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Abstract

Let E be a real g-uniformly smooth Banach space whose duality map is weakly
sequentially continuous and C' be a nonempty, closed and convex subset of E. Let
{T;}2, : C — E be a family of k-strict pseudocontractions for k& € (0,1) such that
N2, F(T;) # 0, f be a contraction with coefficient 5 € (0,1) and {X;}5°; be a real
sequence in (0,1) such that Y ;2 A\; = 1. Let G : C — E be an n-strongly accretive
and L-Lipschitzian operator with L > 0, n > 0. Let {a,} and {8,} be sequences in
(0, 1) satisfying some conditions. For some positive real numbers 7, p appropriately
chosen, let {z,,} be a sequence defined by

xg € C' arbitrarily chosen,
TP = Bnd + (1 - ﬁn) Z;}il AiT,
Tn+1 = an’Yf(xn) + (I - anMG)Tﬁn$na n > 0.

Then, we prove that {z,} converges strongly to a common fixed point z* of the
countable family {7;}:°,, which solves the variational inequality:

((vf = nG)a™, jy(x — 2*)) <0, Vz e[| F(T).
=1

Mathematics Subject Classification: 47H06, 47TH09, 47H10, 47J05, 47J20, 47J25

Keywords: ¢-uniformly smooth Banach space; strict pseudocontractions; variational
inequality; Synchronal algorithm; common fixed point



728 Abba Auwalu

1 Introduction

Let E be a real Banach space and E* be the dual of E. For some real number ¢q (1 < g <
o), the generalized duality mapping J, : E — 2F is defined by

Jo(w) ={a" € B : (z,27) = ||z||", |2"|| = |l=[|""}, V=€ E, (1)

where (.,.) denotes the duality pairing between elements of E and those of E*. In par-
ticular, J = Jy is called the normalized duality mapping and J,(x) = ||z||7?Jo(x) for
x # 0. If FE is a real Hilbert space, then J = I, where I is the identity mapping. It is
well known that if E is smooth, then J, is single-valued, which is denoted by j, (see [16]).
The duality mapping J, from a smooth Banach space E into E* is said to be weakly se-
quentially continuous generalized duality mapping if for all {z,,} C E with z,, — x implies
Jol@a) =" Jy(a)

Let C' be a nonempty closed convex subset of F/, and G : E — E be a nonlinear map.
Then, a variational inequality problem with respect to C' and G is to find a point z* € C
such that

(Gx™,j,(x —2")) >0, Vo eCand j,(x — %) € Jy(x — ). (2)

We denotes by VI(G, C) the set of solutions of this variational inequality problem.
If E = H, a real Hilbert space, the variational inequality problem reduces to the
following: Find a point x* € C' such that

(Gx",x — %) >0, Vel (3)
A mapping T : F — F is said to be L-Lipschitzian if there exists L > 0 such that
[Tz —Ty|| < Lllz —yll, Yo,y € E. (4)

If L =1, then T is called Nonexpansive and if 0 < L < 1, T is called Contraction.
A point z € E is called a fixed point of the map T" if Tx = x. We denote by F(T') the set
of all fixed points of the mapping 7', that is

F(T)={x€C:Tx =z}

We assume that F'(T') # () in the sequel. It is well known that F/(T') above, is closed and
convex (see e.g. Goebel and Kirk [7]).

An Operator F': E — E is said to be Accretive if Va,y € E, there exists j,(z —y) €
Jy(x — y) such that

(Fx = Fy, jo(z —y)) = 0. ()

For some positive real numbers n, A, the mapping F' is said to be n-strongly accretive if
for any z,y € E, there exists j,(x —y) € J,(x — y) such that

(Fx — Fy, jo(x —y)) > nllz —yl|?, (6)
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and it is called \-strictly pseudocontractive if

(Fa—Fy, jlx—y) < llz —yll" = Mz —y — (Fa = Fy)||". (7)
It is clear that (7) is equivalent to the following

(I =F)z == Fly,jo(x —y)) 2 Mz —y — (Fa — Fy)||*, (8)

where I denotes the identity operator.

In Hilbert spaces, accretive operators are called monotone where inequality (5) holds
with j, replace by identity map of H.

The modulus of smoothness of E, with dim E > 2, is a function pg : [0, 00) — [0, 00)
defined by

ap {2l

=1 < .
! ol = 1.1 < 7}

pe(T) =
A Banach space E is said to be uniformly smooth if lim;_ g+ pET(t) =0. Forq > 1, a
Banach space E is said to be g-uniformly smooth, if there exists a fixed constant ¢ > 0
such that pp(t) < ct?, t > 0.
It is well known (see [5]) that Hilbert spaces and LP (p > 1) spaces are uniformly smooth.
More precisely,

2 —uniformly smooth, if 2 <p < oo,

LF (or I) spaces are { p — uniformly smooth, if 1<p<2.
Also, Every [, space, (1 < p < 0o) has a weakly sequentially continuous duality map.
Let K be a nonempty closed convex and bounded subset of a Banach space E and let
the diameter of K be defined by d(K) := sup{||lz — y|| : =,y € K}. For each z € K,
let 7(z, K) := sup{|jlzr —y|| : y € K} and let r(K) := inf{r(z, K) : * € K} denote the
Chebyshev radius of K relative to itself. The normal structure coefficient N(E) of E (see,
e.g., [3]) is defined by N(E) := inf{% : d(K) > 0}. A space E such that N(E) > 1
is said to have uniform normal structure. It is known that all uniformly convex and
uniformly smooth Banach spaces have uniform normal structure (see, e.g., [6, 9]).

Let p be a continuous linear functional on {* and (ag, aq,...) € (*°. We write pu,(a,)
instead of u((ag,a,...)). We call p a Banach limit if p satisfies ||p|| = pn(1) = 1 and
tn (A1) = pn(ay) for all (ag,aq,...) € 1. If p is a Banach limit, then

liminf, .. a, < pn(a,) < limsup,,_ . a,

for all (ag, ay,...) €1°. (see, e.g., [5, 6]).

The Variational inequality problem was initially introduced and studied by Stampac-
chia [14] in 1964. In the recent years, variational inequality problems have been extended
to study a large variety of problems arising in structural analysis, economics and op-
timization. Thus, the problem of solving a variational inequality of the form (2) has
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been intensively studied by numerous authors (see for example, [10, 17, 18, 20] and the
references therein).

Let H be areal Hilbert space. In 2001, Yamada [20] proposed a hybrid steepest descent
method for solving variational inequality as follows; Let xqg € H be chosen arbitrary and
define a sequence {z,} by

Tpt1 = Txy — po, F(Txy,), n >0, 9)

where T is a nonexpansive mapping on H, F'is L-Lipschitzian and n-strongly monotone
with L >0, 7> 0,0 < p < 2n/L? If {a,} is a sequence in (0, 1) satisfying the following
conditions:

(C1)  lim,_ o v, = 0;

(C2) 3 oplq@n = 00;

(C3) > |ang1 — an| < o0,

then he prove that the sequence {z,} converges strongly to the unique solution of the
variational inequality:

(Fi,z—&) >0, Vze F(T). (10)

In 2006, Marino and Xu [10] considered the following general iterative method: starting
with an arbitrary initial point zq € H, define a sequence {z,} by

Tpt1 = an V[ (@) + (I — 0nA) T2y, n >0, (11)

where T is a nonexpansive mapping of H, f is a contraction, A is a linear bounded strongly
positive operator, and {«,} is a sequence in (0, 1) satisfying the conditions (C'1) — (C3).
They proved that the sequence {z,} converges strongly to a fixed point Z of T" which
solves the variational inequality:

(vf—Az,2—7) <0, Ve F(T). (12)

In 2010, Tian [17] combined the iterative method (11) with that of Yamada’s (9) and
considered the following general iterative method

Tn+1 = Cknﬁ)/f(xn> + (I - :uaTLF)Txm n =0, (13)

where T is a nonexpansive mapping on H, f is a contraction, F' is k-Lipschitzian and
n-strongly monotone with k& > 0, n > 0, 0 < u < 2n/k*. He proved that if the sequence
{a,} of parameters satisfies conditions (C'1) — (C3), then the sequence {z,} generated
by (13) converges strongly to a fixed point & of T which solves the variational inequality:

(Vf — pF)i,x — &) <0, Vae F(T). (14)

Very recently, in 2011, Tian and Di [18] studied an algorithm, based on Tian [17] general
Iterative algorithm, and proved the following theorem:
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Theorem 1.1 (Synchronal Algorithm)
Let H be a real Hilbert space and Let T, : H — H be a k;-strictly pseudocontractions
for some k; € (0,1) such that N, F(T;) # 0, and f be a contraction with coefficient
B € (0,1) and \; be a positive constants such that v N\, = 1. Let G : H — H be
an n-strongly monotone and L-Lipschitzian operator with L > 0, n > 0. Assume that
0<p<2n/L? 0<~vy<u(n-— "Qﬁ)/ﬁ =71/B. Let xy € H be chosen arbitrarily and let
{an}, {Bn} be sequences in (0,1), satisfying the following conditions:
(T1) lim, ooy, =0, > % a, = 00;
(T2) 3 o0ii longr — an| < 00, 3207 [Bntr — Ba| < 005
(T3) O0<max k; <@, <a<1, Vn>0.

Let {x,} be a sequences defined by the composite process

Ty =y f(zn) + (I — auuG) TPz, n > 0.

Then {x,} converges strongly to a common fized point x* of {T;}X., which solves the
variational inequality:

(vf —pG)z*,x—2*) <0, Vxe ﬂF(TZ) (16)

i=1

The following questions naturally arise in connection with above results:
Question 1. Can Theorem of Tian and Di [18] be extend from a real Hilbert space to a
general Banach space? such as g-uniformly smooth Banach space.
Question 2. Can we extend the iterative method of scheme (15) to a general iterative
scheme define over the set of fixed points of a countable infinite family of strict pseudo-
contractions.
The purpose of this paper is to give the affirmative answers to these questions mentioned
above.

Throughout this paper, we will use the following notations:
1. — for weak convergence and — for strong convergence.
2. wy(r,) = {x: J,, — v} denotes the weak w-limit set of {x,}.

2 Preliminaries

In the sequel, we shall make use of the following lemmas.

Lemma 2.1 (Boonchari and Saejung, [1, 2]) Let C' be a nonempty, closed and convex
subset of a smooth Banach space E. Suppose that {T;}°, : C — E is a family of \-strictly
pseudocontractive mappings with (oo F(T;) # 0 and {p;}32, is a real sequence in (0, 1)
such that " pi; = 1. Then the following conclusions hold:

(i) A mapping G : C — E defined by G := Y2, wT; is a A-strictly pseudocontractive
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mapping.
(i)  F(G) =2 F(T3).

Lemma 2.2 (Lim and Xu, [9]) Suppose E is a Banach space with uniform normal
structure, K is a nonempty bounded subset of E, and T : K — K is uniformly k-
Lipschitzian mapping with k < N(E)%. Suppose also there exists nonempty bounded closed
convex subset C' of K with the following property (P) : (P) x € C implies w,(z) C C,
where w,,(x) is the w-limit set of T at x, i.e., the set

{y € E: y = weak — lim; 7™z for some n; — oo}.
Then T has a fixed point in C.

Lemma 2.3 (Sunthrayuth and Kumam, [15]) Let C' be a nonempty, closed and convex
subset of a real g-uniformly smooth Banach space E which admits a weakly sequentially
continuous generalized duality mapping j, from E into E*. LetT : C'— C be a nonex-
pansive mapping with F(T) # 0. Then, for all {z,} C C, if v, = x and z,, — Tz, — 0,
then x = Tx.

Lemma 2.4 (Petryshyn, [12]) Let E be a real q-uniformly smooth Banach space and
let J, : E — 2P be the generalized duality mapping. Then for any z,y € E and
Ja(x +y) € Jo(x +y),

lz+yll* < llz[l” + gy, Jo(x + ).

Lemma 2.5 (Sunthrayuth and Kumam, [15]) Let C' be a nonempty, closed and convex
subset of a real q-uniformly smooth Banach space E. Let F : C — E be a n-strongly
1

-1
accretive and L-Lipschitzian operator withn > 0, L > 0. Assume that 0 < p < <dgzq)

and T = u(n — M). Then fort € (O,min{l,%}), the mapping T = (I — tukF) :

q
C — E is a contraction with coefficient (1 — t7).

Lemma 2.6 (Zhang and Guo, [21]) Let E be a real q-uniformly smooth Banach space
and C' be a nonempty closed convex subset of E. Suppose T : C' — E are \-strict pseu-
docontractions such that F(T) # 0. For any a € (0,1), we define T, : C — E by

Tox = az+(1—a)Tx, for eachx € C. Then, as o € [p, 1), p € [ max {0, 1—(2—3)ﬁ}, 1),

T, is a nonexpansive mapping such that F(T,) = F(T).
Lemma 2.7 (Xu, [19]) Let {a,} be a sequence of nonnegative real numbers such that
Ap+1 S (1 - /Yn)an + 5717 n Z 07

where {y,} is a sequence in (0,1) and {5,} is a sequence in R such that:
(1) lim, oo ¥ =0 and Y o0 oV = 00;

(i7) limsup,_ i—: <0 ord > ]0n < oo.

Then lim,,_, a,, = 0.
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Lemma 2.8 (Chang et al., [4]) Let E be a real g-uniformly smooth Banach space, then
the generalized duality mapping J, : E — 2F" is single-valued and uniformly continuous
on each bounded subset of E from the norm topology of E to the norm topology of E*.

Lemma 2.9 (Shioji and Takahashi, [13]) Let a be a real number and a sequence {a,} €
such that w,(a,) < 0 for all Banach limit p and limsup,,_, . (an+1 — an) < 0. Then,
limsup,, ., a, < 0.

ZOO

Lemma 2.10 (Mitrinovi¢, [11]) Suppose that ¢ > 1. Then, for any arbitrary positive
real numbers x,y, the following inequality holds:

q q

Lemma 2.11 Let E be a real q-uniformly smooth Banach space. Let f : E — E be a
contraction mapping with coefficient « € (0,1). LetT : E — E be a nonexpansive mapping

such that F(T) # 0 and G : E — E be an n-strongly accretive mapping which is also L-
. qulquq)
— )

Lipschitzian. Assume that 0 < pu < (dgzq)qfll and 0 <y < Z, where 7 := p(n

Then for each t € (0,min{1,1}), the sequence {z;} define by
=ty f(xy) + (I — tpG) Ty
converges strongly ast — 0 to a fived point x* of T which solves the variational inequality:
(WG = f)a”, jg(a™ —x)) <0, Vo e F(T). (17)

Proof. The definition of {x,} is well definition.
Now, for each t € (O, min{1, %}), define a mapping T; on C' by

Tix =tyf(z)+ (I —tuG)Tz, VxeC.
Then, by Lemma 2.5, we have

[tvf () + (I = tpG)Tx] = [tvf(y) + (I = tpG) Ty
[ 1f () = FWI + [ = tuF) T — (I — tuF) Ty |
[ f(x) = F)ll + (1= tn) [Tz = Ty||

tyallz —yll + (1 —t7)llz -y

= [ —=t(r—ya)lllz -yl

1T — Tyl

IA A CIA

which tmplies that T, is a contraction. Hence, T; has a unique fized point, denoted by xy,
which uniquely solve the fixed point equation:

zy =ty f(ay) + (I — tpG)Tx,. (18)
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We observe that {x;} is bounded. Indeed, from (18) and Lemma 2.5, we have

Jo: — 2| = |tvf(2e) + (I — tpG) T, —

[E[vf(2e) = nGa] + (I —tpuG) Ty — (I — tpG)z||

[(I = tuG)Twy — (I — tpG)z|| +tllvf(2:) — pG||

(L= tr)llwe — &l + ty f (o) — F(@)[ + v f(Z) — pGE|
(L —t7)||ze — 2| + tyallz, — 2| + tl|vf(F) — pGz|
[1—t(r —ya)lllz, — z|| + t|vf(F) — pGz.

IA NN

It follows that

Ivf (@) = pGz|
T — Y '
Hence, {x;} is bounded. Furthermore {f(x:)} and {G(Tz¢)} are also bounded.

e — 2| <

Also, from (18), we have
lze = Tae|| = tllvf (21) = pG(Tay)[| = 0 as t—0. (19)
Take t,to € (0,2). From (18) and Lemma 2.5, we have

1[tvf (2e) + (I — tuG)Ta] — [toy f(wsy) + (I — topG)Tay] ||
[(t = to)vf (@) + toy[f(2e) — f(24)] + (to — )G (Txy)
+(I — topG) Ty — (I — touG) Ty, ||

||$t - xto“

< (S @)+ pl|G(T) )]t — tol + toyl[f(we) — f(4,) ]

+[(I = touG)Txy — (I — topuG) Ty, ||
< (@) + pllG(Tz) )]t — tol + toyellze — 2y || + (1 = to7) || T2 — Ty |
< (Wf)ll + pllG(Tz) DIt = tol + [1 = to(T — va)]llze — 24, |-

It follows that

VS (@)l + pl|G(Ty)
to(T — ya)

”|t—t0|'

|2: — 4 || <

This shows that {x;} is locally Lipschitzian and hence continuous.
We next show the uniqueness of a solution of the variational inequality (17). Suppose
both & € F(T) and g € F(T) are solutions to (17). From (17), we know that

(WG =2, jo(T — 7)) <0. (20)

and

(LG =715, Jq(y — 2)) < 0. (21)
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Adding up (20) and (21), we have

(WG =7f)T = (nG = 7f)7,Jo(Z — 7)) < 0.
Observe that

d,ud 19 d,ud= 19
q q
dopud=1L1
o (0= ") <
ST < un.

It follows that
0<vya<T<pun.

We notice that

> |z = gl|* —~yallz — gl

= (un —ya)||z — gl
Therefore, & = § and the uniqueness is proved. Below, we use x* € F(T) to denote the
unique solution of the variational inequality (17).

Next, we prove that r; — x* ast — 0.
Define a map ¢ : E — R by

o(z) = pnl|lzn — x||% Vr€E,

where p, is a Banach limit for each n. Then ¢ is continuous, convex, and ¢(x) — 0o as
|z]| — oo. Since E is reflexive, there exists y* € E such that ¢(yx) = mz’g ¢(u). Hence
ue

the set
Koin = {x € B 6(z) = min o(u)} # 0.

Therefore, applying Lemma 2.2, we have K, N F(T) # (. Without loss of generality,
assume x* = y* € Ky NF(T). Lett € (0,1). Then, it follows that ¢(x*) < ¢p(a* +t(vf —
uG)x*) and using Lemma 2.4, we obtain that

[0 — 2" — t(vf — pG)a||* < oo — 2| — gt{(vf — nG)a™, jg(wn — 2* — t(vf — pG)z")).

Thus, taking Banach limit over n > 1 gives

finl| 0 — 2" = t(vf — pG)x" | < pnllen — 27T = qtpn (V] — pG)a", Jo(an — 27 =ty [ — pG)a")).
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This implies,

qtun{(vf — pG)x*, jo(xn — 2" — t(vf — pG)z”)) < d(z”) — p(a* +t(vf — pG)x"™) < 0.

Therefore
(V] — pG)a”, gy, — 2" —t(yf — pG)a®)) <0, Vo> 1.

Moreover,

pn{(Vf = nG)x™, jo(wn — 7)) = pn(Vf — pG)2", jy(wn — 27) = jo(xn — 2" — t(vf — pG)z"))
+ pn{(Vf = pG)x", o0 — 2" = t(vf — pG)x"))
< pn((Vf = pG)x”, Jo(@n — 27) = Jo(xn — 2™ = t(vf — pG)x")).

By Lemma 2.8, the duality mapping J, is norm-to-norm uniformly continuous on bounded
subset of E, we have that

pnl (V= pG)a”, jo(wn — 27)) < 0. (22)

Now, using (18) and Lemma 2.5, we have

|zn — 2|7 = tu{vf(2n) — pG2", jo(zn — 27)) + ([ — touG) (T — 27), jo(20 — 7))
= to(vf(xn) — pGx", jo(xn — 7)) + (I = topG) Tz — (I = t,pG)x™, jy(zn — 2%))
< [ =tu(r —ya)]llzn — 27| + (v f — pG)z Jq(xn_x*))-

So,

lzn — 2" <

_1m<(7f — UG)a*, jo(xn — ),

Again, taking Banach limit, we obtain

fnl|n — 2|7 < — mm((vf — u@)x", jo(zn — 2*)) <0,

which implies that pu,||x, —z*||? = 0. Hence, there exists a subsequence of {x,} which will
still be denoted by {x,} such that lim z, = x*.

We next prove that x* solves the variational inequality (17). Since

e =ty f(x) + (I — tpG) Ty,

we can derive that

(UG — v f)ay = —%([ — Ty + (Gey — GT'xy)
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Notice that

(I =T)xy — (I =T)zjolwe — 2)) = |l — 2|1 = | T2y — Te|ll|la — 2]
Z e =2 = oy — 2]
= 0.
It follows that, for all z € F(T),
. 1 .
(WG =)z (v = 2)) = = (I = T)ae = (I = T)z, Jg(w = 2))

Gy — G(Txy), ol — 2))

Gy — G(Txy), jo(we — 2))

Lz = Tl — 2]

ey — Tay|| M, (23)

IA AN IA

where M is an apppropriate constant such that M = sup{uL|x; — 2|7}, where t €
(O,min{l,%}). Now replacing t in (23) with t, and letting n — oo, noticing that
(I —T)xy, — (I —T)x* =0 for x* € F(T), we obtain ((uG — ~vf)z*,z* — z) < 0.
That is, z* € F(T) is the solution of (17). Hence, x* = & by uniqueness. We have shown
that each cluster point of {x;} (at t — 0) equals &. Therefore, vy — T ast — 0. This
completes the proof.

3 Main Results

Theorem 3.1 (Synchronal Algorithm)
Let E be a real g-uniformly smooth Banach space whose duality map is weakly sequentially
continuous and C' be a nonempty, closed and convex subset of E. Let {T;}°, : C — E

be a family of k-strict pseudocontractions for k € (0,1) such that .2y F(T;) # 0, f be
a contraction with coefficient § € (0,1) and {\;}2, be a real sequence in (0,1) such that
Yoo Ni=1. Let G : C — E be an n-strongly accretive and L-Lipschitzian operator with
L>0,7>0. Assume that 0 < pu < (qn/d,LY)Y971, 0 < v < u(n—d,ui=*L1/q)/B = /8.
Let {a,} and {B,} be sequences in (0,1) satisfying the following conditions:

(K1) lim, o, =0, > a,=00;

(KQ) ZZO:I |an+1 - an| < 00, ZZO:I |6n+1 - 6n| < o,

(K3) 0<fB,<a<l1, Vn>0.

Let {x,} be a sequence defined by the iterative algorithm

xo € C' arbitrarily chosen,
TP = B, 0+ (1= 3,) >y NT, (24)
Tpi1 = oV f(zn) + (I — anuG)TPr 2, n >0,
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then {z,} converges strongly to a common fized point x* of {T;}2, which solves the
variational inequality:

((vf = nG)z*, jy(x — %)) <0, Ve[ )F(T). (25)

i=1

Proof. Put T := Y .2, \iT;, then by Lemma 2.1, we conclude that T is a k-strict pseu-
docontraction and F(T) = (2, F(T;). We can then rewrite the algorithm (24) as

xg € E arbitrarily chosen,
TP = B0+ (1 — B,)T,
Tni1 = o Vf (Tn) + (I — 0npuG) T2y, n 2 0.

Furthermore, by using Lemma 2.6, we conclude that T?" is a nonexpansive mapping and
F(TP) = F(T). From the condition (K1), we may assume, without loss of generality,
that o, € (O, min {1, %}) We shall carry out the proof in sixz steps as follows:
Step 1.

We show that {x,} is bounded.

Take p € ;2 F(T;), then the sequence {x,} satisfies

il 17/ (p) — nGpl| } Vn > 0.

Ty — P gmax{ T
2 — o e

We prove this by Mathematical induction as follows;
Obviously, it is true for n = 0. Assume it is true for n =k for some k € N.
From (24) and Lemma 2.5, we have

|zre1 —pll = Ny f (@) + (I — appuG) T2y, — p||
= lar[vf(zr) — nGp] + (I — appG) (T — p)|

< (L= apm)llze = pll + cwllv[f(zr) = f(p)] +7f(p) — nGpll
< (L= aur)llee —pl + @wrBllae — pll + 1y £(p) — Gl
— 1= au(r =98l 5l + an(r — 95 L]
< maX{ka _p”, HPYf(p) _ ,UGpH }

=70

Hence the proved. Thus, the sequence {x,} is bounded and so are {Tz,}, {GTP x,} and

Step 2.

We show that lim ||z,4+1 — 2] = 0.
n—oo
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Observe that

Tnp2 = Tnst = [V (@ng1) + (I — @ pnG) T 4]

—[anyf (2n) + (I — nuG) T2,

= [&n+17f(xn+1) - an+1’7f(xn)] + [&n+17f(xn) - anﬁ)/f(xn)]
+[(I - Oén—&—l:UJG)Tﬁonn-&-l - (I - O‘n—&-lNG)Tﬁnxnﬁ-l]
+[an+1ﬂGTﬁnxn - an+1ﬂGTﬁnxn]

= O‘n+1'7[f(xn+1) - f(xn)] + [(I - Oén—&—l:UJG)Tﬁonn—&-l
_(I - an+1MG)TﬁnIn] + (an+1 - an)’yf(xn)
+(a, — &nH)MGTﬁ"ajn,

so that

Znse = Zpall < anpayBlzns — ol + (1= an |77 gy — T, |
Hlanen = an (V| f (@)l + pl|GT )

W 1YB||Tng1 — 2al| + (1 = O‘n-&-lT)HTﬁonn-&-l - Tﬁnan
+an g1 — an| My, (26)

IN

where My is an appropriate constant such that My > sup,s {7||f(zn)|| + pl|GT Pz, ||}.
On the other hand, we note that

HTﬁonn-&-l - Tﬁnan < HTﬁonn-i-l - Tﬁn+lxn+1’| + HTﬁonn-&-l - Tﬁnan
< wpgr = 2l + | [Brs1ns + (1 = Brga) T 0]
—[Brr1Znt1 + (1 = Bps1) T 1|
= |z — za|l + [|Bnsr (@0 — Txn) — Bu(@n — Ty
< N@nar = zall + [Bar1 — BulMa, (27)

where Ms is an appropriate constant such that My > sup,si{||z, — Tz,||}.
Now, substituting (27) into (26) yields

[0tz = Tnall < a1 ¥Bll@ns — 2all + (1 = a1 ) [Tn41 — @l + g1 — anl My
+| B — Bn| Mo
S [1 - an+l(T - ’Yﬁ)]Hx?’H-l - In” + (|an+1 - an| + |ﬁn+1 - ﬁnDMi’n

where Mj is an appropriate constant such that Mz > max{ M, Ms}.
By Lemma 2.7 and the conditions (K1), (K2), we have

lim ||zp41 — 2, = 0. (28)

Step 3.
We show that lim ||z, — Tz,| = 0.
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From (24) and condition (K1), we have

@01 — Tﬁnan = |lanyf(zn) + (I - Oén:UJG>Tﬁnxn - TﬁnInH
||V f (zn) + pGT 2, || — 0 as n — oo. (29)

IN

On the other hand,

Hxn-i-l - TﬂnInH = Hxn—&-l - [ﬁnl‘n + (1 - 5n)Txn]||
Hxn+1 — Ty + (1 - ﬂn)(xn - Txn)”
< @pp — 2ol + (1 = Ba)llzn — T,

which implies, by condition (K3), that

1
Hxn - Tl‘n“ <
1 _ﬁn
1

E(warl =zl + [y — T z,]).

(Hxn-i-l - xn“ + Hxn—&-l - Tﬁnan)

Hence, from (28) and (29), we have
lim ||z, —Txz,| =0. (30)

Step 4.
We show that w,(x,) C F(T).

From the boundedness of {x,}, without loss of generality, we may assume that x, — y.
Hence, by Lemma 2.3 and (30), we obtain Ty = y. So, we have

we(z,) C F(T). (31)

Step 5.

We show that limsup ((vf — pG)z*, jy(x, — %)) <0,
where x* is obtained in Lemma 2.11. Put a,, := ((vf —puG)z*, j,(x, —x*)). Then, by (22),
we have p,(a,) < 0 for any Banach limit p. Furthermore, by (28), ||[zni1 — Zn|| — 0 as
n — 00, we therefore conclude that

limsup(an+1 —a,) = limsup (<(’7f — p@)x", jo(Tni1 — %)) — (v f — pG)a™, jo(zn — x*)>)

n—oo n—oo

= limsup((yf — uG)z*, j(vps1 — =) — jy(xn — 2¥)) = 0.

n—oo

Hence, by Lemma 2.9, we have limsup,, ., a, < 0, that is,

limsup((vf — pG)z", jy(zn — 7)) < 0. (32)

n—oo
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Step 6.
We show that lim ||z, —z*| = 0.

Using (24), Lemmas 2.5 and 2.10, we have
[Tt — 2|7 = (Tpt1 — 27, Jg(Tna — 27))
(a7 f(zn) — pGa*] + (I — anpuG) (TP 2, — ), jy(2pi1 — %))

= an(Vf(zn) =7 f(@7), Jg(Tni1 — 27)) + an (v f (27) — pGa™, jo(Tnin — 27))
+<(I - O‘nMGXTﬂRxn - x*)ajq(xn—&-l - fk))

< anY | f(@n) = Fl@)Jenrn = 217" + anl(7f — pG)z", jo(@n41 — 27))
+II(I - anMG>(TﬁnIn — )| 201 — l‘*Hq_l

< (A —anm)|lzn — 2|[|n41 — x*Hq_l + Bl zn — ||| — f*Hq_l
Fon((vf — pG)a”, jo(znsr — 7))

< [1—an(r —7B)] [5“%1 S (T) [ ||q]

Fon((f — pG)a”, jo(znsr — 7).
This implies that

*|(|q 1-— Oén(T — Vﬁ)

e an(qg — 1)(r = ~8)

qo, . )
+1 + ogn(q — 1)(7— _ ’Yﬂ) <(7f - ,UG)x ’j(I(anrl 7 )>
[1 = an(r = 7B)]l — 2|

qoin . )
+1 + an(q — 1) (7 —B) (Vf = nG)z", jo(Tnsa — 7))
< (L= )l = 27| + b,

IN

where = an(r—0) and 8, i= Tt (VG o (s —2*)). From (K1),

A0 Yo =0, 27 = o0. Now 2 = Teanemae= (O —HG)E jy(@ns — %)) So,

lim supi—: < 0. Hence, by Lemma 2.7, we conclude that

n—oo

lim ||z, —2"|| =0.

n—oo

This completes the proof.

4 Conclusion

The following Corollaries are consequences of Theorem 3.1.
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Corollary 4.1 Let E be a real g-uniformly smooth Banach space whose duality map
18 weakly sequentially continuous and C' be a nonempty, closed and convex subset of E.
Let {T;}Y, : C — E be a family of k;-strict pseudocontractions for k; € (0,1), (i =
1,2,...,N), such that N, F(T;) # 0 and k = min{k; : 1 <i < N}, f be a contraction
with coefficient 3 € (0,1) and {\;}X, be a real sequence in (0,1) such that S0 N\ = 1.
Let G : C'— E be an n-strongly accretive and L-Lipschitzian operator with L > 0, n > 0.
Assume that 0 < pp < (qn/d L)Y, 0 <y < p(n—dui™*L1/q) /3 = 7/8. Let {a,} and
{8} be sequences in (0,1) satisfying the following conditions (K1)—(K3).
Let {x,} be a sequence defined by the iterative algorithm

xo € C' arbitrarily chosen,
T = Bl + (1= B.) S0 M, (33)
Tpt1 = an’Yf(xn) + (I - Oén,U,G)Tﬁ”ZEn, n > 07

then {x,} converges strongly to a common fized point z* of {T;}X., which solves the
variational inequality:

((vf = @)™, jy(w — 7)) <0, Va e[ )F(T). (34)

i=1

Corollary 4.2 Let E be a real 2-uniformly smooth Banach space whose duality map
1s weakly sequentially continuous and C be a nonempty, closed and convex subset of E.
Let {T;}2, : C — FE be a family of k-strict pseudocontractions for k € (0,1), such
that (o2, F(T;) # 0, f be a contraction map with coefficient 3 € (0,1) and {\;}32,
be a real sequence such that >~ N\, = 1. Let G : C — E be an n-strongly accretive
and L-Lipschitzian operator with L > 0, n > 0. Assume that 0 < u < 2n/dyL?*, 0 <
v < p(n —doul?/2)/3 = 7/8. Let {a,} and {B,} be sequences in (0,1) satisfying the
conditions (K1)—~(K3).
Let {z,} be a sequence defined by the algorithm (24), then {x,} converges strongly to a
common fized point x* of {T;}32, which solves the variational inequality:

(vf = p@)z*, j(z —x)) <0, Vo[ |F(T). (35)

i=1

Corollary 4.3 Let E = Ly(or l,) space, (1 < p < o0). Let {T;}2, : E — E be
ki-strict pseudocontractions for k; € (0,1) such that (=, F(T;) # 0, f be a contraction
map with coefficient 5 € (0,1) and \; be positive constants such that Y ;>\ N\; = 1. Let
G : E — E be an n-strongly accretive and L-Lipschitzian operator with L > 0, n > 0.
Assume that 0 < p < 2n/dsL?, 0 < < u(n — doul?/2)/38 = 7/B. Let {ay,} and {53,} be
sequences in (0, 1) satisfying the conditions (K1)—(K3).

Let {z,,} be a sequence defined by the composite process (24), then {x,} converges strongly
to a common fized point x* of {T;}2, which solves the variational inequality (35).
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Corollary 4.4 (Tian and Di, [18]) Let E = H be a real Hilbert space. Let {z,} be a
sequence generated by (15). Assume that {«,} are {B,} are sequences in (0, 1) satisfying
the conditions (K1)—(K3), then {x,} converges strongly to a common fized point z* of
{T;}XY., which solves the variational inequality (16).

Corollary 4.5 (Tian, [17]) Let E = H be a real Hilbert space. Let {x,} be a sequence
generated by (33). Assume that {a,} is a sequence in (0,1) satisfying (K1) and (K2),
then {x,} converges strongly to a common fized point of T which solves the variational
inequality (14).

Corollary 4.6 (Marino and Xu, [10]) Let E' = H be a real Hilbert space. Let {x,} be
a sequence generated by (11). Assume that {a,} is a sequence in (0,1) satisfying (K1)
and (K2), then {x,} converges strongly to a common fized point of T which solves the
variational inequality (12).

Corollary 4.7 (Yamada, [20]) Let E = H be a real Hilbert space. Let {x,} be a
sequence generated by (9). Assume that {a,} is a sequence in (0,1) satisfying (K1)
and (K2), then {x,} converges strongly to a common fixed point of T which solves the
variational inequality (10).
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