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ABSTRACT

Many mathematicians of recent have contributed on the complete asymptotic expansion for
several operators. In this work, some positive linear operators are presented and their
complete asymptotic expansions is also obtained, where all the coefficients in the

expansions turn out to be in terms of the Stirling numbers of the first and second kind.

Keywords:Meyer-Konig and Zeller operators (MKZ), Chlodovsky operators, Stirling

numbers, complete asymptotic expansion
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OZET

Sonzamanlarda bir ¢ok matematikci, baz1 operatdrler i¢in tam asimtotik acilimlar iizerinde
caligmalarda bulundular. Bu calismada, bazi linear operatdrler verilmis ve bu operatdrlerin
tam asimtotik genislemeleri verilmistir. Genislemelerdeki tiim bu katsayilar, birinci ve ikinci
tipteki Stirling sayilarina doniistiirtiliir.

Anahtar Kelimeler: Meyer- Konig and Zeller operatorleri, Chlodovsky operatorleri, Stirling

sayilari, tam asimtotik genislemesi
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CHAPTER 1

INTRODUCTION

In mathematical analysis, operators are basically extension of functions where the domain

and range are vector spaces.

1.1 Linear Operators

Definition 1.1
For an operator T: X — Y to be called a linear operator it must satisfy the following

conditions.

1) The domain of T, D(T) is a vector space and the range R(T)lies in a vector space
over the same field k

i) For all x, y € D(T)and scalars «, fe k

Tx+y)=Tx+Ty

T(ax) = aTx

That is T(ax + By) = aTx + BTy
Examples of linear operators.

1) Identity operators: Let X be a vector space over a field K.

Ixy: X - X, such that

Iy(x) = x, Vx € X

Verification: Iy(ax + By) = ax + By = aly(x) + Blx(y)

Where x,y €Xanda,f € K.



i) Zero operators: Let X, Y be vector spaces over the same field K.

0: X - Ysuch that

O(x)=0 Vx €X

Verification: O(ax+By) =0=0+0=a0(x) +B0(y)

Where x,y € Xanda,f €K

1.2 Positive Linear Operators

Definition 1.2
A function 8:M, - M,, is said to be a positive linear function if 6(A) = 6(B)

whenever A > B.

1.3 Asymptotic Expansion

Erdelyi(1956) gave a detail description of asymptotic expansions (also known as
asymptotic series or Poincare’ expansion (after Henri Poincare’))of a function f(x) as an
expansion of that function in terms of a series, the partial sum of which do not necessarily
converge, but such that taking an initial partial sum provide an asymptotic formula for f.
Asymptotic formula means a statement of equality between two functions which is not a
true equality but which mean the ratio of the two functions approaches 1 as the variable

approaches some value usually infinity.



1.3.1 Asymptotic formula

Definition 1.3
Let f(n) be a quantity of functions depending on a natural number n. A function p(n) ofn

is an asymptotic formula for f(n) if

. f()
lim =

im——==1
n-o p(n)

Denoted by f(n)~pn)as n - o
Definition 1.4

Let f(n) be a function defined for all sufficiently large n and let ¢, (n) (k =0,1,2...) be

a sequence of functions satisfying

bri1(m) = o(pr(n))(n > ) for each k

(¢ is called the gauge function). A (formal) series of the form

[ee)

Z ap i (n)

k=0

is called an asymptotic series for a function f(n) as n — oo if for each k,

f) =X ar () + o(pr(n))(n - )(1.0)

An equivalent property to 1.0 is



F0)= ) axdi) + 0(dm(m)

k=0

If this holds, we write

f)~ Yo arpr(n) (n — 0)(1.1)

Equation 1.1 is called the asymptotic expansion of f with respect to {¢p; } as n — oo.

The symbols O and o called ‘big O’ and ‘little o’ respectively are known as Landau
symbols. If f and g are two functions defined on some subset of the real numbers, one

writes

f(n) = O(g(n))as(n - )

Ifand only if 3 M € R andng € R such that |f(n)| < M|g(n)|, Vn =n,

And f(n) = o(g(n)) if for every € > 0,3 nysuch that% <egVnz=n,

Thus,

h(n) € o(p(n)) = h(n) € 0(p(n))

1.4 Stirling Numbers

Stirling numbers plays an important role in analytic and combinatorics problems. They
were introduced in the eighteenth century by James Stirling to whom they are named after.
These numbers are classified into two kinds namely: Stirling numbers of the first kind and

Stirling numbers of the second kinds (Toufik and Matthias, 2015).



1.4.1 Stirlingnumbers of the first kind

The Stirling numbers of the first kind are represented by

Sk = s(n, k) = (=1)"¥[}] . They are the coefficients in the expansion

n

(O = ) sCuloxk

k=0
(%) 1s the falling factorial given by

p=x(x—1Dx-2)...(x—n+1), (x)=1
Thus,

(s =x(x—Dx-2)x-3)x-D(x-5)

= x5 — 10x* + 35x3 — 50x2 + 24x

Therefore,

s(5,0) =0, s(5,1) = 24, s(5,2) = -50, s(5,3) = 35, s(54) = —10,

s(55) =1

1.4.2 Stirling numbers of the second kind

The Stirling numbers for the second kind are given by

k

ok =s(nk) = %Z(_l)k—j (if)jn

j=0



k
with (1) a binomial coefficient

They determine the number of ways to partition a set of n labeled objects into k non-
empty unlabeled subsets.
Thus, s(3,1) =1,5(3,2) =3, s(33) =1

the value S¥=g% =0 fork >n

1.5 Scope and Limitations

This work focuses on the complete asymptotic expansions of the Meyer-Kdnig and Zeller
operators (Mayer-Konig and Zeller, 1960) and that of Chlodovsky operators (Chlodovsky,
1937).



CHAPTER 2

LITERATURE REVIEW

2.1 Results on Meyer-Konig and Zeller Operators and that of ChlodovskyOperators

In this a brief history of some results on Meyer-Konig and Zeller operators and that of

Chlodovsky operators is presented.

Meyer-KOnig and Zeller operators (Meyer-Konig and Zeller, 1960) in the slight
modification of Cheney and Sharma (Cheney and Sharma, 1964) which associates to each

function f defined on [0,1], the power series

M, (f;x) = kz f (kf-_n) (k ;cr n)xk(l —0" X €05 0

=0

f() x=1

While the Chlodovsky operatorsC, were introduced by Chlodovsky (1937) as a

generalization of the Bernstein operators B, on an infinite interval.

(€)= ;f Cok)pus () 0 << @21)
f(x) x> by,

Where f is a function defined on [0, ) and bounded on every finite interval[0,b] C

[0, o0), with P, ; defined by

n
Pri(y) = (k)y"(l -k, 0<y<1

and (b, ), =41s a positive increasing sequence of real with the condition that



limb, = and lim— =0.

n—oo n-o N
In approximation theory these operators are the focus of several investigations.

Alkemade (1984) succeeded in obtaining the second moment of Meyer-Konig and Zeller

operators in terms of hypergeometric series.

x(1 —x)?

(Mpe;)(x) = x* + e

F,(1,2;n+2:x) (x €[0,1) (2.2)

He also proved the asymptotic expansion

x(1—x)? N x(1—-x)?2x—-1)

(Mpe,)(x) —x? = = +0(n3)(n - ©)(2.3)

Where the function e, is defined by e,:x — x2. The result about the second moment for
the Meyer-KOnig and Zeller operators was extended by Ulrich (1995) to higher order

moments, thatis M,e, (r =0,1,2,...) Where the function e, is defined by e,.: x = x".

He also went forward to derive the complete asymptotic expansion in the

form M,(t";x) — x" asn — o in the form

M, (¢7; %) ~x" + Z ¢ GOn " (n - ) (2.4)
k=1

The coefficients C,ET] (k=1,23,..,r € N) are given in terms of Stirling numbers of the

first and second kind



Ibikli and Karsli (2005) introduced a Chlodovsky type Durrmeyer operator as follows:

D,:BV[0,0) - P

n+1) v

b
n k=0

(D) (x) = Pen (;‘—n) Obn F(6)Pen (i) dt, 0<x<b,(25)

br,

Where P:{P:[0,%) — R}is a polynomial functions set, and Py, (x) = (})x*(1 — x)"*
is the Bernstein basis. The authors estimated the rate of convergence of the operator D,, ,
for functions of bounded variation on the interval [0, ), by means of the technique of

probability theory.

The rate of convergence of the Chlodovsky-Bernstein operators  (C,f)(x) was estimated
by Karsli and Ibikli (2007) for functions defined on the interval[0, b, ], for b,, = oo, which

are of bounded variation on [0, o)

Karsli (2008) define a new kind of operator Meyer-Kdnig and Zeller Durrmeyer operators
(MKZD) for functions defined on [0, b,, ], named Chlodovsky-type MKZD operators as

o)

UHIOEDY %Mn,k ) Ob"m)bn,k ()at.  0<x<b.26)

b
k=0 n

Where
My (x) = ("7 )xk (1 = x)™andby, () = n("F)ek(1 — !

The authors studied the behavior of the My, operators for functions of bounded variation
and estimate by means of techniques of probability theory the rate of convergence of the

operators on the on the interval [0, b, ], (n — ).



Psych-Taberska (2009) estimated the rate of convergence Chlodovsky- Kantorovich

polynomials in classes of locally integrable functions. Namely,

If
bn n
f € Ljy[0,00) andif lim f |f(u)|duexp (—0 b_) =0 foreachog >0
n—-oo 0 n

Then

lim (K, f)(x) = f(x) almost every where on [0, o)
n—->oo

10



CHAPTER 3

MEYER-KONIG AND ZELLER OPERATORS

3.1 Complete Asymptotic Expansion for theMeyer-Konig and Zeller Operators

Meyer-KOnig and Zeller operators (Meyer-Konig and Zeller, 1960) in the slight
modification of Cheney and Sharma (Cheney and Sharma, 1964) which associates to each

function f defined on [0,1], the power series

[ee)

M, (f;x) = Z f (k + n) (k ) n) FA-0mxe 0.1 5 0y
f(1) x=1

Letting B*[0,1]to be the set of all functions f(t) which are bounded on [0,1] and
continuous to the left at t = 1, the operators (M, (n € N)) are obviously seen to be linear

operators define on B*[0,1] since it follows from definition 1.1 that

N k k+n o
My (af +Bg;x) = ;(““ﬁg)(—km)( Kk )xk(l—@ ,  x€[oD)
(af +pg)(1) ‘=1

Yen(ei)( 3 )ra-or

(af)(1)

11



LYo ) (T e

ﬁg)(l) x=1
=a ,Z;,f<k +n> (k+”) NGl
(@
ST rew
@ S

= aM, (f;x) +BM,(g; x).

for all f and g define on [0,1], «, BeR.

To show that the operators M,,(n € N) are positive operators, definition 1.2 is applied on

M, (n € N) as follows:
Let f and g be functions define on [0,1] such that

f(x) = g(x), x€[0,1] , then this implies

f(k i n) (k Jl; n>xk(1 —OvE xeoD g,
(N ) x=1

2o - 2 (k e
(@)D . ox=1



D) () ore,
k

(H) , x=1
) (e, st
(2)(1) , x=1

= M,(f;x) = M,(g;x).
Thus, M,, are positive operators.

The work of Ulrich (1997) on the complete asymptotic expansion for the operators M,, in

the form

M, (f(t); x)~f(x) + Z ap(f;x)n7k, (n - o). (3.1)
k=1

Provided f possesses derivatives of sufficiently high order at x € [0,1]is studied in detail

in this chapter. The latter formula means that

q
M, (£ (£); x)~F (x) + Z 0. (f;On* + oD, (mow). (32)
k=1

for every positive integer . Where a; (f; x) (k € N) are coefficients.

13



Let K9(x) be the class of all functions f(t) € B*[0,1] which are q times differentiable
at x € [0,1]. The following general approximation theorem proved by Sikkema (1970) will
be useful in establishingEquation3.1

Theorem 3.0

For even q = 2 and fixed x € [0,1] let L,;: K9(x) - C[0,1 ]be a sequence of positive

linear operators. If

p+1

L(t-x070) = 0(nlZ)m-o@=01,...q+2)33)

then for each f € K9(x)

q
L@ = Y (€= DP0f P60 +o(n?), (1o 0)34)
p=0

Furthermore,
if fe K@ (x),
the term o(n~%/?), in (3.14) can be replaced by 0(n=(4/2+1),

Also the complete asymptotic expansion for the moment M, (t";x)(r € N) by Ulrich
(1995) given below plays an important role in establishing 3.1

Theorem 3.1

For the function f(t) = t"(r € N) we have for every x € [0,1] the asymptotic expansion

14



M, (t7;x)~x" + cOn*(n - o) (3.5)

The coefficients are given by

T

cMx) = Z (;) (—-1D)/HG - 1,k+j—1,%), (3.6)

j=1

Where H(j, m,x)is define as
m
H(,m,x) = Z Slol,(1—x)*1(0<j<m). (3.17)
i=j

The quantities Sji and (fjidenote the Stirling numbers of the first and second kind

respectively presented in chapter 1.
x@ =¥ Sixt andx/ = ¥]_ alx (j € N).

xD=x(x—-1)..(x—j+1)
is the falling factorial.
The following steps are followed to arrive at the result in Equation3.1
Step 1:Theorem 3.0 is applied on the operator M,,.

Step 2: simplification of the result established in step 1 to arrive at Equation3.1

15



To apply Theorem 3.0 on M, the condition

M (6 =070 = 0 (n 7)) (> 00)(p = 0,1, ., +2)

must be satisfied, and to establish it, the procedure is as follows:

NgE

M, ((t —x)?;x) = M, (

(f) t"(—x)P"; x) (by application of binomial theorem)

=0

14
= () or Mo
r=0

M'ﬁ

( )( )P (x" + Z C[r](x)n‘k) (n - )

<
Il
o

p

]

p (00]
Oy o+ (O orr ) dleont (- e
k=1

r=0 =0

14 e
=-2r+) (O)or ) cleon (n— o0)
r=0 k=1

p

=21 () orrell e (n — o)

k=1 r=1

16



r

=§” ki ) (x)P- TZ(;)(—l)fH(j—l,k+j—1,x) (n - )

k=1 r=1 j=1

(n - )
XD TR WERCEIEEN
(n - )

whee ) ()= (1) ()

( >( 1)12( T >(_x)p_j_rzszj+11 1 IEI]] 1(1 —x)*

r=0 i=0

-k

I
l_\=48
.'.\4w3

&
1l
=
-
1l
=

(n - o)

k

() evia—orry sl alia-00 oo

i=0

-k

I
[\348
i

&
Il
=
-
1l
=

) k p

=Y a-xr )y a-o ) (N evislLalt @

k=1 i=0 j=1

Letting

S(p,k,i) = ( )( 1)/ 5L1+]1 10',2111 :

||'M <

leads to the following Lemma

17



LEMMA 3.0

For every positive integer p and fixed x € [0,1] the asymptotic expansion holds

(o] k

M (£ =P 0~(1 =P ) 0™ > (1= 2)$(p, kD) (3.8)
i=0

k=1 i=

Observations:

At p=1, S(1, ki) = (=120 = (=D (0)a} = 0.

fori=0,1,..,kandk €N

Some properties of Stirling numbers

SEk = Gy (an) ot G () : )39

ok = Cep (an) ot G () Z ) (310)

Where

{ Cro = (—1)*Ci (3.11)

Coo=1-3"5(2k —1)

18



For Equation3.9and Equation 3.10 the coefficients C;; and Cy; are independent of n and
they satisfy certain differential equations whose general solutions are unknown (Jordan,

1950). Equation 3.12 and Equation 3.13 were obtained by Reif (Ulrich, 1997)

k—1 (k—1)(k —2)(4k — 3)
Cra1 = Tck,ock,z = 92k — 1) Cr0(3.12)
_ k—1_ _ (k—1)(k—2)(2k—-3) -
Ck1 =3 Crolkz = 182k — 1) Cr,0(3.13)

the above properties Equation3.9 and Equation3.10 leads to

j+i—1

j-1 jt+i—1 .

gﬂﬂ=cw( . )+m+cwﬂ(i+1) Lj=12..) (314
'+‘_1 —_ ]+k_1 - ]+k_1
°i+§-1::Ck‘LO(Z(k-—i))'+'"*'Ck‘L”4‘1(k-—i-+1> (3.15)

(i=01..k—1;j,k=12..)

The well-known expression below (which appear in chapter 1)

Leads to, forallp = 2



p
Z (’]’) (—DJjn. = (=)ipla® =0, (n=1,..,p—1)(3.16)

=0
Now fori =0
.10 =i( Jeoistat =) ()eviat, @
& =
(k=12,..)

Where for fixed k the Stirling number 0,{;}_1 is a polynomial in j of degree 2k without
constant summand. For the case 1 <i <k. TheSl + ] , 1s a polynomial in j of degree 2i

without constant summand and U,i:.-:ll is a polynomial in j of degree 2(k — i)

Thus 3.16 leads to
S(p,k,i)=0 (i=0,..,k)for2k < p. (3.18)

For p=2kandp=2k-1

Reif (Ulrich, 1997) established that

Sk, k,i) = (—1)Cy (lf) (i=0,...k)

Sk - 1,k,0) = (D" Gy () {4 (7)) +5(2D}

(=0, kk=12.)

20



Where (]:__11) is to be read as Ofor i = 0.

Thus M, ((t — x)%*; x)~(1 — x)**n~k ¥k (1 — x)* S(2k, k, i)

=(1 =007 Blo(1 =0 (1) Cio(§)

=Cio(1 — x)#n* Tk () (x — 1)!

= Co(1 — x)%kxknk
Hence,

M, ((t — x)%; %) = Cpo(1 — x)?*xknk 4+ 0(n~=C*D), (3.19)

Also,

k
M, ((t —x)?k"1; x)~(1 — x)2k"1nk Z(l —x)'SQ2k — 1,k, i)
i=0
k
o k-1 k-1
= (1 — x)?-1pk 2(1 —x)i (=1)*1C, {4 <( l_ )) +5 (i - 1)}

= Cp1(1 — x)?k~In7k [—4zk: (k : 1) (x — 1)t — SZk: (ll{:ll) (x — 1)1

i=0

k-1

= Cra(1 —x)?1 "‘[ z k;1>(x—1)"—52<k;1)(x—1)”1

i=0

21
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k-1

= Con(1— x)?1n* [—42 (k . 1) (x— 1)F = 5(x — 1)’2 (k . 1) (x - 1)1’]

-1
i=0 =0

= Cpa(1 = ) In7*[—4(x)*! —5(x — 1) ()]
= Cp1 (1 — x)?F1xk=1(1 — 5x)n7Fk
Thus,

M, ((t — x)?* "1 x) = C 1 (1 — )2 1xk=1(1 = 5x)n~* + 0(n~**+1)(3.20)

Hence the corollary follows

Corollary 3.0 For all integer p and each x € [0,1] it holds
1=
M (e =x)%2) = 0 (12 ]) (n > o0).

Now the condition of Theorem 3.0 is satisfied thus, the Theorem below follows
Theorem 3.2

Forq =2 even, x € [0,1] and f € K9 (x) the asymptotic relation follows

q
1
MA(F©0) = 3 M (= 0P0f7() +o(n™),  (n > 0)
p=0

22



N [Q

a k
=f(x)+ ;%fp(x)(l — x)P n‘k;(l —x)'S(p,k,i) +o (n_g)

P

(n - )

q
- () + ;%fp(x)(l X pgix) +o(n), (n-w)(32D)

Where
A .
b(n,p, q;x) = Zf{z[p_ﬂl nT R (1= x)'S(p, kD).
2
Furthermore,

q
if fe K4*D(x), theterm o (n_i) in 3.21 can be replaced by 0(n~9/(2+D),

Letting K (x) =Ngen K@ (x) be the class of all functions f(t) € B*[0,1] which are
infinitely often differentiable at € [0,1] . By reformulating Theorem 3 leads to the

complete asymptotic expansion for the operators M,

Theorem 3.3: let x € [0,1]and f € K (x). Then

) 2k P k
GO~ + Y Y DR a—ry -0tk
k=1 p=2 i=0

23



- F0 + z a (f;0m* (k € N)
k=1

Where
2k fp(x) k '
@ (fi) = ) (=P ) (1= S kD)
p=2 i=0

Establishing Equation 3.1 which gives the complete asymptotic expansion for the operators

M,

CHAPTER 4

CHLODOVSKY OPERATORS

4.1 Complete Asymptotic Expansion for the Chlodovsky Operators

Chlodovsky operators C,, were introduced by Chlodovsky (1937) as a generalization of the

Bernstein operators B,(Vijay and Ravi, 2014) on an infinite interval.

n

(Cof)(0): = kZO f (lja_n k) P (lf_,) 0=x=bn (4.0)
f(x) x> b,

Where f is a function defined on [0, o) and bounded on every finite interval[0, b]

[0, o0), with P, ; defined by

n
Poi(y) = (k)y"(l -k, 0<y<1.
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and (b,)y=1s a positive increasing sequence of real with the condition that

lim b, =0 and lim— =0.
n—oo n—-oo N
In addition if M(b; f) = supg<,<p|f (x)|,then Chlodovsky established that if

lim exp(—a ;) M(b; ) = 0 (4.1)

For every a > 0, then (C,f)(x) converges to f (x) at each point of continuity of f.

The linearity of these operators is established as follows:

n bn X
Calaf + @) ¢ = ;(“f +80) (1) Pus () 0 < x < by
(af +Bg)(x) x> b,

BIYICHPNC

(af)(x)
4 ;(ﬁg) (l;—"k) Pr (;—n) , 0<x<b,
(Bg)(x) ,X > b,
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_SF o). Yo oss

(FH(x) (9) () )X > by

= aCy, (f)(x) + BCr(g)(x).

For all f and g defined on [0,) and a, feR.

To show that the operators C,,(n € N)are positive operators, definition 1.2 is applied on

C,(n € N)as follows:

Let f and g be functions define on [0, c0) such that

f(x) = g(x), xe[0,0), then this implies

Cer)ra() 2 [o(Gre)puez) 05w
FA k) P b,) =19\ ) k\p, )N == _ 012, .

(FHx) : (9)(x) x > by
Yol Yol ).  osx=n
(9)(x) (9)x) : X = by,

= G(HH) = C(g)(x).

Thus, C, are positive operators.

The work of Karsli (2013) on the complete asymptotic expansion for the operators C, in

the form
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(N~ + ) Clfimam™, (- ).(42)
k=1

Where fdefined on [0,00), satisfying condition (4.11) ( for everya > 0)and f has

derivatives of sufficiently high order at x (x € (0, 0) exists is studied.
Cr(f; n, x)are in terms of the Stirling numbers of the first and second kind.

The establishment of (4.12) follows as a corollary of the Theorem below which appeared
in the work of Karsli (2013)
Theorem 4.0

If f defined on [0, ) the closed interval satisfies condition (4.11) for every ¢ > 0 and if
f25(x) exists at a givenx > 0, then the Chlodovsky operators satisfy the asymptotic

relation

n

(CN)GO = £ + kz Ce(fsm ™ + o (b) (n> ) (43)

The coefficients C, (f; n, x)are given in terms of Stirling numbers of the first and second

kind.

There are given by

C(fim,x) = mZ: " f(:’)”(x)i (bi)m
* i (?) (D)™ Pa(p,p—i)S(p—i,p—k)
p=k
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Furthermore,

s Ea 0
S NICHIORVOR Z T (e =0 00)

= im (1) T CH® ~ @ - Y L2, Gom

n —oo
k=1

s (2s)
= limn e (;l_n> [ Rn,ZS (x) + f(z—sgjo Tn,Zs (x)n—ZS]

XZ
T 225!

fe20) (4.4)

where Ty (x) = (C,(t — x)*)(x)nk

To be able to establish Theorem 4.0, Stirling numbers of the first and second kind defined

which appears in chapter 1,
[x]; = {=1SU' i)x' andx/ = {=1 o(,D[x]i, j €Ny

plays an important role

Where [x], = x(x = 1D(x - 2) ..(x —p +1),[x]p =1, x€R
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is the falling difference polynomial.

Observations:

$(0,0) =0(0,0)=1

S(j,0) =0(j,0) =0, VjEN,

J
% = Z S@,inkJ
k=0

Also the following results are required:

Lemma 4.0

For (C,t%)(x), s=0,1,2 onehasfor0 <x < b,

(Cnl)(x) =1, (Cnt)(x) =X, (Cntz)(x) = x? + x(bnn_ X)
Thus,
(C,(t—x)(x) =0, (C (t—x)H)(x) = X(bnn— x)

Butzer-Karsli (2009) gave the proof of Lemma 4.1.

Lemma 4.1: The central moment of order m € N any fixed x € [0, ).
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Satisfy the inequality

* x(by — x) (b 2]
Tim ()] < A () =222 (7) ((neN, n>by),
n

Where A,,(x) denotes a polynomial in x, of degree [%] — 1, with non negative coefficient

independent of n or

m+1

b=
Ty ()] < Po(%) (7") ,(neN, n>by),

Where B,,(x) denotes a polynomial in x, of degree [%], with non-negative coefficient

independent of n , and [a]denotes the integral part of a

The first part of the Lemma below is due to Chlodovsky (1937)

Lemma 4.2: For t € [0,1] the inequality

o
IA
N
IA
N W
S
~
~~
—_
I
~
—

implies
P, . (t) < 2exp(—z?),
Zlk—ntlzZZJnt(l—t) ni(6) P

In particular, for 0 < § < x < b,, and sufficiently large n
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2 z P () <2 < 52")(45)
= —) S Z€X _— 0 .
T ‘%—x‘z& ke bn P 4x bn

The proof of 4.5 was given by Albrycht and Radecki (1960).

Also forr,n € N, r <n, one has

r

=y ()3
k=0
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- (b_> o (r,v)S(v, k) (bi)nk

T

_ Z nk (’;—”) Z o(r,)S(, k) (;—n)

k=0 v=k

z Z o(r,v)S(v, k) (;_n)v

T T X v
= b} z nk Z a(r,v)S(w,r — k) (b_)
k=0 v=r—k n

Thus, the Lemma below follows

Lemma 4.3: Forr,n € N, r <mn, one has

G =Yt Y atser—i (3
k=0 v=r—k "

From the above lemma follows; for m,n € N,
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m
p

(Cat = ™)) = (@(i( )er=0m )@
p=0

(by applying Binomial Theorem)

NgE

() ComrCutm o

=
Il
o

p-

() om bﬁin-ki o.05Gp ) (5)

p=0 k=0 i=p-k
m m k ,
m x\P7t
St S (Mt o= 00— (2)
& L\p = bn
= p=k =0
m m k ,
m x \m-i
= > (Mo o - Dsw - ip - ()
L L\p - bn
= p=k i=0

Thus, Lemma below follows.
Lemma 4.4: Form,n € N,

(Ca(t =2x)™)(x)

m k

: i n Y ()b DY o = DSG - i~ k) (bi)m

All tools for proving Theorem 4.0 are now in place; hence, the proof goes as follows.

Proof of Theorem 4.0
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Case 1:
For x = 0, (4.13) is valid since by its hypothesis f(?*)exists since (C,)(0) = £(0)
Case 2:

x>0,

@ =Y pus (i) r(5) o
k=0 n

Taylor’s theorem gives

i

YO AT L T

i=0

Where h(y) converges to zero with y, into the representation 4.6,

Thus,

2s

(cnf)(x)—Z[ [0 ()" (M) (K2

)| )

2s

0+ SO (a2

m=1

)

k=0
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2s

_ Z z (m)(") (ﬂ—x)m P (bi) + Ry 25(%)
oy

s R0 = (2= 0 (2= 2)

At this point, the following is put into consideration.
For any & > 0 there exists a § > 0 such that |h(y)| < € for |y| < 6.

Choosing & so small that § < x. This allows the sum R,, ,5(x) to be split into two parts as

follows:

e 3 () n )

kbn—x‘>5

= Rn,ZS,l(x) + Rn,25,2 (x)

Observations:

Rpps1(x) = Z (% - x>25 h <% — x) Py (£>

kbn_



kbn 2s X
<c 2 () )

*
< eTn,ZS

N

< ePys(x) (l;_")

n

-s
= Rn,Zs,l (x)=o0 (b—)
n

sl =| 3 (G=2) ()

‘kbn

——x‘ZS
n

|2 - 2 )

Puc() +Url D P (3)

kb
|—"—x|26
n
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kb
He@l Y [P
il

X
Prk (b_>

" (0 kb, | - (£>

x|26

+

|flu(x)| kbn 3 x
o Q) Pn’k(a)

kb
_n_x‘zg
n

R o

|kbn

—x|26
n

= i(n) + i(n) + et i(n)
1 2 2s

By Cauchy- Schwartz inequality
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<MD (1 o) {2 exp (

By the same approach
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NP

42

8x b,

N



1
< |f’(x)|m{ Z

1
5% n

1 1 2

= z*:(n) =0 (:—n>_s

Fori =4
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kb, |?
— =X

Z(n) _ |f”2(x)| zs{ P (bi)

|f”( )l |kbn x| 25—-2

X — = X
<l Y7 In 1 -
=2 Z 5 { Pr (bn

kb
kb8 s
n

LU z|>8{ e

‘kbn_
n

" 1 kb 4s

2 525—2

I 2(x)| 5;‘1 Moy T340 O {2 exp <—

i = 5,6...2s follows in a similar way

Thus, Ry 25.(x) =0 (i)

40

X
P (5,
n

|

2

Pn,k(

) kb,

n

2s X
X Pn,k (E

5% n\)?
)|

3)

N[ =



Therefore,

2s

G =1+ Y Z L (D) e () # )

n

k=0m=1

N

- Y Y L) () o)

m=1

All that is needed to establish 4.3 for x > 0 is in place thus, letting

n

T (O™ = Z (knﬂ - x)m Py (;‘—n) “.7)

k=0

and proceeding to obtain

(CaG) = f00) + ZZ ! (fo) Z (52 X)m Pue () (bi)
m=1 k=0

= f(x) + i %Tnm(x)n‘m +o0 (;—n)_s

=f(x)+ i f(’::l!(x) Tpm@x)n™™ + 0 (;_n)—s

Since Tp, 1 (x) =0
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ng
//
| =
N——

3

_f<>+2f(m)” ) e,

o

; i (’;) (D" Polp,p - DS —ip—k)]+o (zf_n)
p=k

e 3O 5 e (1)
m=2 L i=0
) Z (’;) (D™ Pa(p,p DS~ ip—k)]+o (;_n)_

—f(x)+z - Z bmf(m)(x)Z( 2

m=k+1
) 2 (Zl) D™ Pa(p,p = DS@—ip—k)]+o0 (zf_n)_

since

S(j,0) = 6(j, 0) Vj€N,

this yields
2k f£om (x)
(C ) = f(x>+Z oyl Z( )
m=k+1
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) i (’;) (D™ Po(p,p—DSp—Lp—k)]+0 (bi)

p=k

=f(x)+ i Ce(f;nx)n™® +o (bi)_s, (n - o)
k=1 n

Where

= 3 /S (5

m=k+1

* i (7)) O ~Ds@ —ip— k)
p=k

Which is the required 4.3.

To establish 4.4, the procedure goes as follows:

Case 1:

For x = 0, 4.4 is valid since by its hypothesis f*Sexists since (C,)(0) = f(0)
Case 2:

x > 0, using prove by induction yields

for s =1,

f(")( )

im () T € - F - z (Calt =2

= lim [ (G = FG) = FO@) (Calt = 2]
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= lim 7= [ (G = fG) = FO QT (n ]

= lim 5~ [(Cnf)(x) fO) = fFO)(0)n1]

lim [ (G () = F )]

@
= tim 2 R + LT, on )
_ f(z)(x)

RO

Suppose itistrue fors =1 > 1

That is,

21-1 (k)

im (2) 1€ - 1= Y I =090
k=1

21-1 (k)
:nllgl( > [ (CH(X) = f(x) — kzl fk—!(x)Tn,k(x)n_k
l 2D
Enl_l){}.} (b£> [Rp2i(x) + f(z—ls!C)Tnzt(x)n_ﬂ]
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2ll,f(z”(x)

Next is to establish that it holds for s = [ + 1 using the relation presented by Karsli (2013)
that

n2pb,ip (2p)! [x ( X
b

P
_ —_ -p
o |5 (1 )] +0(nP)

Tn,2p (x) = b
n

Leads to

21+1

I+1 (k)
lim (5] [ @PG) — £ - k:lf 9 (ot -2 @)
1+1 2L
= 1im (1) L@@ -1 - > P ont
n k=1 '
11 22 ) 2L o)
—m (1) 1Y e con - S P ons
n k=1 ' k=1 '

x —(1+1)
+o0 (E) ]

I+1 f(25+2)( ) x\~(+D)
— 1 _ —(21+2)
lim (bn> l Zs 1 2)1 mats2(0n o (bn) l
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n l+1f(21+2)(x) n\l+1 x\~U+D
= li o _ —-(21+2) i J— —
fim (bn> 2t 21 a2 + o dim, (bn) 0 (bn)

n\!+1 f(21+2)(x)
= i —_ ;s M7 —(21+2)
o (bn) 2L + 2)! T 142 ()1
1+1 £(2142) 20+2 1, 21+2 1+1
= lim (£> f (x) n b” (Zl + 2)! [i(l _i)] + O(n'k) n—(21+2)
now \b,) (2U+2)| 241+ Dnitt b, by,

eI (x) X\
ST A [x (1 - E)]

21+2
= —f;i1+ )(x) xm+1
21+ 1)

Thus, establishing 4.4

Theorem 4.0 has been established hence, the corollary below on the complete asymptotic

follows:
Corollary 4.0

If f defined on [0, o) satisfies condition (4.11) for every « > 0, and all derivatives of f in

x exists. Then the operators (C,, f) have the complete asymptotic expansion

(N~ + ) Glfimnm™, (- o)
k=1
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C,(f;n, x)are coefficient as given in theorem 4.0.
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CHAPTER 5

CONCLUSION

5.1 Conclusion

The complete asymptotic expansions for the Mayer- Konigand Zeller operators and that of
the Chlodovsky operator was investigated and established. Using a similar procedure The
complete asymptotic expansions for the Modified Gamma operator (Karsli, 2011) can be
obtain which is stated as follows: If f € W, [0,00) (W,[0,0)(y = 0) is the space of all
locally bounded and integrable functions defined on [0, o) such that the growth condition
|f(£)] < MtY fore very t > 0 and for some constant M > 0) and if f®%)(x) exists at a

given x = 0, then the Gamma operators (Mn,k f )have the complete asymptotic expansion

MusHE~ )+ ) Coem(F0m™ (0= e0)
m=1

Where C, . m(f; x) are coefficients given in terms of Stirling numbers.
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