk—1 tk—1

(134)
Ai,k = Ai(tkf%% b = ]{77', 1< k < N7 LS [O7l]h7
(o) = (o), @€ (0,0
Theorem 4.4.2.1 Assume that
T T
EH ‘2 E/Hf(t | th/H tw)|  dt< (135)
w w 0.
14 wio,1) T Wi I\b W WA0,1]
0 0

Then, the solutions of DS (134) satisfy the following convergence estimate:

N 2
(Z E ||v"(t) - u’g}}i%> < C(9) (T + h) : (136)
k=0
where C'(6) do not depend on 7 and h.

The proof of Theorem 4.4.2.1 is based on the abstract Theorem 4.4.1.5 and the

symmetry properties of the difference operator A7 (t) defined by formula (75).
Second, we study the one dimensional stochastic parabolic equations with

involution and Dirichlet conditions. In the same manner, the discretization of

problem (80) is carried out in two steps. The first step is same as previous case.
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In the second step, we replace (80) with the DS (119)

)
up(r) — up_y (2) + FAT . (ui (@) + ui_, (7)) = @},

of = [ (f(s,w5)ds + g(s,w,)dws),

tk—1

Az,k = Ai(tkf%% th=kr, 1<k<N, ze [—l,l]h,

\ug(:v) = o"(x), x € [-1, 1]

Theorem 4.4.4.2 Assume that

T T
2 2
E H t, dt,E/H .
WAL / f( wt) Wal-L] 9( wt)
0 0

Let 7 and h be sufficiently small numbers. For the solution of DS (103) the

2

e

dt < oco.  (137)
W-L]

following convergence estimates hold

2

N
2 3
(ZE [v" () — quC([O’T]T’L%J < C(6) <n + yhy) ,
k=0
where C'(0) do not depend on 7 and h.

Proof. The proof of Theorem 4.4.2.2 is based on the Theorems 4.4.1.5 and on

the self-adjointness and positivity of operator A7 (t) defined by formula (79).
Third, let us consider the initial value problem (48) for the multidimensional

parabolic equation. The discretization of problem (84) is done in the same manner

as above. In the second step, we replace (84) with the DS (119)

¢

up(r) —up_y (2) + TAR  (up(2) +up_y (7)) = gi(2),

tr

oi(x)= [ (fh(s,x,ws)ds +gh(s,x,ws)dw5),

th—1

(138)

App =Ap(t_1), 1<k <N,z €Qy,

\ug(:n) =0, z €
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Theorem 4.4.4.3 Assume that

T
2
E | |1
W) /f( wt)
0

Then, the solution of DS (138) satisfy the following convergence estimate:

2 2

EH(p Gt <oo(130)

W3 (

T
dt, E H t,
Q) / 9(t,w) wi(
0

2

N
(Z E " () — ug”i%) < C(0) (T% + |h\2) : (140)
k=0
where C'(6) do not depend on 7 and |h.

Proof. The proof of Theorem 4.4.4.3 is based on the Theorems 4.4.1.5 and on the
self-adjointness and positivity of operator A7 (t) by formula (83) and the theorem
on the coercivity inequality for the solution of the elliptic difference problem in
Loyp,.

Fourth, we consider the multi-dimensional parabolic equation (51) with the
Neumann condition. The discretization of problem (51) is done in the same
manner as above. Then, in the second step, we replace (89) with the DS (119)

4

uj(z) — up_y (@) + FAT (i (@) +ui_y () = @i (@),

173

(,OZ((L’) = f (fh(s,x,ws)ds—i—gh(s,x,ws)dws),

lk—1

(141)

A:;:L,k - A%'L<tk:—%>7 tk = kTa 1 S k S N7 S Qha

\ug(x) = o"(z), = € Q.

Theorem 4.4.4.4 Assume that all assumptions of Theorem 4.4.3.4 are satisfied.
Then, for the solution of (141) the estimate (140) holds.

The proof of Theorem 4.4.4.4 is based on the abstract Theorem 4.4.1.5 and the
symmetry properties of the difference operator A7 (¢) defined by formula (88) and
the theorem on the coercivity inequality for the solution of the elliptic difference

problem in Loy,.
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Crank-Nicolson Difference Scheme Without the Standard

Wiener Process

Now, we consider problem (26), when the sourse term f(t,w;) and g(t,w;) does

not dependent on stochastic noise term w;. That means f(t,w;) = f(t) and

g(t,w;) = g(t) is an abstract function defined on the segment [0,7] with values

in H. Assume that the function f(¢) and g(t) is conttinuous and smooth. In
k

the similary manner in section 3.2, replacing ¢, = [ (f(s)ds + g(s)dws) by

tk—1

ty
J ft—s)dws = f(t_1)7 + 9(t_1) (wy, — wy,_,) in (119), we get the CNDS

tk—1

.
Uk — Ug—1 + EAk(Uk + Up—1)

= f(tk—%)T +g(tk—%)(wtk - wtk—1)7 1 < k < N7 Uy = @ (142)

for the approximate solution of the Cauchy problem (92). It is clear that the
CNDS (142) is uniquely solvable and the following formula holds

U = Zur(k, i) (I + %AZ> -1 (f(tk,%)T + g(ti,%)(wti —wy ). (143)

The Main Theorem on Stability

The estimate of convergence for the solution of the CNDS (142) is shown in the

following theorem.

Theorem 4.5.1.1 Assume that

|420)g]], / L1 dt + / |42 £, dit < oo (144)
and . .
J1g @ ar+ [ |l2wa]; < o (115)

then the following convergence estimate is valid

3

(Z EJo(ty) = ukHi;) < M(8)r=. (146)

Here, M and M;(8) do not depend on 7.
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Proof. Using formulas (33),(143), we get

E—1 t

olte) = = Y oltast) = (b)) [ ot 9)(7(5)ds + gl5)duw)

i=1 i1

k t

£ ki) / olts, 5) (f(s)ds + g(s)dw,)

i=1 oy

- (1 54) 7 ottt v}
=K+ Koy,

where

Ko = 3 (ol t) = sk, ) / olts, s) (147)

x] /v(ti,s)(f(s)dsjtg(s)dws),

ti—1

t;

Ko = Yt d{ [ oltio)(7(s)ds + gl

ti—1

— (I + gAz> B (f(ti—%)T + 9(@'—%)(“’% - wti—l)) } (148)

1
2

N
We will estimate (Z EHKrkH%]) for r = 1 and 2, separately. First, let us
k=0

estimate )
N 3
2
(ZEHKMHH) |
k=0

Using formula (147), estimates (122), (35) and the triangle inequality, we obtain

N 3
(ZE HKM!@)

k=0

t;

N k—1
- (ZEH S (vt )~ (k, i) A / A2u(t;, 5)A™2(5) A%(s) (f(s)ds+g(s)dhw,)
k=0 =1

ti—1

0)

|
—

2

t;
2
A2u(t;, 5) A2 H
‘H—)H/H ;0(tir ) () H—H
ti—1
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< MOT2(§§M127 [ A%(s)f(s) z+ A%(s)g(s) Hds)é
< MOTQMl(kéz 7 { A%(s)f(s) Z+\A2(s)g(s> Z]ds)é

A
=
\]I\D

VN

WE

1
N 3
Now, we estimate (Z | Ko H?{) . Then from formula (148) and Minkowski
ha

inequality it follows t

N
2
ZEHKz,kHH
t;

:iEHZu m{/ 5)(F(s)ds + g(s)dw,)

=0

I+ A) T+g Wy; — Wy, _ }H

gTZEHZuT(k,i)/(v(ti,s)—<[+gz4i>_l)

X A7 (s)A%(s) (f(s)ds + g(s)dw) :
e e St (14 54)
| / (F() = Flty))ds + / (o05) - alt,))ao[
eyl f loen-(ega) e,
ol sl o
S (50) ., f [l o o
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Then,

(ZE HKQ,kH?J)
< (L3 e '\\A2<s>f<s>}|;+|1A2<s>g<s>||§,]ds>

+(kN0 Zkl Mgi [ f'(z) ’ g’(z)j{]dz]ds)Q

ti—1 ti—1

SM1M273< / LA 140 <s>z]ds)é
+M373</ “ '(2) 2}@)2 < M.

0
Then combining both estimates, we get
N 2
<Z E||Kyx+ Kg,kufq) < MyMr2 + Mr2 < M(8)r
k=0

=

f’(z

3
2
Theorem 4.5.1.1 is proved.

Applications

Now, we consider applications of Theorem 4.5.1.1. First, let us consider the
initial-value problem for one dimensional stochastic parabolic equation (1). In
the same manner, the discretization of problem (1) is carried out in two steps.
The first step is the same as in the previous case. In the second step, we replace

(76) with the DS (142)

4

Ulkl(x) - UZA("E) TAik<uk( )+uk 1(35)) = SDZ@)»

QOZ(ZL’) - fh(tk—%v I)T + gh(tk—%vx)(wtk - wtk71)7
(149)

ug(r) = ¢"(z), = €0,

\



97

Theorem 4.5.2.1 Assume that

dt+/Hf dt < oo (150)
wao, l] L2[0,]] W30,
and

T T

2
t dt < 0. 151
/ L2[0,]] +/Hg() W3[0,1] > (151)
0 0

Then, the solutions of DS (149) satisfy the following convergence estimate:

max (B [o"(0) = ]2, )" <€) (74 + ).

0<k<N

where C'(0) do not depend on 7 and h.

The proof of Theorem 4.5.2.1 is based on the abstract Theorem 4.5.1.1 and the
symmetry properties of the difference operator A} (t) defined by formula (75).

Second, let us consider the initial value problem for one dimensional stochastic
parabolic equation (99) with involution and Dirichlet conditions. The discretiza-

tion of problem (99) is the same with as in the previous case. In the second step,

we replace (102) with the DS (142)

(

uj (@) — up_y (@) + FA7  (ui (@) + ui_y (2) = @i (@),
() = [fi (@) + gi(x) (we — wi1)]
fi(@) = f"(tr, @), gi(z) = g"(t, @) (152)

e[-1,1,, 1<k<N,

| uo(@) = " (), € [=11],,.

Theorem 4.5.2.2 Assume that

dt+/Hf dt < oo (153)
Wi-11) L2 _y WE-1,1]
and

T T

2
¢ ’ dt < oo, 154
/ LQ[ L] +/Hg() Wi —1,1] > ( )
0 0
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Let 7 and h be sufficiently small numbers. For the solution of DS (152) the
following convergence estimates hold
2

N
(Z E ||v"(t) - quz([O’T]ﬂL%J < C(6) <T + my) ,
k=0

Proof. The proof of Theorem 4.5.2.2 is based on the abstract Theorem 4.5.1.1
and the symmetry properties of the difference operator Aj(t) defined by formula
(79).

Third, we the mixed problem (48) for the multidimensional stochastic parabolic
equation with the Dirichlet condition is considered. The discretization of problem

(105) is done in the same as above. Then, in the second step, we replace (105)

with the DS (142)

up(r) — up_y (2) + ZA7 (v () + ui_y () = (@),
(@) = [fl(@)7 + gi(2)(we — we)]
 fe(@) = f"(te, @), gi(x) = g"(t, @), ARy = Af(t_y), (155)

tr =k, 1< k<N, zeQ,

| uli(z) = ¢"(z), € Q.

Theorem 4.5.2.3 Assume that

T T
2 2
(4 dt H ¢ dt < 156
H@\ngy/(f”b(m +/ POyt < 0 (156)
0 0
and
. 2 . 2
(4 dt H ¢ dt < oo. 157
o], o+ [ o]0 << (157)
0 0

Then, the solution of DS (155) satisfy the following convergence estimate:

max (E v (t) — u,’;\}j%f < C(9) (T v |h\2) , (158)

0<k<N

where C'(6) do not depend on 7 and |h|.
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The proof of Theorem 4.5.2.3 is based on the abstract Theorem 4.5.1.1 and
the symmetry properties of the difference operator Af(t) defined by formula (83)
and the Theorem 3.6 on the coercivity inequality for the solution of the elliptic
difference problem in Loyy,.

Fourth, the mixed problem (51) for the multidimensional stochastic parabolic
equation with the Neumann condition is considered. The discretization of prob-
lem (51) is carried out in two steps. The discretization of problem (51) in z is

done in the same as above. Then, in the second step, we replace (105) with the

DS

(@) — ul(2) + 547 (ul(x) + ], (1) = (a),

pr(x) = [fr(a)T + gi(a) (wy — wia)]
felx) = (e, 2), gi(x) = g"(tr, ), AT, = Af (1), (159)

th=Fkr, L<k<N, €,

\u(})L(x) = gph (x)a YIS ﬁh'

Theorem 4.5.2.3 Assume that the assumptions of Theorem 3.23 are satisfied.

Then, for the solution of (159) the estimate (158) holds.

The proof of Theorem 4.5.2.3 is based on the abstract Theorem 4.5.1.1 and the
symmetry properties of the difference operator A7 (t) defined by formula (88) and
the Theorem 4.5.1.1 on the coercivity inequality for the solution of the elliptic

difference problem in Loy,
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CHAPTER V

Numerical Results

Introduction

When the analytical methods do not work properly, the numerical methods for
obtaining approximate solutions of partial differential equations play an impor-
tant role in applied mathematics. In this section the single-step DS’s in time for
the solution of one dimensional stochastic partial differential equations are pre-
sented. Numerical results are provided. We apply a procedure of modified Gauss
elimination method to solve the problem. The theoretical statements for the so-
lution of these difference schemes are supported by the result of the numerical

experiment.

The Mixed Problem with Dirichlet Condition

We consider the IBVP with Dirichlet condition

(

dv(t, z,wy) — 2(1 + ) vy (t, 2, wy)dt = e~ D sin(z)dwy,

0<t<l,0<z<m,
(160)

v(0,2,0) =0,0 <z <,

\ v(t,0,w,) = v(t,m,w,) = 0,w, =Vt&, €€N(0,1),0<t <1

for the one dimensional stochastic partial differential equations. The exact solu-

tion of problem (160) is
u(t, z,wy) = e~ sin(z)w;.
Here and in the future, we consider the uniform grid space

[0,1], x [0, 7] = {(tx,zp) : tx = k7,0 <k <N, NT=1; 2, =nh, 0 <n < M},
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where N7 =1, Mh = 7. First, we consider the DS 1/2-th order of accuracy in ¢

and second order of accuracy in x for the approximate solution of the IBVP (160)

/

uf — okt — 722(1+ kT)(UiH —2uf + k)

= f(tr, ) VET — /(k = 1)7)E,

[ty @) = e~ (te+1)? sin(x,), 1<k<N-1,1<n<M-1, (161)

Thus we have (N + 1) x (M + 1) system of linear equations. We will write it in

the matrix form

Aty + Buy, +Cupy =Dy, 1<n<M-—1,
(162)
Uy = 6, Upr = 6
Here
o0
oL
Pn = QPEL )
N
Pn (N+1)x1
00 =0, oF = F(ty,an) (x/lw k= 1)T> E1<k<N, 1<n<M,
o0 0 ... 0 0
00 agp 0 ... O 0
0 0 ap ... O 0
A= ,
0 0 0 ay_1 0
0 0 O 0 an
L 1 (N41)x(N+1)
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1 0 0 ... O 0
b C1 0 ... 0 0
0 b co ... 0 0
B = ,
00 0 ... en-1 O
(000 0 b ey ]

ay =~ 2L+ 1)), b=~1, ¢ = 1+ 75 (2(1 + t1)) and C = 4,

100 ... 000
010 ... 000
0 0 1 . 000
D= ,
0 00 1 00
000 ... 010
L J(N+1)x(N+1)
Uy
Ul
Us = Ug
uy
L 4 (N+1)x1

, s =n—1,nn+ 1. For the solution of the last matrix equation, we use the
modified Gauss elimination method. We seek a solution of the matrix equation

by the following form
Un = Oiilin1 + By, n=M—1,...1 uy =0, (163)

where a;, are (N + 1) x (N + 1) square matrices and 3, are (N +1) x 1 column
matrices and (j =1,..., M — 1) defined by

1 = —(B+Ca,) A, (164)
Bn—&—l - (B_'_Can)_l(DQOn_Cﬂn), nzl,,M—l

Here oy = [0}(niiyx(v+1), 51 = [0](v41)x1- Finally, we generate 1000 random

numbers with mean 0 and variance 1, set &€ = [y1, ¥, . . ., Y1000] : set §i=yj7:1
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to 1000 result of error analysis. The errors are computed by

1000 M—1

Z 1000 Z Z |t 20, me) — u (ms)l h (165)

me=1 n=1
of the numerical solutions, where u(ty, z,) = u(t, z,, m¢) represents the exact

solution at & and uf = uf(m¢) represents the numerical solution at (¢, 2y, €)

and the results are given in the following table:

Table 1.

Numerical results of difference scheme (161)

DS’'s/N,M 10,10 20,20 40, 40

DS (161) 0.0018 0.0010 0.0004782

As it is seen in Table 1 | we get some numerical results. If N and M are
doubled, the value of errors decrease by a factor of approximately 1/ V2 for %—th
order of accuracy difference scheme.

Second, we consider the CNDS 3/2-th order of accuracy in ¢ and second order

of accuracy in x for the approximate solution of the IBVP (160)

(

ul — b = B0 g () — 2k k)

n

— (L4 tez) (uiy) — 2ubt 7))

@1:%(w5_¢—tTj

_ 2
flt ) =e 4 sin(a,), (166)




104

Thus, we have (N + 1) x (M + 1) system of linear equations. Therefore, we

can transform it in matrix form (162). Here

“n

o
©r
©2

oy

(N+1)x1

on =0, o) = ftrz,zn) (\/k:T— \/(k—1)7'> §1<EkE< N, 1<n<M,

0 0
0 0
0 0
anN—-1 0
an ayn

0 0
0 0
0 0
CN-1 0
bN CN

(N+1)x (N+1)

(N+1)x (N+1)

ap — —#(1 + tk — %), bk =1 + #(2(1 + tk—%))? Cr — 1 -+ i—g(l + tk_%) and

C=A,

1 (N+1)x(N+1)
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Us = U

L J(N+1)x1
,s=n—1,nn+ 1.

For the solution of the last matrix equation, we use the modified Gauss elim-
ination method. We seek a solution of the matrix equation by the following form
(163) and (164).

The following table is of the error of the CNDS 3/2-th order of accuracy in
t and second order of accuracy in x for the approximate solution of the IBVP
(160):

Table 2.
Numerical result of difference scheme (166)

DS’s/N, M 10, 10 20,20 40, 40

DS (166) 0.00077724  0.00034105 0.00015924

As it is seen in the above Table 2, we get some numerical results. If N and
M are doubled, the value of errors decrease by a factor of approximately v/2/4

for %—th order of accuracy difference scheme.

The Mixed Problem with Neumann Condition

For the numerical experiment,we consider the IBVP with Neumann condition

;

do(t, z,wi) — 2(1 + ) vae (L, z, wy)dt = e~ cos(x)duwy,

O<t<l,0<x<m,
(167)

v(0,2,0) =0,0 <z <,

Ve (t, 0, wy) = v (t,m,wy) = 0,w, = VEE, €€ N(0,1),0<t<1

\



for the one dimensional stochastic partial differential equations. The exact solu-

tion of problem (167) is

—(t+1)2

u(t,z,w;) =e cos(x)w;.

For numerical solution of problem (167) we consider the same uniform grid space

[0, 1], x [0, 7], .First, we consider the DS 1/2-th order of accuracy in t and first

order of accuracy in z for the approximate solution of the IBVP (167)

p

up =yt = R 2(L k) (un g — 2up )

= f(tewa) (VET — /(k = 1)7)E,

i) = e O cos(z,), 1<k<N-1,1<n<M-—1,

u%z0,0SnSM,

k_ ok ok _ ok
| ug = uy, uyy =uy g, 0<KE<N.

Thus we have (N + 1) x (M + 1) system of linear equations. We will write it in

the matrix form

Aupiq + Buy +Cupg =D,y 1<n<M-—1,

Here

Pn = ©n ’

Pn (N+1)x1

00 =0, oF = f(ty, ) (\/k —\/(k:—l)7> £1<k<N, 1<n<M,
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0 0 0 0 0
0 a; O 0 0
0 0 as 0 0
A= ,
0 0 0 an—1 0
0 0 0 ... 0 an
L J(N+1)x(N+1)
1 0 0 0 0
b ¢ 0 0 0
0 b c 0 0
B = ,
0 0 0 CN-1 0
(000 0 o b ew |

ap=—502(1+1t)), b=—1, ¢, =14+ 2%(2(1 +t;)) and C = 4,

1 0 0 . 00

010 0 0

0 0 1 0 0

D = ,
0 00 10
000 ... 01
= 4 (N+1)x(N+1)
Uy
ul
Us = 'sz )
uN
L % 1 (Nv+1)x1

s =mn=x 1, n. For the solution of the last matrix equation, we use the modified

Gauss elimination method. We seek a solution of the matrix equation by the

following form

Up = Qpy1lUni1 + By, n=M—=1,....1, up = (I — )by, (170)
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where a;, are (N + 1) x (N + 1) square matrices and 3, are (N +1) x 1 column
matrices and (j = 1,..., M — 1) defined by

an1 = (B+Cay,) A, (171)
Bo1w = —(B+Ca,) ' (Dp,—CB,), n=1,...,M—1.
Here a1 = [1|(ns1yx(v+1),  B1 = [0](w+1)x1. Finally, we generate 1000 random
numbers with mean 0 and variance 1, set £ = [y1, 92, ..., Y1000]" : s€t & =y;, j : 1

to 1000 result of error analysis. The errors are computed by

N 1 1000 M 9 ’
By = (X g5 2 Dl —ma'n) w2
k=0 meg=1n=0

of the numerical solutions, where u(ty,z,) = u(ty, x,, m¢) represents the exact

k k

solution at & and w; = wu, (mg) represents the numerical solution at (t,z,,¢)

and the results are given in the following table:

Table 3.

Numerical result of difference scheme (168)

DS’'s/N,M 10,10 20,20 40,40

DS (168) 0.1082 0.0770 0.0522

As it is seen in Table 3 , we get some numerical results. If N and M are
doubled, the value of errors decrease by a factor of approximately 1/+/2 for %—th
order of accuracy difference scheme.

Second, we consider the CNDS 3/2-th order of accuracy in ¢ and first order
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of accuracy in x for the approximate solution of the IBVP (167 )

Uy —upt — w1+ tk—g)(uﬁﬂ — 2uy + U’Z—l)
_#(1 _,_tki%)(u?l:i 2u k 1y ukz 1)
ft_ 1 , Tp) (\/E — \/—71>
flteoy, @) = S cos(z,), (173)

th1=(k-37 2,=nh, I<k<N, 1<n<M-1,

2

| ug =y, upy =upy, 0< k<N

Thus, we have (N + 1) x (M + 1) system of linear equations. Therefore, we

can transform it in matrix form (162). Here

@2
g01
On=| 2 ;

N

Pn (N+1)x1

0 =0, go’;;:f(tk_%,xn) (\/kT— \/(k—1)7> E1<k<N, 1<n<M,

0 0 O 0 0
a; ap O 0 0
A 0 ax a9 0 0 7
0 0 O . an—1 O
i 0O 0 0 ... an an 1 venvsn)
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1 0 0 0 0
by ¢ 0 ... O 0
B 0 by ¢ ... 0 0
0 0 0 . cy1 O
| 00 0 ... by ey | NN

1 00 0 0

010 . 0 0

0 01 0 0

D= :
000 10
000 ... 01
L J (Nt x(N+1)
ug
ul
us - U,g bl
ugd
L 4 (N+1)x1

s=n=+1,n.

For the solution of the last matrix equation, we use the modified Gauss elim-
ination method. We seek a solution of the matrix equation by the following form
(163) and (164). We get the following table of the error of the CNDS 3/2-th order
of accuracy in ¢ and second order of accuracy in z for the approximate solution

of the IBVP (167)
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Table 4.
Numerical result of difference scheme (173)

DS’s/N,M 10,10 20,20 40,40

DS (173) 0.10578 0.0706 0.0475

As it is seen in Table, we get some numerical results. If N and M are doubled,
the value of errors decrease by a factor of approximately v/2/4 for %—th order of

accuracy difference scheme.
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CHAPTER VI

Conclusion

In this study, the stability of an abstract Cauchy problem for the for the
solution of SDE in a Hilbert space with the time-dependent positive operator
is established. In practice, theorems on stability estimates for the solution of
four types of the initial boundary value problems for the one dimensional and
multidimensional stochastic parabolic equation with dependent in ¢ and space
variables are proved. Single step DS’s generated by exact DS are presented. The
main theorems of the convergence of these difference schemes for the approximate
solutions of the time-dependent abstract Cauchy problem for the parabolic equa-
tions are established. In applications, the convergence estimates for the solution
of DS’s for the SPDE’s are obtained. Numerical results for the % and % th order
of accuracy difference schemes of the approximate solution of mixed problems
for the stochastic parabolic equations with Dirichlet, Neumann conditions are

provided. Numerical results are given.

Investigate a high order of accuracy absolute stable difference schemes for the
numerical solution of stochastic parabolic equation with dependent in ¢ and space
variables.

Investigate a high order of accuracy absolute stable DS’s for the numerical

solution of stochastic hyperbolic equation with dependent in ¢ and space variables

do(t) + A(t)v(t)dt = f(t,w(t))dt + g(t,w(t))dw;, 0 <t < T, v(0) = p, v(0) = 1.
(174)
in a Hilbert space H with the unbounded operators A(t).
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Phyton Implementation of One Dimension First Order of Accuracy

Difference Schemes of Problem (160)
function (Dirichlet condition)

import random

import numpy as np

import matplotlib.pyplot as plt

from numpy.linalg import inv

#Input 1: N as the number of time intervals and M as the number of position

intervals
N =26
M = 26

# Input 2: Exact solution function
def u(t,x,w):

return np.exp(-(t+1)**2)*np.sin(x)*

w
# Define (N+1) x (M+1) spacetime grid matrix by limits and interval
# lengths for the plot (for some reason we need this ’if conition’

# because ogrid tends produce more coordinates)

tau = 1/N

h = np.pi/M

if (N t, x = np.ogrid[0:(N+1)*tau:tau, 0:(M+1)*h:h]

else:

t, x = np.ogrid[0:(N+1)/N:1/N, 0:(M+1)*h:h]

# Value grid matrix of the exact solution exact_u = u(t,x,np.sqrt(t))
# Recover lists of coordinates

t list = []

for line in t:

t_list.append(line[0])

x_list = |]

for entry in x[0]:

x_list.append(entry)



# Here we calculate the approximate solution values
# Construct zero vector of N+1 entries
N_zero_vector = [|

for n in range(N-+1):
N_zero_vector.append(0)

N_one_vector = ||

for n in range(N-+1):
N_one_vector.append(1)

# Construct A matrix

A=

for n in range(N-+1):

aux_line = ||

for n2 in range(N+1):

ifn ==

aux_line.append(0)

elif n == n2:
aux_line.append(-2*tau/(h**2)*(1+n*tau))
else:

aux_line.append(0)

A.append(aux_line)

A = np.array(A)

# Construct B matrix

B =1

for n in range(N+1):

aux_line = ||

for n2 in range(N+1):

if n ==n2 and n != 0:
aux_line.append(1+(4*tau) /(h**2)*(14+n*tau))
elif n == 0 and n2 ==
aux_line.append(1)

elif n == n2+1:

aux_line.append(-1)
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else:

aux_line.append(0)

B.append(aux_line)

B = np.array(B)

# Construct alpha matrices, ”alpha” = list of alpha matrics
# and construct beta vectors, "beta” = list of beta vectors
alpha = ||

aux_matrix = [|

for n in range(N+1):
aux_matrix.append (N _zero_vector)

aux_matrix = np.array(aux_matrix)
alpha.append(aux_matrix)

del aux_matrix

beta = ||

beta.append(np.array(N_zero_vector))

for m in range(1,M-1):

aux_matrix_-1 = B + np.matmul(A, alpha|m-1])
aux_matrix_2 = inv(aux_matrix_1)

aux_matrix_3 = - np.matmul(aux_matrix_2,A)
alpha.append(aux_matrix_3)

phim = ||

for n in range(N+1):

ifn==0:

phi_m.append(0)

else:

phi_mn = u(t_list[n],x list|m],1)*(np.sqrt(n/N)-p.sqrt((n-1)/N))
phi_m.append(phi_mn)

phi_m = np.array(phi_m)

aux_vector_1 = phi_m - np.matmul(A,beta[m-1])
aux_vector_2 = np.matmul(aux_matrix_2, aux_vector_1)
beta.append(aux_vector_2)

# Construct array of approximate solution vectors
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approx_u = ||

approx_u.append(np.array(N _zero_vector))

for m in range(1,M):

aux_vector = np.matmul(alpha[M-1-m],approx_u[0]) + beta]M-1-m]
approx_u.insert(0, aux_vector)
approx_u.insert(0,np.array (N _zero_vector))

approx_u = np.array(approx-u)

# The transpose of this array is needed for the plot approx_u = approx_u.transpose()
# Calculate numerical error between exact and approximate solution
# Generate a list of 1000 uniformly random real numbers in [0,1] random_list =
[

for i in range(0,1000):

random_list.append(random.uniform(0,1))

def ESum(xi):

quad_sum = 0

for 1 in range(len(exact_u)):

for e in range(len(exact_u[l])):

diff = abs(exact_u[l][e]*xi-approx_ull]

i) ##2%]

quad_sum = quad_sum + diff

return quad_sum

quad_Error NM = 0

for xi in random _list:

quad_Error NM = quad_Error NM + ESum(xi)

Error NM = np.sqrt(1/1000*quad_Error_-NM)

# Output of Error value into the terminal

print(” The error by 1000 uniformly random numbers with mean 0 and variance
1is:”)

print(str(Error NM))

# Exact solution plot

# Set up ax as plot object

ax1 = plt.figure().add_subplot(projection="3d’)
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# create surface with on values

ax1.plot_surface(t, x, exact_u, cmap="autumn’, cstride=1, rstride=1)
# Name axes

ax1.set_xlabel(”time t”)

ax1.set_ylabel(” position x”)

ax1.set_zlabel(”exact solution u(t,x)”)

# Set function value axis limts

ax1.set_zlim(-0.02, 0.12)

# Approximate solution plot

ax2 = plt.figure().add_subplot(projection="3d")

# create surface with on values

ax2.plot_surface(t, x, approx_u, cmap="autumn’, cstride=1, rstride=1)
# Name axes

ax2.set_xlabel(”time t”)

ax2.set_ylabel(”position x”)

ax2.set_zlabel(”approximate solution u(t,x)”)

# Set function value axis limts

ax2.set_zlim(-0.02, 0.12)

# output the plot plt.show()
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Appendix B

Phyton Implementation of second Order of Accuracy Difference Schemes
of Problem (166)

function (Dirichlet condition)

import random

import numpy as np

import matplotlib.pyplot as plt

from numpy.linalg import inv

# Input 1: N as the number of time intervals and M as the number of position

intervals
N =20
M = 20

# Input 2: Exact solution function

def u(t,x,w):

return np.exp(-(t+1)**2)*np.sin(x)*w

# Define (N+1) x (M+1) spacetime grid matrix by limits and interval
# lengths for the plot. The data format of the t, x-arrays is chosen

# to fit the requirements of the 'plot_surface’-routine.

tau = 1/N
h = np.pi/M
t =

for n in range(N+1):
t.append([n*tau])

t = np.array(t)

x =l

for m in range(M+1):
x[0].append(m*h)

X = np.array(x)

# Value grid matrix of the exact solution
exact_u = u(t,x,np.sqrt(t))
# Interpolated time points
2=



for n in range(1,N+1):

t2.append([(n - 0.5)*tau])

t2 = np.array(t2)

# Here we calculate the approximate solution values
# Construct zero vector of N+1 entries
N_zero_vector = []

for n in range(N-+1):
N_zero_vector.append(0)

# Construct A matrix

A=

for n in range(N-+1):

aux_line = ||

for n2 in range(N+1):

ifn ==

aux_line.append(0)

elif n == n2:
aux_line.append(-tau/(h**2)*(14+(n-0.5)*tau))
elif n == n2+1:
aux_line.append(-tau/(h**2)*(14(n-0.5)*tau))
else:

aux_line.append(0)

A.append(aux_line)

A = np.array(A)

# Construct B matrix

B =1

for n in range(N+1):

aux_line = ||

for n2 in range(N+1):

if n ==n2 and n != 0:
aux_line.append(1+(2*tau)/(h**2)*(14(n-0.5)*tau))

elif n == 0 and n2 ==
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aux_line.append(1)

elif n == n2+1:

aux_line.append(-1+(2*tau) /(h**2)*(1+(n-0.5)*tau))
else:

aux_line.append(0)

B.append(aux_line)

B = np.array(B)

# Construct alpha matrices, ”alpha” = list of alpha matrics
# and construct beta vectors, "beta” = list of beta vectors
alpha = ||

aux_matrix = [|

for n in range(N+1):
aux_matrix.append (N _zero_vector)

aux_matrix = np.array(aux_matrix)
alpha.append(aux_matrix)

del aux_matrix

beta = ||

beta.append(np.array(N_zero_vector))

for m in range(1,M-1):

aux_matrix_-1 = B + np.matmul(A, alpha|m-1])
aux_matrix_2 = inv(aux_matrix_1)

aux_matrix_3 = - np.matmul(aux_matrix_2,A)
alpha.append(aux_matrix_3)

ph-m = [|

for n in range(N-+1):

ifn ==

phi_m.append(0)

else:

phi_mn = u(t2[n-1][0],x[0][m],1)*(np.sqrt(n/N)-np.sqrt((n-1) /N))
phi_m.append(phi_mn) phi_m = np.array(phi_m)
aux_vector_1 = phi_m - np.matmul(A,beta[m-1])

aux_vector_2 = np.matmul(aux_matrix_2, aux_vector_1)
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beta.append(aux_vector_2)

# Construct array of approximate solution vectors

approx_u = ||

approx_u.append(np.array(N _zero_vector))

for m in range(1,M):

aux_vector = np.matmul(alpha[M-1-m],approx_u[0]) + beta[M-1-m]
approx_u.insert(0, aux_vector)
approx_u.insert(0,np.array (N _zero_vector))

approx_u = np.array(approx_u)

# The transpose of this array is needed for the plot approx_u = approx_u.transpose()
# Calculate numerical error between exact and approximate solution
# Generate a list of 1000 uniformly random real numbers in [0,1]
random_list = ||

for i in range(0,1000):

random_list.append(random.uniform(0,1))

def ESum(xi):

quad_sum = 0

for 1 in range(len(exact_u)):

for e in range(len(exact_ull])):

diff = abs(exact_u[l][e]*xi-approx_u[l][e|*xi)**2*h

quad_sum = quad_sum + diff

return quad_sum

quad_Error NM = 0

for xi in random_list:

quad_Error NM = quad_Error NM + ESum(xi)

Error NM = np.sqrt(1/1000*quad_Error NM)

# Output of Error value into the terminal print(”The error by 1000 uniformly
random numbers with mean 0 and variance 1 is:”)
print(str(Error NM))

# Exact solution plot

# Set up ax as plot object

ax1 = plt.figure().add_subplot(projection="3d’)
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# create surface with on values

ax1.plot_surface(t, x, exact_u, cmap="autumn’, cstride=1, rstride=1)
# Name axes

ax1.set_xlabel(”time t”)

ax1.set_ylabel(” position x”) ax1l.set_zlabel(”exact solution u(t,x)”)
# Set function value axis limts

axl.set_zlim(-0.02, 0.12)

# Approximate solution plot

ax2 = plt.figure().add_subplot(projection="3d’)

# create surface with on values

ax2.plot_surface(t, x, approx_u, cmap="autumn’, cstride=1, rstride=1)
# Name axes

ax2.set_xlabel(”time t”) ax2.set_ylabel(” position x”)

ax2.set_zlabel (”approximate solution u(t,x)”)

# Set function value axis limts

ax2.set_zlim(-0.02, 0.12)

# output the plot

plt.show()
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Appendix C

Phyton Implementation of One Dimension First Order of Accuracy
Difference Schemes of Problem (167)

function (Neumann condition)

import random

import numpy as np

import matplotlib.pyplot as plt

from numpy.linalg import inv

# Input 1: N as the number of time intervals and M as the number of position

intervals.
N =50
M = 50

# Input 2: Exact solution function

def u(t,x,w):

return np.exp(-(t+1)**2)*np.cos(x)*w

# Define (N+1) x (M+1) spacetime grid matrix by limits and interval
# lengths for the plot (for some reason we need this ’if conition’
# because ogrid tends produce more coordinates)

tau = 1/N

h = np.pi/M

if (N t, x = np.ogrid[0:(N+1)*tau:tau, 0:

(M+1)*h:h]

else:

t, x = np.ogrid[0:(N+1)/N:1/N, 0:

(M+1)*h:h]

# Value grid matrix of the exact solution

exact_u = u(t,x,np.sqrt(t))

# Recover lists of coordinates

t list = []

for line in t:

t_list.append(line[0])

x_list = |]



for entry in x[0]: x_list.append(entry)
# Here we calculate the approximate solution values
# Construct zero vector of N+1 entries
N_zero_vector = ]

for n in range(N+1):
N_zero_vector.append(0)
N_unit_matrix = ||

for n in range(N+1):

aux_vector = ||

for n2 in range(N+1):

if n == n2:

aux_vector.append(1) else:
aux_vector.append(0)
N_unit_matrix.append (aux_vector)

# Construct A matrix

A=

for n in range(N+1):

aux_line = ||

for n2 in range(N+1):

ifn==

aux_line.append(0)

elif n == n2:
aux_line.append(-2*tau/(h**2)*(1+n*tau))
else:

aux_line.append(0)
A.append(aux_line)

A = np.array(A)

# Construct B matrix

B =

for n in range(N+1):

aux_line = ||

for n2 in range(N+1):
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if n == n2 and n != 0:
aux_line.append(1+(4*tau)/(h**2)*(14+n*tau))

elif n == 0 and n2 ==

aux_line.append(1)

elif n == n2+1:

aux_line.append(-1)

else:

aux_line.append(0)

B.append(aux_line)

B = np.array(B)

# Construct alpha matrices, "alpha” = list of alpha matrics
# and construct beta vectors, "beta” = list of beta vectors
alpha = ||

alpha.append(np.array(N_unit_matrix))

beta = ||

beta.append(np.array(N_zero_vector))

for m in range(1,M-1):

aux_matrix_1 = B + np.matmul(A, alpha[m-1})
aux_matrix_2 = inv(aux_matrix_1)

aux_matrix_3 = - np.matmul(aux_matrix_2,A)
alpha.append (aux_matrix_3)

phim = ]

for n in range(N+1):

ifn ==

phi_m.append(0)

else:

phimn = u(tlist[n],x list[m],1)*(np.sqrt(n/N)-np.sqrt((n-1) /N))
phi_m.append(phi_mn)

phi_m = np.array(phi_m)

aux_vector_1 = phi_m - np.matmul(A,beta[m-1])
aux_vector_2 = np.matmul(aux_matrix_2, aux_vector_1)

beta.append(aux_vector_2)
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# Construct array of approximate solution vectors

approx_u = ||

u_M = np.matmul(inv(np.array(N_unit_matrix)-alpha[M-2]),beta[M-2])
approx_u.append(u_M)

for m in range(1,M):

aux_vector = np.matmul(alpha[M-1-m],approx_u[0]) + beta[M-1-m]
approx_u.insert(0, aux_vector)
approx_u.insert(0,np.matmul(alpha[0],approx_u[1]) + betal0])
approx_u = np.array(approx_u)

# The transpose of this array is needed for the plot

approx_u = approx_u.transpose()

print(u-M)

print(np.matmul(alpha[M-2],u_M)+beta[M-2])

# Calculate numerical error between exact and approximate solution
# Generate a list of 1000 uniformly random real numbers in [0,1]
random_list = []

for i in range(0,1000):

random_list.append(random.uniform(0,1))

def ESum(xi):

quad_sum = 0

for 1 in range(len(exact_u)):

for e in range(len(exact_ull])):

diff = abs(exact_ull][e]*xi-approx_u[l][e]*xi)**2*h

quad_sum = quad_sum + diff

return quad_sum

quad_Error NM = 0

for xi in random _list:

quad_Error_-NM = quad_Error NM + ESum(xi)

Error NM = np.sqrt(1/1000*quad_Error_NM)

# Output of Error value into the terminal

print(” The error by 1000 uniformly random numbers with mean 0 and variance

1is:”)



132

print(str(Error NM))

# Exact solution plot

# Set up ax as plot object

ax1 = plt.figure().add subplot(projection="3d’)
# create surface with on values
ax1.plot_surface(t, x, exact_u, cmap="autumn’, cstride=1, rstride=1)
# Name axes

ax1.set_xlabel(”time t”)

ax1.set_ylabel(” position x”)
ax1.set_zlabel(”exact solution u(t,x)”)

# Set function value axis limts
ax1.set_zlim(-0.02, 0.12)

# Approximate solution plot

ax2 = plt.figure().add_subplot(projection="3d’)
# create surface with on values
ax2.plot_surface(t, x, approx_u, cmap="autumn’, cstride=1, rstride=1)
# Name axes

ax2.set_xlabel(”time t”)

ax2.set_ylabel(” position x”)
ax2.set_zlabel(”approximate solution u(t,x)”)
# Set function value axis limts
ax2.set_zlim(-0.02, 0.12)

# output the plot

plt.show()
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Appendix D

Phyton Implementation of second Order of Accuracy Difference Schemes
of Problem (173)

function (Neumann condition)

import random

import numpy as np

import matplotlib.pyplot as plt

from numpy.linalg import inv

# Input 1: N as the number of time intervals and M as the number of
# position intervals

N =20

M =20

# Input 2: Exact solution function

def u(t,x,w):

return np.exp(-(t+1)**2)*np.cos(x)*w

# Define (N+1) x (M+1) spacetime grid matrix by limits and interval
# lengths for the plot. The data format of the t, x-arrays is chosen

# to fit the requirements of the 'plot_surface’-routine.

tau = 1/N
h = np.pi/M
t =

for n in range(N+1):
t.append([n*tau])

t = np.array(t)

x =l

for m in range(M+1):
x[0].append(m*h)

X = np.array(x)

# Value grid matrix of the exact solution
exact_u = u(t,x,np.sqrt(t))
# Interpolated time points
2=



for n in range(1,N+1):

t2.append([(n - 0.5)*tau])

t2 = np.array(t2)

# Here we calculate the approximate solution values
# Construct zero vector of N+1 entries
N_zero_vector = []

for n in range(N-+1):
N_zero_vector.append(0)

N_unit_matrix = []

for n in range(N+1):

aux_vector = ||

for n2 in range(N+1):

if n == n2:

aux_vector.append(1)

else:

aux_vector.append(0)
N_unit_matrix.append(aux_vector)

# Construct A matrix

A=l

for n in range(N+1):

aux_line = ||

for n2 in range(N+1):

ifn ==

aux_line.append(0)

elif n == n2:
aux_line.append(-tau/(h**2)*(14(n-0.5)*tau))
elif n == n241:
aux_line.append(-tau/(h**2)*(14(n-0.5)*tau))
else:

aux_line.append(0)

A.append(aux_line)

A = np.array(A)
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# Construct B matrix

B=

for n in range(N+1):

aux_line = ||

for n2 in range(N+1):

ifn==mn2and n!=0:
aux_line.append(1+(2*tau)/(h**2)*(1+4(n-0.5)*tau))
elif n == 0 and n2 ==

aux_line.append(1)

elif n == n2+1:

aux_line.append(-1+(2*tau) /(h**2)*(14(n-0.5)*tau))
else:

aux_line.append(0)

B.append (aux_line)

B = np.array(B)

# Construct alpha matrices, ”alpha” = list of alpha matrics
# and construct beta vectors, "beta” = list of beta vectors
alpha = ||

alpha.append(np.array(N_unit_matrix))

beta = ||

beta.append(np.array(N_zero_vector))

for m in range(1,M-1):

aux_matrix_1 = B + np.matmul(A, alpha/m-1})
aux_matrix_2 = inv(aux_matrix_1)

aux_matrix_3 = - np.matmul(aux_matrix_2,A)
alpha.append(aux_matrix_3)

phim = [|

for n in range(N-+1):

ifn==0:

phi_m.append(0)

else:

phi_mn = u(t2[n-1][0},x[0][m],1)*(np.sqrt(n/N)-np.sqrt((n-1)/N))
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phi_m.append(phi_mn)

phi_m = np.array(phi_m)

aux_vector_1 = phi_m - np.matmul(A,beta[m-1])

aux_vector_2 = np.matmul(aux_matrix_2, aux_vector_1)
beta.append(aux_vector_2)

# Construct array of approximate solution vectors

approx_u = ||

u-M = np.matmul(inv(np.array (N_unit_matrix)-alpha[M-2]),beta]M-2])
approx_u.append(u_M)

for m in range(1,M):

aux_vector = np.matmul(alpha[M-1-m|,approx_u[0]) + beta[M-1-m]
approx_u.insert(0, aux_vector)
approx_u.insert(0,np.matmul(alpha[0],approx_u[1]) + betal0])
approx_u = np.array(approx_u)

# The transpose of this array is needed for the plot

approx_u = approx_u.transpose()

# Calculate numerical error between exact and approximate solution
# Generate a list of 1000 uniformly random real numbers in [0,1]
random_list = []

for i in range(0,1000):

random_list.append(random.uniform(0,1)) def ESum(xi): quad-sum = 0 for | in
range(len(exact_u)):

for e in range(len(exact_ull])):

diff = abs(exact_u[l][e]*xi-approx_u[l][e|*xi)**2*h

quad_sum = quad_sum + diff

return quad_sum

quad_Error NM = 0

for xi in random_list: quad_Error NM = quad_Error NM + ESum(xi)
Error NM = np.sqrt(1/1000*quad_Error NM)

# Output of Error value into the terminal

print(” The error by 1000 uniformly random numbers with mean 0 and variance

1is:”)
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print(str(Error NM))

# Exact solution plot

# Set up ax as plot object

ax1 = plt.figure().add subplot(projection="3d’)
# create surface with on values
ax1.plot_surface(t, x, exact_u, cmap="autumn’, cstride=1, rstride=1)
# Name axes

ax1.set_xlabel(”time t”)

ax1.set_ylabel(” position x”)
ax1.set_zlabel(”exact solution u(t,x)”)

# Set function value axis limts
ax1.set_zlim(-0.02, 0.12)

# Approximate solution plot

ax2 = plt.figure().add_subplot(projection="3d’)
# create surface with on values
ax2.plot_surface(t, x, approx_u, cmap="autumn’, cstride=1, rstride=1)
# Name axes

ax2.set_xlabel(”time t”)

ax2.set_ylabel(” position x”)
ax2.set_zlabel(”approximate solution u(t,x)”)
# Set function value axis limts
ax2.set_zlim(-0.02, 0.12)

# output the plot

plt.show()
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